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Parallel Transport in 4-dimensional Continuum
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Abstract:We consider a 4-dimensional continuum with asymmetrical affine connection L}k (x),a
field which defines infinitesimal vector shifts according to the relationdA’ = —L}kAf dx*, or in a
more simple way as the covariant derivative of the contravariant field A’ | i. e. v; I'= 0. This

equation defines a parallel vector field A’ and at the same time, the equation of motion of a particle.
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I.  Introduction
As is well known, in a system of coordinate X, a contravariant parallel vector field A’ and a covariant
parallel vector field A; satisfies the systems of differentials equations:

oAl ik _
LA = 0 (L)

- —Ijf A, = 0(12)
Where I;,i (x) are the Christoffel symbols  of the second kind formed with respect to the fundamental tensor
Jijxy Of the space and are the transporters of the contravariant and covariant parallel vectors Al and A

respectively .
In two system of coordinates X and Y Christoffel symbols are connected by the relation:

ax Bxlg
lu ByV oyt oyl aﬁ()+a 01(1)

The covariant derivatives (1.1) and (1.2) can be generalized if we use Lj‘ik as a transporter which satisfies the
systems of differentials equations:

Bx/ Bx

)2
[11.121.[3] i .k, B,v=1,2,3,4.

If weuse V orabar ( |)torepresent the covariant derivative, then:

=_0A k
v A= 4 Li; A (15)

dA;
—L— L Ay (1.6)

VA = ax

Now let us put:
= ( je + Lig) (1.7)

0, =3 (L — Li;)(1.8)
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And substitute Ly = Li + iy in(14), itfollowsthat [  satisfies

a tensor, known as the torsion tensor.

Now, a field of contravariant and covariant parallel vectors A" and

differentials equations:
aAt i k _

- Ly A" =0 (1.9)
dA;
i LijA, = 0 (1.10)
The condition of integrability of (1.9) is given by:
ALy, =0 (111)

Or:

Where:

i i
Ly oL,
jkl axk ax!

+ Liy Ly, — Ly L (1.13)

Now, the parallelism condition requires that, [4], [5], [6]:
Ly =0 (1.14)

From Ricci generalized identities:

[V, Vi |A" = L, A" — 20}, 7, A" (1.14)

[V, Vi ]A; = Liy; Ay — 207, 7, A; (1.15)

(1.3)and 2 behavesas

]

A;must satisfies the systems of

And considering A’ and A; a contravariant and a covariant parallel vector fields, we have the commutator of

the covariant derivatives as:

[V.Vi] = 20}, 7, (1.16)

And it is clear that Jacobi identity must be satisfied:
[7.[7.7]] + 717 7] + [7 [7:7]] = 0 (117)
From (1.16) and (1.17) we have:

Qe + B + Dy + 2(2500 + 24, 05 + 05,0} =0

An identity discovered by Einstein 1 1929. [7],[8].

If in (1.18) we demand that the tensor field jik satisfies the condition:

04,00 + 24,00 + 0,0 = 0(1.19)
Then:
'Qg'lk + thk|i + 24;; = 0 (1.20)

Equation (1.20) will be very useful in constructing Maxwell’s equations

(1.18)
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Let us substituteLj, = I; + 0, in (1.13), we have:

Ly = Riy + Sia (1.21)

Where:

) ar."l ar.ik . .
Ria =35 =50+ Ll — Luli
(1.22)

i _ i i < Ok i h i Ah
St = Qe — Qe + 20005 — Qg — 20,0

(1.23)

And from (1.19) and (1.20) :

Sjikl =0y i~ Ql’cll-ojih(l-zdf)

The tensor jikl must be recognized as the Riemann curvature tensor of the space , and the tensor Sjikl
is the so called ™" torsional tensor " and is intimately connected whit the electromagnetic field.
In section Il we discuss the tensor field jik as a transporter, and connect the tensor field with the

electromagnetic field. In section Il we generalize Lorentz equation of motion and find the connection between
electromagnetic field and gravitational field.

Il. The tensor field .(2;3,c as a transporter
The asymmetric transporterL;, is composed by I; and £ as

= I+ 21)

That is like a sum of a scalar field [;; and atensor field (2, , which remind us the structure of Hamilton
quaternions.
Now, if we have a space where 1}"-,§ =0 then:

And the covariant derivative is:

i oAl i
GA ==+ 0,; A% (2.3)

A =5 — 05 A (2.4)

N

And consequently if A’ and A, are contravariant and covariant parallel vector fields, a natural equation for
these vectors are:

2+ 0jy Ak =0 (25)

0A;
axJ

0f A, = 0(2.6)

(2.5) and (2.6) are very interesting in a flat pseudo Euclidean space.
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I11. The electromagnetic tensor

The covariant equation (2.6) is a very suggestive one because if A; is a parallel covariant vector
velocity field w;, then:

du;
B—L — 0fu, = 0(3.1)
And if we have a curve x = x(s) and u = u(x),then:

du; _ Ju; dx/ _duy,
ds ~ dxJ ds  9xJ

' (3.2)

And from (3.1):

% = 0f w1 (3.3)

Now if we define the tensor field !2;-‘}- as:
w 2f; = m% fi; (3.4)

Where f;; is the well-known electromagnetic tensor field .

We have:
aﬂui _ e P
me—- = ;fl-]-uf (3.5)

Which we can recognize as the famous H. Lorentz equation of motion of a charge in the electromagnetic field in
a 4-dimensional form [9], m is the particle mass, e is the electrical charge and c is light velocity .

Equation (3.1) and definition (3.3) permit us to understand that (2,’1-‘]- is the parallel transporter in a 4-
dimensional space, a space of zero curvature.

Parallelism implies Lj,, =0 and if [; =0 wehave s}, =0.
If:

i =0 (3.6)

Using (1.24) we have:

Qi = 000, 3.7)

But:

. 20}, . . .
iy = 55+ Q) Q) — Q4 04y — 2450y (3.8)

If we put k=j in(3.8), we have
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Yok :
;=5 = Q00 — 204 (3.9)

And (3.7) gives:

Comparing (3.9) and (3.10) we have:

an
lf +0},01 =0 (3.11)

And multiplication by u; and using (3.1) gives:

a0} .
; axj + w2y 2 =0 (3.12)
Or:
a .
- (w0};) =0 (3.13)
And from (3.3):

Ty -0 (3.14)

This can be recognized easily, as two of the Maxwell equations:
V.E = 0(3.15)

VxH = l"’—E (3.16)

The other two Maxwell equations follow directly from (1.20) and using (1.19) i.e.:

fij | 9fjk

f ki _
axk ax! + W =0 (317)

Or:

V.H=0 (3.18)

= 10H
VxE = —25(3 19)

After the interpretation of the tensor field jik as the parallel transporter in Minkowski space and intimately
connected with the electromagnetic field f;;, we can return to the covariant equation (1.10)

0A;

= LjjA, =0 (320)
Or:
a—]—r Ay — 0 A, =0 (3.21)
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If we use (3.21) for a parallel velocity vector field u; , we have:

ou;
axJ

— Ijfw, — Ofuy = 0 (3.22)

And for a curve x = x(s) and u = u (x) and definition (3.3) we have:

a‘] i . .
—L=fwad +— fyw (3.21)
Or:

e du

2w = me (24 - rfwad )(3.22)

As a generalization of H. Lorentz equation on motion of a charged particle, but now including Gravitational
field I;,i[ 91, [10] ,[11],[12].

It is very interesting to see how Maxwell equation behaves when the gravitational field is present.

From parallelism condition ijl =0 we have:

i+ Sjia = 0 (3.23)

And from (1.24):

Multiplication by u;gives:
2 .
fey — 20 fin + %uilekl = 0(3.25)
And using the covariant derivative of f;;, wehave:

af c? i
ZH— B for = for = I o — Qi + mTuilekl = 0(3.26)

axJ

These equations show a relation between the gradient of the electromagnetic field tensor an the gradient of the
gravitational field through the components of the Riemann tensor.

Now, if in (3.26) we put | = j we have:

Of i
dxJ

2 .
=L} foj + L} fin + %uiRijk (3.27)

That is, the divergences of the electromagnetic field tensor is no more equal to zero, (3.27) becomes the well
know Maxwell equation if and only if IJ",Q =0.

Equation (3.26) and (3.27) gives the interaction between the electromagnetic field and the gravitational field.

The other two Maxwell equations follows from (1.20), using (1.19) i.e.:
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Ofy o Ojk \ 9fki _
axk dxt + axi 0 (328)

Which correspond to (3.17) and (3.18) .

IV. Conclusions
It is very important to recognize the affine connection L]‘ik as a real physical field, a unique field; this

field contains the gravitational field and the electromagnetic field and seems to fill up all the space.

The equation (3.26) shows that the gradient of the electromagnetic field can be changed if we change
the metric of the space. The gradient of the gravitational field can be changed if we change the gradient of the
electromagnetic field

Equation (3.27) show that Maxwell‘s equations, the first two, must be modified in order to take in
account the gravitational field, and the interaction between the electromagnetic field and the gravitational field.
Equation (1.16) shows the existence of a field of Lie groups.
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