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Abstract:

The torsion tensor field Q}k determines the Riemann curvature tensor R}'kl and consecuently as a function of the
Electromagnetic Field.
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. Introduction
The affine connection or parallel transporter L%, = T}, + Qj,, where I';, are the Christoffel Symbols
and Q]‘fk is the Cartan Tensor, allows us to construct the covariant derivative of a contravariant parallel vector field
A' and a covariant paralell vector field 4; as:

P aAi . k _
= ot LA = 00 (1.1)
04;
A= 55 = LAk = 0 (1.2)

Where the solid followed by an index means Covariant derivative with respect to the affine connection.
For a parallel covariant four-velocity u; , we have:

du;
o Liwe = 00 (1.3)

Wiy =
Ifxt = xi(s) and u; = u;(x)
du _ Ow dxl _ oui

Tl I 2 P s (1.4)

Multiplying (1.3) by u/ , we obtain:
5“;. W= Lo =0 o (1.5)

Or, using the affine connection:

d—S‘— T wew + Qf wew (1.6)

It is well known that the equation of a charged particle in the presence of both Gravitational and
Electromagnetic Fields is a generalization of the H. A. Lorentz equation of the Electrodynamics to Curvilinear
coordinates [1]:

du; e i i
o= S fW A THwew (1.7)

Comparing (1.6) with (1.7), we have:
Wy = =5 fii (1.8)

Where f;; is the Electromagnetic field.
Cartan Torsion Tensor is: [2], [3]
O = ==5uk fii (1.9)

mc?

This connection between the torsion tensor and the Electromagnetic field is very important in the
construction of Maxwell’s Equations and Riemann Curvature Tensor.

In Section Il we find Riemann curvature Tensor as a function of the electromagnetic field. In section 11l
we construct Maxwell’s equations. In section IV we give Somme conclusions.

DOI: 10.9790/4861-1604010810 www.iosrjournals.org 8 | Page



The Riemann Curvature Tensor As A Function Of The Electromagnetic Field

I1.  The Riemann Curvature Tensor
The condition of integrability of the equation:

dy;
T LW =0 (2.1)
Is:
WiLin =0 2.2)
Or simply as:
Lig = 0 (2.3)
Where:
. aLi. aLi, . .
Lig = 35 =55 + Lhwlfi =L Ll o (2.4)
If we substitute L}'-k = Tj, + Q) in(2.4), we have:
L;kl = R]lkl +Q]lkl ........................................................................... (25)
Where:
. art art . .
by = axf,j - a;{‘ F T T = Thy The oo (2.6)
is the Riemann tensor and the Cartan tensor [4] is:
Q= Qe = Ly — Qs + QpQff — 200,05, .7)

Where the solid means covariant derivative whit respect to the affine connection.

Using Einstein’s condition [5]:
Qi + Q05 + QG =0 (2.8)
in (2.7), we have:

A . b
Q]lkl —_ Q]l:llk - Q}kll - le ]lh ...................................................... (29)
Now, parallelism condition implies:
L;kl = 0 ..................................................................................... (2.10)
Or:
Ri 00y =0 Lo (2.11)
And from the begutiful property of the Riemann tensor:

}kl + R]ld] + R;]k = 0 .......................................................................... (212)
We have: .
Q]lkl + Q?(l] + Qll]k = 0 .......................................................................... (2.13)
And from (2.9) and Einstein condition (2.8), we have:

i i i —
O T, O =0 (2.14)

From (2.9)' and (2.14):
Dt = Qo = D oo (2.15)

And from (2.11), the Riemann tensor is:
Ry = Q; + ) e (2.16)
This expression shows that the Riemann tensor is determined by the Cartan torsion tensor.
Now, from Bianchi identity:

}kl;n + R]éln;k + R]lnk,l =0 e, (217)
Or, Because g;j;x =0
Rijkl;n + Rijln;k + Rijnk;l =0 (218)

Multiplication by g% g/* and taking in account the anti-symmetry of the Riemann tensor, we have:
(RE=ZGKR)ik =0 e (2.19)
The Tensor E/ = R} — %g; R s the Einstein Tensor.

Now, the contraction of the indices i and | in (2.16) gives Ricci Tensor:

Rik = Qp|; + Qe oo (2.20)
Where: Q3 = Q .

If:

Q= DDl (2.21)
Rik = 0 (2.22)

And we have Einstein’s equations of the Gravitational Field in empty space without any masses.
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These equations were solved by K. Schwarzschild and then used by Mr. Nassim Haramein on his very
interesting article “The Schwarzschild Proton™.
Substitution of (1.9) in (2.16) gives:

Ria =~ ulf )+ Co)? Wi finfur o (2.23)

mc?
And we find this very important relation between Riemann Curvature Tensor and the electromagnetic Field.

I1.  Maxwell’S Equations

From (2.14), (2.8) and (1.8), we have:
ofji | Ofik , Ofkj _
m + W + W - 0 ............................................................................. (31)

Which correspond to

V-H=0,VxE=—225 (3.2)
The second pair of Maxwell’s equations follow from (2.16):

;’k“ = Rl — QL (3.3)
Multiplication by u; gives:
# ful; = wiRju — #Qﬁl il et (3.4)

Developing the covariant derivative whit respect to the affine
connection and making | equal to j, we have:

f i . 2 )
= Irﬁjfh,-+1r;jfkh—%uiR;kj ........................................................ (3.5)

These equations reduce to:

0fkj _ o igmi —

W =0 if ]I‘]lk =

Which correspond to:

V-E=0 ; UxH=2Z (3.6)

Now, the meaning of Einstein condition follows from (2.8).
Multiplication by u; gives:

Qifin + Uafin + Qifin =0 o (3.7)
And from (1.9):

UM Firefin 4 frafin + Fiifin} =0 oo (3.8)
Or:

f}kﬁh + fklf;fh + ﬁjfkh = 0 ................................................................... (39)

Let us make j=2, k=3, I=1, h=4in (3.9) we have:
fa3fia + farfoa + fi2 f3a =0
H, (—iE,) + Hy(—iE,) + H,(—iE,) = 0
E - H =0 e, (3.10)
Einstein’s condition is nothing other than the perpendicularity of the
Electric and Magnetic fields.

IV.  Conclusions
1. Equation (2.16) shows that Riemann tensor is a function of Cartan’s torsion tensor.
2. Equation (2.23) shows that Gravitation is generated by the Electromagnetic Field.
3. Einstein condition, which we use in this paper repeatedly has a very simple interpretation, it says that the
electromagnetic fields are perpendicular.
4. The second pair of Maxwell equations are modified in presence of the gravitational field.
5.1t is interesting that in this context we can recover Einstein’s famous field equations (2.22).
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