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Abstract:

In a 4- dimensional continuum with asymmetrical affine connectionL}k (x), the covariant derivative of the
unitary vector field u‘(x(s)), tangent to the curve x(s), i.e. |7jui = 0, with respect to the connection L}lﬁk (),
defines a parallel vector field u(x(s)), and at the same time the equation of motion of a charged particle in both
gravitational and electromagnetic field.
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I.  Introduction

It is desirable to have a single equation to describe the motion of a charged particle in the presence of
the gravitational and electromagnetic fields.

As is well Known, in a system of coordinate X, a covariant parallel vector field satisfies a system of
differentials equations. The transporter or affine connection L]‘?k (x) = I;,i (x) + Q}k (x) [1] in a 4-dimensional
continuum, allow us to construct such systems of differentials equations. Where [ (x) are the well known
Christoffel Symbols and €, (x) is the torsion tensor.

In section Il we propose a single equation to describe four equations of motion. In section Il we
construct Maxwell equations in absence of charge andcurrent.

Il. Asingle equation
A parallel vector fieldu; (x) , with x = x(s),satisfies the system of differentials equations [1]:

Vo = % Py, =0 @.1)
Multiplication by ul | gives:
Lluhu =0 (2.2)
Using the cham rule relation:
d _dJ 9 _ .0
ds  ds ax/  ox/
We have, [1]:
ZLSL‘ Lk ww =0 e, (2.3)
Explicitly
Zu‘ Fkuku —Q uku =0 (2.4)

(2.4) is a unique equation contalnlng 4 equations of motion.
1) IfI}]’f = (Oand QZ =0:

dui _
o 0 (2.5)
Equation (2.5) is the Law of inertia if u; is the covariant component of the four velocitiesu.
k _
2)IfQ;; = - 0
du‘ Fkuku =0 (2.6)

Is the geodesic equation of motion of a particle in a gravitational field.
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L =0

du;
% Q uku =0 2.7

Is the famous Lorentz equation of motion of a charged particle.
To see this, let us define:

e
w0 =(=5)f5 2.8)
Where fl-j is the electromagnetic field tensor.Substitution of (2.8) in(2.7) gives [2]:
du; e P
g - (m) fl] wW =0 (29)

Which is immediately recognizable as the Lorentz equation of motion of a charged particle. m is the mass of the
particle; e is the electrical charge and cis light velocity.
Definition (2.8) is very important because it gives a physical meaning to the torsion tensor.

e
o = (7) ufi (2.10)
4) If I"k andQ are different from zero, then:
d
du’ Fkuku — Q uku =0 (2.11)

Is the equation of motion of a charged particle in both gravitational and electromagnetic field[2].
Now, the condition of integrability of (2.1) is:

uiL]l:kl =0 (212)
Or simply as:
g =0 (2.13)
Where:
i oLy ALY, i h
jkl = axk kL —thij ............................... (214)
BUtL]l ['k + ]k then.
Ly = Rjkl + !2jkl ............................... (2.15)
Where:
=22k gl ph
]kl -_ 6_k + hk l hl ]k ............................... (216)
h i nh i Ah
.ijl -_— Q]llk .ijll + thﬂjk - Q;lkﬂjl - ZQ]thkl ......... (217)

A solidus followed by an index indicates covariant differentiation with respect to the transporter or affine
connection L]l-k . Qlﬂk is the so called torsional tensor or Cartan’s tensor.

Rjikl as defined by (2.16) are the components of the Riemann curvature tensor of the symmetric connection

coefficient I;,i ,well known as the Christoffel symbols, they satisfy the identities:

Riy +Ry =0 (2.18)

lekl + Rklj + lek = 0 ............................... (219)
From parallelism condition:

Ly =0 (2.20)
We have

R]lkl + .Q'lkl == O ............................... (221)
And from (2 21):

jkl + 'le] + 'Ql ik == 0 ............................... (222)

Permutation of the indexes jkl in (2.22) and then add,according to (2.22),gives [3]:

Qe + Qi + Qi+ 2(21 020, + 0400, + 25,00,) =0 ... (2.23)

This identity discovered by Einstein in 1929,can it be obtained from Ricci and Jacobi identities.
Let us consider Einstein demand; e.i. the product:

.Q ‘Qkh + ‘Qlk + .Q]}(l].Qllh =0 (224)
Multipllcatlon by u,u; gives:
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uhul(!) ‘Qkh + Qlk -ih + Qllgjﬂllh) =0 (2.25)
From (2. 8) and (2.25):
f}kfmh +fkmf}hfmj fkh =0 (2.26)
But:f;; = Ofori=1,2,3,4.
fiz =—fa =H, fia=—fu = —LEy
fiz=—fz1 =H, foa = —faz = —IE,
= f32—H f3a = —faz = —IE,

and if we substltute j=1k=2,m=3,h=4in(2.26), we have:
fiofsa + fa3fis + fz1foa= 0
H,(—iE,) + H,(—iE,) + H,(—iE,) =0
Which is obviously:

EeH=0 (2.27)
Other products cancel each other, and Einstein demand (2.24) means that the Scalar product of E and H is zero.

I11. Maxwell equations
From (2.23) and (2.24),we have:

‘jSk” +.Q]l(l|] +‘Qllj|k =0 (31)
Multiplication by u; and remembering that Vjui: 0 we have:

]j'kll +fkl|j +flj|k =0 TR TR (3.2)
Using the definition of the covariant derivative with respect to L]l-k and (2.26), we have:

Ofjk 4 fww 4 9y _

Py ™ Pyl 0 (3.3
Which correspond to:

10H

VXE = — Tt (3.4)

VeH =0 (3.5
Now from (2 17) and (3.1), we have:

.ijl Q kll] Q]hﬂkl ............................... (36)
And from parallellsm condition:

Rjkl + .le - O ............................... (37)
And (3.6) we have:

R]kl + .le lj .Q]lh.()]}{ll =0 (38)
Multiplication by u; gives:

fkll] —‘lefh + ulR]kl = 0 (3.9
Explicitly:

fl

Fa LY fur — Q0 fur = T fion = QU fien — Qi fin +— ul i =0
(3.10)%
Ifin (3.10) we put ! = j, we have [5], [6]:

afk' . h h m(,‘2 .
6x]] —_ I—;(] fhl + I;] fkh + Tul _]lk] ............................... (311)

That is, the divergences of the electromagnetic field tensor are no more equal to zero. The first pair of Maxwell
equations are modified.
(3.11) becomes:

frj _ . i

a0 = 0, if anonlylfl;-k =0

*Unfortunately, in a previous article we omitted accidentally the term .Q;{llfjh

IV. Conclusion
The affine connectionL]l- Fk + 0} ik unify gravitation and electromagnetism.
Equation (2.3) isa fundamental equatlon of mation for gravitation and electromagnetic fields.
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Identity (2.19) is equivalent to Jacobi identity both gives (2.23).
It is surprising that Einstein claim is nothing other than the perpendicularity of the electric and magnetic fields.

From (3.8) if the electromagnetic tensor f;;is a parallel fieId(kaij = O),thenR}kl = jShﬂ,i’l, oerikl =

2
(#) uluh]j-hfkl, which means that the curvature of the space is generated by the electromagnetic
field. Or that Gravitation is generated by the Electromagnetic field.
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