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Abstract: We generalize the notion of mutually unbiased bases from bipartite system to multipartite system. First,
we study mutually unbiased bases in tripartite systems. A general method of constructing a pair of mutually
unbiased bases in tripartite systems is presented, and two pair different mutually unbiased bases in

C® ® C® ® C*is given. Furthermore, we study mutually unbiased bases in multipartite systems, and we present
the two pairs of mutually unbiased bases in C® @ C* ® C* ® C2.
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I.  Introduction

Quantum entanglement lies in the heart of the quantum information processing. It plays important roles
in many fields such as quantum teleportation[1], quantum coding[2], quantum key distribution protocol[3],
quantum non-locality[4]. As one of the intrinsic feature of quantum computation and information, quantum is
closely related to some of the fundamental problems in quantum mechanics such reality and locality. A
important issue concerns with notion of unextendible product basis (UPBs), which is a set of imcomplete
orthonormal product basis whose complementary space has no product states. It is proven that the UPBs reveal
some nolocality without entanglement. UPBs can also demonstrate Bell inequalities without a quantum
violation[5].

Another related interesting notion is that of mutually unbiased bases (MUBSs), which also plays an
important role in quantum information. The maximum number of MUBs in C¢ is known to be no more that

d+1 for any given d. It has been confirmed that there are indeed d+1 MUBs when d is a prime
power[6]. However, the maximum number of MUBSs is still open for general d .

MUBs are recently combined with other bases, such as product basis (PB)[6], unextendibleproduct basis
(UPB) [7], unextendible maximally entangled basis (UMEB) [8], and maximally entangled basis (MEB) [9]. In
[9], by systematically constructing MEBs, the concrete construction of pairs of MUMEBs in

c’®ck (k € Z*) is studied. In [10], the author first time considered the mutually unbiased bases in which all

the bases are UMEB. And a systematic way of constructing a set of 2 orthonormal maximally entangled
states in C’ ®C* (?<d <d j is provide. Necessary conditions of conditions of constructing a pair of

MUUMEBs in C2®C? are derived in [11].

In this paper, we study MUBs in multipartite systems. The paper is organized as follows: In Sect. 2. we
first generalize MUBs in bipartite systems to tripartite systems. In Sect. 3, we construct different pairs MUBS in

multipartite systems, and show two pairs MUBs in C® ® C® ® C* ® C2as example. Conclusion and discussion
are given in Sect. 4.

Il.  MUBs in tripartite systems
MUBs has significant application in quantum information processing. In this section, we first recall the
definition of MUBSs .Then,we construct MUBs in tripartite systems.

Defintion 1.[9]A state |l//> is said to be a C* ®C® (d <d") maximally entangled if for a arbitrary

given orthonrmal complete basis {| iA>} of system A, there exists an orthonrmal basis {| [ B>} of system B such
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that |v//> can be written as |l//> :J—ld—Z?_ol|iA> ®|i'B> . A basis constituted by maximally entangled states is
called maximally entangled basis(MEB).

Defintion 2.[11]A set of {|¢,>eCd®Cd':i:l,2,...,n,n<dd'} is said to be an n-member
unextendible maximally entangled bases (UMEBs) if (1) |¢,>,i=1,2,...,n,are maximally entangled; (2)
(#]4,)=5,:@)if (#ly)=0 forall i=12,..,n then |y) cannot be maximally entangled.

Defintion 3.[9]Two orthonormal bases B, :{|¢»I>}id:1 and B ={|1//i>}?:1 of a complex vector space

C¢ are said to be mutually unbiased (MU) if and only if

\(ﬂll//,—>\=%,i, i=12,..d. (1.1)

Theorem 1. If {|¢>} o and {I#" >} " aretwo MUBs in C% ®C*, {|‘/’|>}d3 , and {|W'>}:i3;l

0
dydp—1,d3-1

are two MUBs in C% , then {|¢ ®|r,z/1>} and {|¢ ®|!,// >}dldzjioda are two MUBs in

i=0,j=0
C*®C% ®C*.

Proof. Because {|;/§I>}idiz_1 and {|¢‘i>}?iz_l are two MUBs in C* ® C% , we can get

1

H&18')=—F7—,

(@lel=

And {|z//|>}ldj;1 and {|z//‘i>}idj;1are two MUBs in C% ,we have

i,j=01,..,dd, -1 (1.2)

il ‘_f,l,j—OI, Sdy -1 (1.3)
then :

' . 1 1 1
(1= )lier) ol ) =l@ler) vl e 5= T
where i,j=0,1...,dd,-1i'j'=01...,d, -1,
therefore, {|¢ﬁ,>®|t//j>}

Next, we establish two kinds of construction of MUBs in C®*®C®®C*. The first one is MUBs in
Cleci®c* from MUMEBs in C®®C® and MUBs in C*. The second one is MUBs in C*®C?®C*
from MUBs in C® and MUUMEBsin C®®C*.

dydp—1,dy—1

dyd,~1,d,-1
and {|¢ ®|l// >} - are two MUBs in C* ® C* ® C% .

i=0,j=0

Example 1. MUBsin C®*®C®®C* from MUMEBsin C®®C® and MUBsin C*.
8
According to Ref. [12], we have two MUMEBs {|¢|>}80 and {|¢J>} in C*®C? as follows,
1= J:

)= T(|00>+a|11>+a2|22>) |6') = T(|02>+a|11>+a2|20>)
|,5) = T(|Ol>+a|12>+az|20>) |6y s) = %(|Ol>+a|10>+a2|22>)
|¢678>=%(|02>+a|10>+a2|21>), 16" o) = %(|00>+a|12>+a2|21>)

where o =1, a)3,a)32.

According to Ref. [11], we have two MUBSs {|‘/’i>}i3:o and {|z//'i>}i3:0 in C* as follows,
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|vo)=10),
i) =[2),
lv2)=2),
lws)=[3),

therefore, according to theorem 1, we can get the following MUBs {|

e, lin cecect,

|00m) + [11m) + & |22m>),

|¢"0711> :ﬁ(

|¢“24-35> = %(

wherem=0,1,2,3.

" 1 2
10" 50 =%(|01m> +a[12m)+a’[20m)),

|02m) + a|10m) + & |21m>),

|w') = (|0 )+2)+[3)).
v = (I0 -[3)).
lwh)= (IO )-12)+13).
|ws)= (IO -[1)+[2)-[3)),

¢,>?=0 ®|v,yj>sj:0} and

|l//"0711> —T(|021// >+a|1lt//'m>+a2|201//'m>),

W0 = (|on,/ >+a|10y/'m>+a2|22y/'m>), ,

%I

¥ " ss) —T(|001// >+a|121//'m>+a2|21l//'m>),

Example 2. MUBsin C®*®C®®C* fromMUBsin C® and MUUMEBsin C3®C*.
According to Ref. [13], we have two MUBs in C? as follows,

|¢o>:| >
|4)=12),
|4:)=12),

where o =1, a)3,a)32.

)= (10)+[1)+[2)),
(10} + afty+a?[2),

(|0>+a2|1>+a|2>),

|4)=

<1|~<~m|~

|¢2>:

&l

According to Ref. [14], we have two MUUMEBs in C®*®C* as follows,

lwos)= (|0a>+a|]b>+a2|2c>),

‘\ul

|l//375> (|Ob>+a|1c>+a2|2a>)

|1//02>=%(|00>+a|11>+a2|22>),
|1//35>=%(|01>+a|12>+a2|20>),
ves) = J5(102) - af10)+ o [21),
|ws)=103),
|V/10>:|13>’
|‘//11>:|23>’

|‘/’6—8>

= (|0c) + alta) + o [20)),

'—‘éﬁ|"<‘ﬁ|

|‘//9-11> :%(|0>+a|l>+a2|2>)|d>,
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)= (10)-aft) +[2)+]3),

where , a=1la,d.

(
b) =2 (a|0)+ ) a|2)+a]3),
~5(-

|0) +]1) + &* |2) +a|3>)

|d>=%(+a2|0>+a2|1>+a|2>—a2|3>),
therefore, according to theorem 1, we can get the following we can get MUBs {|¢ ®|l//J> } and

o) ®l) | in ctoctoct,

[EEN

w"s ) =—=(]00m) + &[11m) + & |22m}),

w

1 2
W6 s) :%(|Oa¢m>+a|]b¢m>+a |2¢4,,)),

(I

(Jo1m) + a[12m) + & |20m}),

|‘//“9717> = T

3 |1//9N)=%(|Ob¢m>+a|lc¢m>+a2|2a¢m>),
W) = 13(|02m>+a|10m>+a2|21m>) L )
|l//18—26>:_ |Oc¢m>+a|1a¢m>+a2|2b¢m> )
|‘//"27 29> | 3m> f
|‘//"30 32> |13m> |V/27—35>:%(|Od¢m>+a|1d¢m>+a2|2d¢m>)’
|‘//"33 35> |23m>

llw—aM+P%4$%

(
(a|0 +a2|1 a|2>+a|3>)
=5

a)-

where , a=lw, 0}, m=0123.

|0)+[1) +&?2) +a|3>)

== (+a?|0)+ &’ 1) + a|2) - & [3)),

I11.  MUBs in multipartite systems
In this section, we construct MUBSs in multipartite systems. The following theorem provides a systematic
way of constructing MUBS in multipartite systems.

Theorem 2. If {|qj>}dld2 7 and {|¢' >}dld2 “? are two MUBs in C% ®C* ®...®C% ,

Ainyaimsz -Gy =1 ms1miz2 O =1 -
{|¢//i>}_ 01 2 and {|1// >} o are two MUBs in C%s @C%: ®...QC%« , then
=
dldz'“dmflvdmﬂdm 2" dm k -1 dldz‘“dm 71!dm+ldm+2'“dm Kil

{|¢‘.>®|W,—>}.. and {|¢'i>®|l/l'j>} " ae two MUBs in

i=0,j=0 i=0,j=0

C* ®C* ®---®@C'.

Proof. Because {|¢>} i {|¢ >}d1d2 7 aretwo MUBs in C* ®C* ®..-®C%, we can get
1 ..
‘<¢I|¢Ij>‘:T\/%'d'l’J:O’l""’dledm —1. (21)
2 m

And {|y/i>}?:”:d”*zmdm*k “and {|1// >} Itz Gna 2re two MUBS in- G @ GO @ ... @ Clnk , we have

[wilw) =ﬁn J=0Lndyy -1, (22)
m+1 m-+
then
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1 1 1
‘(<¢|®<l//]|)(|¢ ®|‘// ‘ ‘¢”¢ ‘//J“W >‘ \/d1d2~-'dm .\/dm+1"'dm+k :\/dldz"'dmk ,

where i,j=0.1...dd,d —1,i,j=01,..d,., —1.

dydy Oy =1, Ay Gy Ay =1

dydy Ay =1, A8 o Oy =1

and {|¢'i>®|l//'->} are two MUBs in

1)i=0,j=0

Therefore, {|¢i>®|z//j >}

i=0, =0
C*®C% ®..-®C™.

Next, we establish two kinds of construction of MUBs in C® ® C® ® C* ® C?. The first one is MUBs in
CleC*®C*®C? from MUBs in CP®C*®C* and MUBs in C?. The second one is MUBs in
C*®Cc’®C*®Cc? fromMUMEBsin C®®C® and MUMEBs in C*®C?.

Example 3. MUBsin C]*®@C*®C*®C? fromMUBsin C*®C*®C* and MUBsin C*®C*®C*.
According to example 1, we can get two MUBs in C*®C® ®C*. And we can find two MUBs in C?
from Ref. [13] as follows,

, 1

{|¢o>=|o>. o) =75 (10)+11),
=1), ‘
0w 0) =50 -19),
according to theorem 2, we can get two MUBs in C*®C® ®C* @ C? as follows,
|90 2s) = %Q 00mn) + o [11mn) + | 22mn>),
| 0" a7) = %(|01mn> +a[12mn) + o [20mn)),
| 0" 5 1) = %q 02mn) + ¢ [10mn) + o*| 21mn)),

1
|¢)“IO—23> = (|02W'm ¢In> +a|1l!r//'m ¢'n>+a2 |201// Im ¢)In>)’
V3

1
|(pm24—47> :%uojl//lm ¢In>+a|lol//|m ¢ln>+a2|22l//'m ¢In>)1 ’

1
|¢"'48,71>=T(|00w'mco'n>+a|12w'mw'n>+a2|2h//'m<o'n>),

w'o)= (|0 )+[2)+(3)),

lwh) = (N -13)).
wherem=0,1,2,3,n=0,1,

') = (|O )—12) +|3)

|w's)= (IO |1 +[2)-3))-

Example 4. MUBs in C*®C*®C*®C? from MUMEBs in C®®C® and MUMEBsin C*®C?.
According to Ref. [15] , we recall two MUMEBs in C* ® C? as follows,
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1

040 =75 (100) £ [13)), [§'.1) = 75(100) £ 1)),

S

|§273> (|01>+|12>) |§'273>:—(|00{1>i|10(2>),

|6as) =

%IH 4““‘u|

(02) £13)), |§'45>=T(|0%>i|1%>)'l

|§6—7> (|03>+|1O>) |§l6—7>= NG

4‘*=||

| @) = ( i10)-i[2)-i]2)-i3)),
e |ou) = ( [0)=1)+[2)+13)).
| ;) = (|0 )=19-12)+[3)).
5

|0‘3

i|0)+i]1)—i]2)i[3)).

according to theorem 2, the{|¢ ®|§> }and {|¢ ®|§ > }are MUBsin C*®C*®C*®C’.

IV.  Conclusion
We have generalized the notion of MUBSs from bipartite to multipartite quantum systems. Based on this, we
first generalize MUBs in bipartite systems to tripartite systems. Moreover, we have constructed two types of

MUBs in C®*®C®®C*. Then,we construct MUBs in multipartite quantum systems. and show two pairs

MUBs in C® ®C3®C* ®C?as example. Our results may shed light on further investigation on MUBs for
multipartite quantum states.
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