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Application of the ‘invariant eigen-operator’ and energy-level gap
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Abstract: We apply the conception of ‘invariant eigen-operator’ of the square of the Schrodinger operator which
is proposed by H. Y. Fan and C. Li to some molecule oscillator models and we find more ‘invariant eigen-
operators’.
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I.  Introduction
H. Y. Fan and C. Li [1] suggest that the invariant eigen-operator 0, satisfies

) (i%)zée = ([0, A).8] = 20.,

noticing from the Heisenberg equation

| =

~ 1
Oez—,

, : [0, H | for A =1.

i

QU

And they judge that v in (1) is the energy gap between two adjacent eigenstates of the Hamiltonian 4.

In this article we use the conception of ‘invariant eigen-operator’ so that we can obtain the energy gap in two-
mode coupled oscillators and find more another ‘invariant eigen-operators’ in bi-atomic and triatomic molecule
systems.

Il.  Some results
The model of two coupled time-dependent harmonic oscillators has been studied by many authors and applied to
describe quantum amplifiers and converters. The Hamiltonian [2] for the model is

2 H= wgata+ w, b'b + g(a™h + bta) ,

where a (b) and at (b") are annihilation and creation operators for each of one of the interacting modes of
frequency w, and wy,, obeying [af,a] = —1 ([bT,b] = —1) and g(> 0) is the coupling constant.

Theorem 2.1. For the two-mode coupled oscillators, the energy gap between two states is

AE = Jwg?2 + 1 g(w, + wp) + g2,

where the coefficient [ is given by

wWp — Wq t \/(wb_wa)2+4gz

l= 29

Proof. By using Eq. (2) and the Heisenberg equation of motion, we have

d
iaa = [a,H] = [a,w,a’a + w, bTb + g(a™h + bTa)]

= wgla,ata] + wp[a, bTh] + g([a,a’b] + [a,bTa])
wy(afla,a]l + [a,a'la) + w,(bT[a,b] + [a,bt]b)

+g(atla,b] + [a,a’]lb + bT[a,a] + [a,bT]a)
=wgza+gb.

3)
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Similarly, we obtain

d
4) iab = [b,H] = wyb + ga.

2 ~
To find one of the ‘invariant eigen-operators’ of (i%) we put O, = a + lb. Then by (1), (3), and (4), we
observe that

(AE)?(a +1b) = (AE)?0,
2

CdN\?
= (i) o
= [[0..A].A]
= [[a+1,A]A]

(5) = |la. 7] + 1[b, /], A

= [wga + gb + l(w,b + ga), H|
= (wq +19)[a H] + (g + lwy)[b, H]
= (wg + lg)(wea + gb) + (g + lwp)(wpb + ga)
= {w,* + lg(w, + wp) + g*la+ l{%(wa +wp) + g* + a)bZ}b

and so we claim that
2 2 g 2 2
We* + gllwg + wp) + g* = T(wa+wb)+ g°+ wy”.
Solving this we have

l(waz - wa) + glz(wa + wp) — g(w, + wp) =0

and

Wy — W
(wa+wb)g<lz+ ag bl—l):O,

which implies that

Adopting this [, we can rewrite Eq. (5) as
(AE)?0, = {w,” + lg(w, + wp) + g*30,,
therefore, the proof is complete. O

Example 2.2. Let us consider the special case w, = w, (:= w) of Theorem 2.1. Then [ = +1 and the energy-
level gap

M= [0l gt =wty,
which coincides with [1].

The Hamiltonian that describes bi-atomic molecule is [1, 3]
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1 2 2 1 2(q2 2
(6) H:ﬁ(Pl +P2)+Emw (X1+X2)—/1X1x2

and it satisfies the following commutation relations:

iP, o
™ [x1,H] = pall [P, H] = —imw*x; + idx,,
iP, L
[x,, H] = gy [Py, H] = —imw?x, + idx, .

H. Y. Fan and C. Li suppose
€) Ole =x* x

as the ‘invariant eigen-operator’ of (6) to obtain the energy-level gap

9) AE = (wz ¥ i) ,

m

respectively, in [1]. We find another ‘invariant eigen-operator’ of (6) to get the same energy-level gap in the below
corollary.

Corollary 2.3. One of the ‘invariant eigen-operators’ of bi-atomic molecule model is

=i(—mw? + D[x;, H +i (1 F mow?) [x,, H]

_ , P, P
=i(—mw*t A1) - —+i(AFmw) —
m m

_A _A
<(1)2+_)P1i<0)2+_)P2
m m

I

~—
SN
+

I
—
8I\)
+l

and so it coincides with (9). O

Remark 2.4. Let O;, = 0,, + 0, . Then from (8), (9), and Corollary 2.3 we lead that

(AE)?03,

(AE)Z(xlix2+P1iP2)

A
<(1)2$E>(x1ix2+P1iP2)
_< 211)0
= \w m) U3¢

and so we discover another ‘invariant eigen-operator> of (6) is Os, = x; + x, + P; + P,. This fact arouses the
idea of Lemma 2.5.
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Lemma 2.5. LetV and W be the sets of ‘invariant eigen-operators’ with the same energy-level gap. Then the
mapping

d 2
i—) : V w
(‘ dt) -

is a linear map.

Proof. Let O;,, 0,. € V with the same energy-level gap A E, i.e., by (1) we have

(i) 01 = (101, A7) = aEY?O,,

and

Thus, we can show that

2 2
A\ dy . .
(l E) 016 + (l E) 026 = (AE) 016 + (AE) 026
= (8E)*(Osc + Oz

d\?, . ~
=<ia) (01e + 05.) .

Moreover, for any constant a € C we obtain

The Hamiltonian operator that describes a linear triatomic molecule is [1, 4]

2 2 2
10) He ot 2t 54 D Gy ) 4 2 (o=, B
2Zm 2M 2Zm 2 2

and it signifies as follows:

iP
[xl’H]zﬁl’ [PllH]: iT(xZ_xl_ﬁ)l
l.Pz .
(11) ['xZIH] = ﬁl [Pz, H] = lT(X3 - 2x2 + xl) ’
iP.
[xs,H]=W3, [P, H] = it(x; —x3 + ) .

Similarly, in [1] H. Y. Fan and C. Li suggest

(12) 04-6 = X1 — x3, 059 = X1 — 2x2 + x3, 069 = X +Ex2 + X3

as the ‘invariant eigen-operator’ of (10) to obtain the energy-level gap
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T T 2m
13 AE = f—, AE = |—(14+—]), AE =0,
(13) m m( +M)

respectively. Thus, we find another ‘invariant eigen-operator’ of (10) to get the same energy-level gap in Theorem
2.6.

Theorem 2.6. In a linear triatomic molecule model, three of the ‘invariant eigen-operators’ are

O1e= P, — P;,
A 2m
Oze = P1_WP2+P3‘

= P1+P2+P3

w
o
|

and their corresponding energy gap is

AE,, = ! (1 + 2m>
2™ Im M)’
AE;, = 0.
Proof. Forl,, I3 € R, we set
(14) Oe=P1+12P2+l3P3.

Then by (1) and (11), we note that

2

d
(AE)? (P, + P, + I;Py) = (iﬂ) 0,
= [[0.,71). ]
([P A] + [Py, ] + 15[ P5, A], A1)

(15) = [itley =31 = B) + 1y - it(xg — 2% + %) + I3~ it(x, — x5 + ), H]
= lT(_l + lz)[xl, H] + lT(l - 212 + l3)[x2, ﬁ] + iT(lz - l3)[X3,ﬁ]
, P P, . iP;
= it(—=1+1,) -?+ it(1 -2l + 13) U +it(l; —13) e
T(l - lz) m(l3 - 212 + 1) l3 - lz
= 17 _ 2 _ Py
m M1 -1,) 1-1,
and

T(l _lz) m(l3 _212 + 1) l3 _lz
16 AE = |——, L= —r——, l; =
(16) ’ m 2 M(1-1,) T 11,

for I, # 1. The 3rd identity of (16) shows that
LA-L)=L-1 = L;—-1)=0 > lb=0 or l;=1.
Case 1] Where I, = 0; By (14) and (16) we have

m(l; + 1) _o

o =3 I3 =-1
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and so

T A~
AElez\/%, OIE=P1_P3'

Case 2] Where I; = 1;  From (14) and (16) we obtain

L= _m2o2) Ly = 2m(, — 1)
2 = M(1—1,) 2 2) = emily
= ME+Q2m-M)l,-2m=0
> ML+2m)(,-1)=0
= =1 L
2= or 2 = M
] 2m
= = - —
2 M )
since [, = 1 contradicts to the condition I, # 1. Thus
T 2m ~ 2m
AEzez %(1+W), OZSZPI_WPZ-I_ P3.
Case 3] Where [, = 1; By (14) and (15) we observe that
(AE)? (P, + P, + 1sP3) = o(1 — | )(i— 5)
1 2 343 3 M m
and so
AE3e = O, l3 =1

therefore, we conclude that
0392 P1+P2+P3.
O

Finally, as an application of Lemma 2.5 we consider (12), (13), and Theorem 2.6. Then another three of the
‘invariant eigen-operator’ on the Eq. (10) are

O7e:x1_X3+P1_P3,
2m
086=x1—2x2+x3+P1—WP2+P3,

M
096= x1+ax2+X3+P1+P2+P3.

I11.  Conclusion
In the harmonic oscillator models, we consider the energy-level gap and deduce the new ‘invariant eigen-
operators’ from the existing eigen-operators.
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