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Abstract: The 1𝑠 energy level vacuum polarization correctionsof pionic hydrogen atom induced by a potential 

including form factor are compared with those obtained by using pion point potential. Without form factor of 

nucleus and pion the correction increases very slowly for low Z atoms and increases fastly for higher Z. The 

finite size of the nucleus increases the correction with Z in case of exponential distribution, while in case of 

Gaussian distribution the increase is lower. For Fermi distribution there is a fast increase at low values of Z 

and faslty decreases with higher values of Z. The effect of form factor of pion on the correction is very clear for 

low Z nuclei and then becomes nearly constant for higher values Z. 
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I. Introduction 
Vacuum polarization plays an important role of calculating the energy levels of atoms. It is small in 

hydrogen atoms but for heavier orbital particles such as muons and pions it gives a dominant contribution to 

QED corrections. It is the interaction of the bound electron with the electrons in the Dirac Sea. 

 

 
Fig.1 Represents Feynman diagram for one loop vacuum polarization. 

 

We calculated the vacuum polarization corrections in different energy levels for mionic-hydrogen atom 

[1] and for pionic-hydrogen atom with finite size proton [2].The results are very near from those calculated by 

Borie [3].In this work we study the effect of pion form factor in 1s level for different pionic-hydrogen atoms. In 

these calculations the relativistic approach is used. Borie [3] calculated the Lamb shift in case of mionic-

hydrogen atom. The mionic hydrogen (2𝑝 − 2𝑠) transition was investigated by Carroll et.al. [4]. They used a 

precise non-perturbative numerical solution of the Dirac equation including the finite size Coulomb force and 

finite size vacuum polarization.Lee et.al. [5] derived a formula for the vacuum polarization correction for the 

spin zero orbital particle. They used the formula for these corrections based on Klein-Gordon-Fock 

equation.Karshenbiomet. al. [6] used the Uehling potential for calculating one loop vacuum polarization for the 

pionic circular states. In this work we usethis formula to calculate the vacuum polarization corrections in 1s 

state for different pionic-hydrogen atoms from 𝑍 = 1to 𝑍 = 68. The main aim of this work is to show the effect 

of the pion form factor on these corrections for different pionic-hydrogen atoms. 

 

Theory 

The relativistic equation of Klein-Gordon-Fockwhich describes the spin zero particle,  

has the form 

  𝐸𝑖 − 𝑉 𝑟   2 − 𝑃2𝑐2 −𝑚𝜋
2𝑐4 Φ𝑖 𝑟  = 0                                  (1) 



Pion Form Factor Contribution in Vacuum Polarization corrections for 1s energy level in different  

DOI: 10.9790/4861-0901032026                                           www.iosrjournals.org                                   21 | Page 

Φ𝑖(𝑟)are not orthogonal and their normalization is not trivial. The solution of this equation with non-Coulomb 

potential is possible [7-8]. The perturbative theory of Coulomb potential has not been developed till now. The 

vacuum polarization corrections in energy levels are calculated by using a recent form of Lee et.al. [5]  

                                           ∆𝐸𝑖 =
 Φ𝑖

 𝑜   𝐸𝑖
 𝑜 − 𝑉 𝑜  𝛿𝑉 Φ𝑖

 𝑜  

 Φ𝑖
 𝑜  𝐸𝑖

 𝑜 − 𝑉 𝑜  Φ𝑖
 𝑜  

                                      (2) 

Where 

Φ𝑛𝑙
 𝑜 =

1

𝑟
𝑅𝑛𝑙 (𝑟)𝑌𝑙𝑚 (𝜃, 𝜙) 

Where𝑅𝑛𝑙 (𝑟) is taken from [2]. In case of electrostatic potential this equation is valid for any 

perturbation such as Uehling corrections. The Coulomb problem is considered as an unperturbed case and we 

take the unperturbed solution of the last equation from [2].The vacuum polarization perturbative potential for 

finite nuclei including the form factor of pion is obtained by folding the Uehling potential with the extended 

source distribution and the pion distribution, which has the form, 

                                 𝛿𝑉 𝑟 = 4𝜋 
𝑑3𝑞

 2𝜋 3

𝑒𝑖𝑞  .𝑟 

𝑞2
Π𝑅 −𝑞2 𝜌𝑁 𝑞 𝜌𝜋 𝑞                             (3) 

Where 

𝜌𝑁 𝑞 =  𝑑3𝑟𝑁 𝑒
−𝑖𝑞  .𝑟 𝑁𝜌𝑁 𝑟𝑁    ,    𝜌𝑁 𝑟𝑁 = −𝑍𝑒𝜌 𝑟𝑁  

𝜌𝜋 𝑞 =  𝑑3𝑟𝜋 𝑒
−𝑖𝑞  .𝑟 𝜋𝜌𝜋 𝑟𝜋      ,   𝜌𝜋 𝑟𝜋 = −𝑒𝜌 𝑟𝜋  

𝜌 𝑟𝑁 is the central nuclear density and is taken in Gaussian, exponential, and Fermi forms and the density of 

pion, 𝜌(𝑟𝜋), is in Gaussian. 

𝛿𝑉 𝑟 =  𝑑3𝑟𝑁𝜌𝑁 𝑟𝑁  𝑑3𝑟𝜋 𝜌𝜋 𝑟𝜋  
𝑑3𝑞

 2𝜋 3
𝑒−𝑖𝑞  . 𝑟 −𝑟 𝑁−𝑟 𝜋  

4𝜋

𝑞2
Π𝑅 −𝑞2  −

𝛼𝑞2

15𝜋𝑚2
  

                   = −
4𝜋𝛼

15𝑚2𝜋
 𝑑3𝑟𝑁𝜌𝑁 𝑟𝑁  𝑑3𝑟𝜋 𝜌𝜋 𝑟𝜋  

𝑑3𝑞

 2𝜋 3
𝑒−𝑖𝑞  . 𝑟 −𝑟 𝑁−𝑟 𝜋   

                   = −
4𝜋𝛼

15𝑚2𝜋
 𝑑3𝑟𝑁𝜌𝑁 𝑟𝑁  𝑑3𝑟𝜋 𝜌𝜋 𝑟𝜋 𝛿

3(𝑟 − 𝑟 𝑁 − 𝑟 𝜋) 

                   = −
4𝜋𝛼

15𝑚2𝜋
 𝑑3𝑟𝑁𝜌𝑁 𝑟𝑁 𝜌𝜋 𝑟 − 𝑟𝑁  

                   = −
 4𝜋 2𝛼

15𝑚2𝜋
 𝑟𝑁

2𝑑𝑟𝑁𝜌𝑁 𝑟𝑁 

∞

0

𝜌𝜋 𝑟 − 𝑟𝑁  

Substituting the values of 𝜌𝑁 𝑟𝑁  and 𝜌𝜋 𝑟𝜋  we get 

                                          𝛿𝑉 𝑟 = −
 4𝜋 2𝑍𝛼2

15𝑚2𝜋
 𝑟𝑁

2𝑑𝑟𝑁𝜌 𝑟𝑁 

∞

0

𝜌 𝑟 − 𝑟𝑁                               (4) 

Substituting into equation (2) about 𝛿𝑉 from equation (4) we obtain the vacuum polarization correction in the 

1𝑠 state. To show the effect of pion form factor we compare 𝛿𝐸calculatedusing the pion as a point charge and 

that calculated in case of pion form factor from equation 

𝛿𝑉 𝑟 =
4𝜋

𝑞2
 

𝑑3𝑞

 2𝜋 3
𝑒−𝑖𝑞  .𝑟 Π𝑅 −𝑞2 𝜌𝑁 𝑞 

∞

0

𝜌𝜋 𝑞  

Where 

Π𝑅 −𝑞2 =
𝛼𝑞2

𝜋𝑚2
 𝑑𝑣

1

0

𝑣2  1 −
1

3
𝑣2 

1 +
𝑞2

4𝑚2
 1 − 𝑣2 

≈ −
𝛼𝑞2

15𝜋𝑚2
 for small q  

 

In this work we take the nucleus distribution in the form  

1- Fermi distribution 

𝜌𝐹 𝑟𝑁 =
𝜌𝑜

1 + 𝑒 
𝑟−𝐶

𝐷
 
 

Where 𝐶 is the root mean square radius of the nucleus and 𝐷 is the diffuseness. 

2- Exponential distribution 

𝜌𝐸 𝑟𝑁 =
𝜉2

8𝜋
𝑒−𝜉𝑟𝑁  

Where  𝜉 =  12  𝐶2   and the Fourier transform of the exponential distribution is 
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𝜌𝑁 𝑞 =
1

 1 + 𝑅2𝑞2 2
              𝑅 =

1

𝜉
 

3- Gaussian distribution 

𝜌𝐺 𝑟𝑁 =
𝜉2

𝜋3 2 𝑎3
𝑒− 𝑟 𝑎  2

 

And its Fourier transform is 

𝜌𝜋 𝑞 = 𝑒−𝑎
2𝑞2 4  

 

Table 1. Vacuum Polarization corrections for the energy level 1s (in MeV) of the pionic-hydrogen atoms 

calculated by applying Lee [5] method for the spin zero pion particle. 

 
 

 
Fig.2 Three spherical symmetric charge densities ofthe nucleus, for Z=11 
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Fig.3 Represents the 1s square of the radial unperturbed wave function 𝑅10

2 (𝑟) 𝑟2  obtained from 

equation (1). 

 

 
(a)Represents the potential in case of point nucleus with point pion. 

 

 
(b) Represents the pion as a point and the nucleus takes three forms of form factors. The dotted line is Gaussian, 

the solid line is Fermi and the dashed is exponential. 

 

 
(c) Represents the potential in case of point nucleus with Gaussian form factor of pion. 
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(d) Represents the potential in case the pion as Gaussian and the nucleus takes three forms of form factors. The 

solid line is Gaussian, the dashed is Fermi and the dash-dot is exponential. 

Fig.4 The figure represents different forms of the potential for Z=11 as an example. 

 

 
Fig.5 The effect of the pion radius on the potential of fermi distributed nucleus and Gaussian pion form factor. 

 

 
(a) Represents the pion as a point and the nucleus as a point. 
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(b) Represents the pion as a point and the nucleus takes three forms of form factors. The dotted line is Gaussian, 

the solid line is Fermi and the dashed is exponential. 

 

 
(c) Represents the pion as Gaussian and the nucleus takes two forms of form factors. The dotted line is 

Gaussian, while the solid line is Fermi. 

Fig.6 Represents the vacuum polarization corrections for the 1s energy level for different Z pionic-hydrogen 

atoms. 

 

II. Results And Discussion 
In these calculations we use the relativistic units ℏ = 𝑐 = 1, the pion mass 𝑚𝜋 = 139.577 MeV, the 

electron mass 𝑚𝑒 = 0.5109989 MeV and the fine structure constant 𝛼 = 1 137.0359998 , and the radius of 

pion is 0.61 ± 0.15 𝑓𝑚 [9]. Figure 2 shows the three different distributions mentioned above. In the short range 

the exponential density is higher than the Gaussian density and the Gaussian is higher than the Fermi 

distribution. For higher distances they are approximately the same. Figure 3 represents the 1𝑠 square of the 

unperturbed radial wave function of pion obtained from equation (1) against 𝑟, for 𝑍 = 11 and radius 2.986 𝑓𝑚 

[10] and reduced mass 19.738 MeV. From the figure it is clear that most contribution of the wave function is 

found at the origin, so that the potential which has large values at the origin will give a large correction to the 

energy.From figures 4-a,4-b, and 4-c it is clear that these potentials have large overlap with the wave function 

because the maximum exists at the origin, like the wave function. The point nucleus potential with Gaussian 

form factor, fig. 4-c, has the shortest range (1.2 𝑓𝑚), while the pion point potential with Gaussian, Fermi, and 

exponential form factor of the nucleus has a range of about 5 𝑓𝑚. Figure 4-d has three maxima for the three 

potentials. The potential with the Fermi nucleus and Gaussian pion form factor has the highest peak. The 

potential with exponential nucleus distribution and pion Gaussian distribution has the lowest peak. These peaks 

are not at the origin hence the values of the corrections corresponding to these three potentials are smaller than 

the other potentials because the overlap of these potentials with the wave function is small. The position of these 

peaks is as follows VGF at 𝑟 = 2.749 𝑓𝑚, VGG at 𝑟 = 2.473 𝑓𝑚, and VGE at 𝑟 =  2.113 𝑓𝑚. To show the 

effect of the pion radius on the potential, figure 5 is drawn. From the figure it is clear that the peak is lowered 

when the radius of pion increases. For the energy the increase in radius of pion decreases the value of the 

vacuum polarization correction, e.g. for 𝑍 = 11, ∆𝐸 = −6.476599 × 10−6MeV for pion radius 0.76 𝑓𝑚 and  
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∆𝐸 = −6.884018 × 10−6 MeV  for pion radius 0.61 𝑓𝑚 .From figure 6 and table 1, we can conclude that 

without form factor of nucleus and pion the correction increases very slowly for low 𝑍 atoms and increases 

fastly for higher  𝑍 . The finite size of the nucleus increases the correction with 𝑍  in case of exponential 

distribution, while in case of Gaussian distribution the increase is lower. For Fermi distribution there is a fast 

increase at low values of 𝑍 and faslty decreases with higher values of 𝑍. The effect of form factor of pion on the 

correction is very clear for low 𝑍 nuclei and then becomes nearly constant for higher values Z.   
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