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Abstract: We considered an MSEIR epidemic model as proposed by Hethcote (2000). Homotopy analysis
method is used to solve the problem because of its advantages over methods.
Keywords: Epidemic, Homotopy.

I.  Introduction

Nonlinear equations: ordinary differential equations (ODESs) and partial differential equations (PDES)
are difficult to solve than linear especially by means of analytic methods. Traditionally, perturbation and
asymptotic techniques are widely applied to obtain analytic approximations of non- linear problems in science,
engineering, finance and dogreat contribution to help us understand many nonlinear phenomena. However, it is
well known that perturbationmethods arestrongly dependent upon small/large physical parameters, and therefore
are valid in principle only for weakly nonlinear problems.

The so-called non-perturbation techniques, such as the Lyapunov’s artificial small parameter method,
the 3-expansion method, Adomian’s decomposition method, and so on are formally dependent of small/large
physical parameters. But all of these traditional non-perturbation methods cannot ensure the convergence of
solution series: they are in fact only valid for weakly nonlinear problems, too. (Liao, 2004).

The Homotopy Analysis method was devised by Shijun Liao of Shanghai Jiaotong University in 1992. The
Homotopy analysismethod (HAM) aims to solvenonlinear ordinary differential equations analytically.  The
Homotopy analysis method employs the concept of the Homotopy from topology to flexibly generate a
convergent series solution for nonlinear systems. This is especially enabled by utilizing a so-called homotopy-
Maclaurin series to deal with the nonlinearities in the system; this series is very analogous to the better known
Adomian polynomials. The method distinguishes itself from other analytical methods in four important aspects.
Liao (1996), improved on HAM by introducing a non-zero parameter into the traditional way of constructing
aHomotopy. He used a 2D viscous laminar flow over an infinite flat-plain governed by the nonlinear
differential equation. He obtained a family of approximations which is much more general than the power
series given by Blasius(as cited in Liao,1995) and can converge even in the whole region 1 € [0, +o).

Liao (1999) applies HAM to give an explicit, totally analytic, uniformly valid solution of the two-dimensional
laminar viscous flow over a semi-infinite flat plate.

Ifidon (2009) used Homotopy analysis to the solution of the steady flow of a viscous incompressible
fluid past a fixed circular cylinder. He calculated drag coefficients at 6th-order approximation and found to
agree reasonably well with experimental measurements.

Liao (2004), in his paper described the basic ideas and current developments ofthe Homotopy analysis method.
He also discussed some open questions and a hypothesis isput forward for future studies.

Vahdatis(2013) also considered the spread of a non-fatal disease in a population which is assumed to have
constant size over the period of the epidemic.

Il.  Mseir Epidemic Model
The system of differential equations for the numbers in the epidemiology classes and the population size is
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Using the differential equation for N, eliminating the differential equation for s by using S=1—-m—e—i—r,

b=d+q and A = fi .Hethcote(2000). Then the differential equations for the MSEIR model are:

%—T:(d+q)(e+i+r)—§m,
de
dt
Sece—(r+d-+a)

=Al-m-e-i-r)-(e+d+q)e,

HOMOTOPY ANALYSIS METHOD (HAM)

The homotopy analysis method (HAM) is an analytic approximation method for highly nonlinear
equations in science, finance and engineering.HAM transfers a nonlinear problem into an infinite number of
linear sub problems. It was first proposed by Liao in 1992 in his PhD dissertation, and modified and developed
by Liao (1997).

BASIC IDEA
Consider N[u(t)]=0...................... ®3)
Where N is a non-linear operator, t denotes the time, U(t) is an unknown function. Let U, (t) denotes an
initial guess of the exact solution U(t) and L denotes an auxiliary linear operator with the property

Lf =0 When f =0
We then construct the so-called homotopy as
(L- p)LLp(t; p)—u, ()] pRHEON[4(t; p)]= H[g(t; plu (). H(E) R p]......4.0)
Where p € [0,1] is the embedding parameter, A= 0, is a non-zero auxiliary parameter, H(t)# 0 is an
auxiliary function, L is an auxiliary linear operator. It should be emphasized that we have great freedom to
choose the initial guess uo(t), the auxiliary linear operator L, the non-zero auxiliary parameter h, and the
auxiliary function H (t)
If homotopy (4.0) is zero, i.e
H[(t; p)u,(t), H(t) R, p]=0..coooocriaee ®)

This gives the zero-order deformation equation

(L p)L[e(t; p)—u, ()] = pAHEON[AE p)].oorrrorooeeee. ©)

Subject to the initial condition

At;p)=0. oo 7)

When p = 0, the zero-order deformation equation (4) becomes
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L[#(t;0)-u, (t)]=0, t20 . ®)

Subject to the initial condition

gt.0)=0 )
The solution of (8.0) is

t0)=u ) (10)
Also for p =1, since h = 0,andH (t) # 0, the zero-order deformation equation (6.0) is equivalent to

RH (t)N[¢(t; p)]=0, t>0 ... (11)

Subject to the initial condition
gt1)=0 ... (12)
And  gtl)=ult) ... (13)
Hence, by (10) and (12), as the embedding parameter p increases from 0 to 1, ¢(t; p) varies continuously from

the initial approximation uo(t) to the exact solutionu (t) In homotopy, this is called deformation. If we

expand ¢(t; p) in Taylor series with respect to p,

: .o 1 2"g(t; p) n
t;p)=¢lt;0 — | o P
By (10), equation (14) becomes
#tp)=u,+> u,OP" (15)
n=1
1 0"glt;
Where U, (t) = ﬁ# lo (16)

If the initial guess uo(t), the auxiliary linear operator L, the non-zero auxiliary parameter i # 0, and the
auxiliary function H (t) are well chosen, so that:
i. The solution ¢(t; p) of the zero-order deformation (5.0) exists for all p € [0,1],

o"4lt; |o)|

n

ii. The deformation derivative p=0 exists forn=1,2,...

iii. The power series (14) of ¢(t; p) converges at p =1, then

P = Uy () + S U () oo an

This relationship provides us with a relationship between the initial guess U, (t) and the exact solution u(t)by

means of U, (t) forn=1,23,...
Next, we define thevector:

u() ={u, ®),u,@),...u, @ (18)

The governing equation and the corresponding initial condition of U, (t) can be deduced from the zero-order

deformation equation (6) and (7). If we differentiate equations (6) and (7) n times with respect to the
embedding parameter p and then setting
p = 0 and finally dividing them by n!, we have the so-called nth order deformation equation:

L[u, @) = z,u,,@]=hH®OR, (T, ,)........... (19)
Subject to the initial condition
u =0 ... (20)
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1 0"'N[g(t: p)]

Where R (U,,)= VT loo (21)
Owhen

And .= (22)
lotherwise

Solution Of The Mseirepidemic Model By Ham
One of the advantages of this method is that it provides a direct scheme for solving the problem.

By HAM, we choose

M,t)=N,. E,®)=N., 1[t)=N,, R, (t)=N, ..(23)

As initial approximations of M (t) , E(t) , I(t) ,R(t) .

Let pe [0,1] denotes the so-called embedding parameter. The homotopy analysis method is based on a kind
of continuous mappings:

M(t) > a(tp)  EQ)—4,(t) . 1t) = 4) 1) > 4) RO - 4.() -2

Such that, as the embedding parameter p increases from 0 to 1, ¢j (t) ,j=1...4 varies from the initial
approximation M (t), E, (t),1,(t) , R,(t) to the exact solution M (t), E(t),1(t),R(t). To ensure this,
we choose an auxiliary linear operator as

09;(t;
LI, & p)]= ¢Ja(t p), J=1,2,3,40 oo (25)

With the property
L[f]=0 (26)

Where f j are integral constants. We also define the non-linear operators

N6 1= 28 R) (44 g, (6 )+ 4 )+ 46 ) + )

dt
N6 9= 2206 0)-50)- 46 9)- s D)+ e+ ()
N, [4,(t; p)]= 6¢3§; p)—6¢2(t; p)+(y+d+q)(t;p) o 27)

N, [¢(t; p)]= 4, (t; p)— 1 (t; p)+(d + ), (t; p)

Let hj #0 and Hj(t);t 0 j=1.. .4 denotes the so-called auxiliary parameter and auxiliary function,
respectively. Using the embedding parameter p , we construct a family of equations:

(- p)Lfg(t; p)-M, (B)]= PhH,ON,[¢, (& )]
(- p)Ll, (t p)-E, (t)]= ph,H, (N, ¢ (t: )]
(- p)Llgs(t; p)—1, ()] = phsH5(EN; [, (E; p)) ... (28)
(L~ p)Ll, (t; p)= R, ()] = phyH, (N, [4,(E p))

Subject to the initial conditions:

¢1(0 p)= Mo ¢2(O’ )= Eo' ¢3(O’ p)= Io* ¢4(O1 p)= Ro '~"(29)
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As said earlier, we have great freedom to choose the auxiliary parameterh # 0, the auxiliary function H (t),

the initial approximation U, (t) and the auxiliary linear operator L.
When p = 0, equation (28.0) becomes

L |.¢1(t;0)_ M, ( )J= 0,
L |, (t0)- €, (V)]=0, (30)
L l.(t0)-1, (t)]=0,
L ¢, £0)- R, (V)]=0,
t>0
Subject to the initial condition
$,(00)=0 j=1234 ... (31)
The solution of (30.0) and (31.0) is simply
#,(t.0)= M, (t)
, (t,O) =E, (t)
#,(t0)=1,(t)

$,(t,0) =R (t)..oooorie (32)
When p =1, equation (28.0) becomes
hH,ON,|g,E&p)=0t>0j=12..4 . (33)
Subject to the initial condition
G (tL)=0 (34)

Since hj #0,H (t) # 0 and by means of the definition (27), equation (33) and (34), we have
$(t)=M (t)t>0
$,(t)=E (t)t>0....
$,t1)=1 (t)t>0..
$,(t)=R (t)t=0.......... (35)
Hence, ¢, (t, p) varies from initial guess M (t),E,(t).1,(t) .R,(t) to the exact solution M (t), E(t),
| (t) R(t) as the embedding parameter p increases from 0 to 1.
By Taylor’s theorem, we expand ¢- (t p) by a power series of the embedding parameter p as follows:

#,(t, p)= ZM

6t p)=E(t)+ D E,)P", e, (36)

Where
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Mn(t)=£an¢1(t; p)

n op" =
En(t)zian%T(ﬁ;p) oo e, (37)
L0)- 1780,
R ()- 17200,

Assume that the auxiliary parameterh , auxiliary function H (t), the initial approximation Mo(t), E, (t)

Io(t) , R0 (t) and the auxiliary operator L are so properly chosen that the series (36.0) converges at p = 1.
Then, at p = 1, the series (36.0) becomes:

#t

#,(t1)=1,(t)+
$4(t1) =Ry (t) +

Therefore, using equation (35), we have

LIM, (t)— 2,M 1 (0] =R H, (E)%, (M, (1)),

LIE, () 2,E, s (01 = B, H, (0%, (€, , 1),

L1, (t)- 7.1, @] =hH, ()R, (1, (t) ................................. (40)
LR, (t)- 2, Ra (U] = A, H, (R, (R, (1))

Subject to

M,(t)=0, E,(t)=0, 1,(t)=0, R,(t)=0. ... (41)
By (Liao, 1997), we use ,
h- =-1. Using H . (t) =1, the nth —order deformation equation (40.0) for N >1 becomes:

M. (t) j[ml_l —(d+q)(E,1(0)+ 1,4 (0)+ R, () + oM, ,(2) bz
E,(t)= 2, ( I[Elnl M, 1(£)=Eps(£)=1,4(0)-Ry4(0)+ (e + d + Q)E, 4 (1)

0= 201, (0)- j[v“(r)—eﬁ )+ (+d+ Qe
R, (t)= ,R, I[Rl )+(d +q)R,.,(c)Hr.
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