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Abstract: A general scheme for controlled teleportation of an arbitrary single-qubit state with four-qubit
asymmetric state is proposed. In this scheme, the sender performs Bell measurement on his particle, the two
controllers and the receiver perform joint unitary operation on the rest particles. Finally, the receiver can
reconstruct the single particle by introducing an auxiliary particle, he first does unitary transformation on his
particle and the auxiliary particle, then performs a Von Neumann measurement on the auxiliary particle. Thus
the scheme can be realized in certain probability.
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I.  Introduction

The first teleportation scheme of one-particle unknown state via an Einstein-Podolsky-Rosen pair with
the help of some classical information is proposed by Bennett et al[1] in 1993. Up to now, there are many
achievements in theory and experiment about teleportation, which can be seen in the literature[1 _ 12] and their
literature. The key to quantum teleportation is to establish a quantum channel between the sender and the
receiver. There are many choices of quantum channels, including two-particle channels[2_4], three-particle
channels[5_7], four-particle channels[8_10], six-particle channels[11] and nparticle channel[12]. In 2016, Zhang
Jianzhong et al[10] proposed a scheme of two quantum secret sharing scheme based on four-qubit entangled
ststes. From [10], quantum teleportation based on asymmetric quantum channel can transmit more information
than the quantum teleportation of symmetric quantum channel. In this paper, we intend to discuss a scheme of
controlled quantum teleportation, the state we want to teleport is single-qubit state, the channel we choose is
four particle asymmetric entangled state. There includes four parties, one sender, one receiver, two controllers.
We will present its whole process according to three cases and we will calculate all successful probabilities of
the teleportatiion.

I1. Controlled Quantum Teleportation Scheme

A one-particle unknown state to be teleported is as follows
|1 = (|0} + 3]1))a

where c, 3 is complex, and |2 + |32 = 1.

In our scheme. there are four parties, Alice, Bob, Charlie and David, supposing that they each have
a particle, denoting 1, 2, 3, 4 respectively. The state of the four state is as follows

[4) 1934 = (@|0011) + B[1101) + B[1010) ) 1034

where a,b is real, a? + 20 = 1 and a? < 212

The entire system which includes the unknown state 0 and quantum channel is denoted as follows
|CYor2a4 = (e]0) + B[1))0 @ (@|0011) + B|1101) + B[1010))1234

In order to teleport state |1}, Alice performs Bell measurement on particle 0 and 1. Then the state
|Cho1234 becomes any one of the following states
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where [¢%)g; = %HUU) £ [11))oq, [E)or = %(lﬂl} + [10) )1

Among Alice, Bob, Charlie and David, there are one sender, one receiver, and two controllers. We
suppose that Alice is the sender, any one of Bob, Charlie and David is the receiver, and the rest two are
the controllers.

According to the difference of the receiver and the controllers, we analyze the scheme in the following
three cases.

Case 1. David is the receiver, Bob and Charlie are the controllers.

Based on the above discussion, if Bob and Charlie agree to help David, then they three perform the
following joint unitary transformation on particle 2,3,4.

Q2 = [000)(000] + [001)(001] + |011)(011| + [100)(100| + |110)(110] + [111){111]

(/010)(010] + 010)(101| + [101)(010] — [101)(101])

_|_
=

It's matrix 1s

1o 0 00 0 00

01 0 00 0 00
1 1

0 0 7 00 7 00

Q= 00 0 10 0 00

PZloo 001 0 00
1 1

0 0 7 00 7 00

00 0 00 0 10

00 0 00 0 01

Then the four states |11}, n2),|n3), |74) become the following states

_ i|01)23{o:a|1) +V28b/0))

1
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1
IGo) = (—mmu} —,.-3’b|010}) = —|01 xs(cal1) — V2Bb]0)),
'\./E 234 \/F

|3) = (a-b|010} + i,B-:I.|E?Jll}) = i|(Jl}gg{\/§a:):b|[]) + fall))y

V2 m V2
) = (a-bwlm - %aﬂ-mm) - %mmg{ﬁabm _ Bal1))s
23

Now the states of the particles 4 can be denoted as follows, respectively

(cza|1) +/24]0) )

1) =
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o) = %{aam _ VI8HO))s

oa) = %{ﬁawm + Bal1)s

1
|pa) = E(\/Eﬂ'blo) — Pal1))s
From the above forms of particle 4, David can not yet get the unknown particles by unitary trans-
formations. So he has to introduce an auxiliary particle |0} ;. He first performs a unitary transformation
on particle 4 and the auxiliary particle, then he performs a Von Neumann measurement on the anxiliary
particle. Thus he reconstruct the unknown particles successfully with a certain probability.

If the state of the particle 4 is |py) or |pg), David performs the following unitary measurement Uy
on particle 4 and the auxiliary particle

9

a al a? a
Uy = [00Y(10] — [013{11] £ —[10}{00 1 — —[10%(01 1 — — 11300l = —[11}{01
= 000 01 <1000+ 1= Z0101 /1.~ )0l )
It's matrix is
0 0 1 0
0 0 0 -1
U= e J1-5 0 0

2

-4z F& 00

Hence the state of particle 4 and the auxiliary particle become the following state

ﬂ.2
U]%{cmﬂ) £ V3Bb0))4[0) s = % [a{aw) + BI1)4l0); + V3B |1 @uml}fl

Then, David performs a Von Neumann measurement on the auxiliary particle. From the above equa-
tion, we can see that if the measurement result of the auxiliary particle is [1) s, the teleportation fails. If

the result is |0) 7, the teleportation is succeed with probability %
If the state of the particle 4 is |gg) or |p4), David performs the following unitary measurement V; on
particle 4 and the anxiliary particle

5
ﬂ-2 a~

(1] i
Vi = —[00}{00 1 - —=|00}(01 1 — —=[01){00] — —==|01}{01| £ [10){10] = |11}{11
L= 7 00) 0]+ /1= 5210) 0]+ /1= 55108 00] 2 01) 01 £ 10) 10| 111
It's matrix is
2
ﬁ 1—2%7 0 0
2

W= 1—2‘1? —ﬁ 0 0

0 0 +1 0

0 0 0 7

Hence the state of particle 4 and auxiliary particle |0); become the following state
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M%{ﬁablo}iﬁall}hlo}f=% a(a]0) + B[1))4[0); + V2ab 1—252'0)4'”}

Then, David perform a Von Neumann measurement on the auxiliary particle. From the above equa-
tion, we can see that if the measurement result of the auxiliary particle is [1) 7, the teleportation fails. If

the result is |0} 7, the teleportation is sncceed with probability %
So the total probability of the successful teleportation is % x 4 = 2a2.

Case 2. Bob is the receiver, David and Charlie are the controllers.

Based on the above discussion, if David and Charlie agree to help Bob, then they three perform the
following joint unitary transformation on particle 2, 3, 4

Qg = |000)(000] + |001)(001] + [011){011] + [100) (10| + [110)(110] + [111)(111]|
1
+——(—[010)(010] + |010)(101| + [101)(D10] + |[101)(101])
V2
Then the four states |1}, |n2). |73}, [n4) become the following states

L (aal01) + VZ5510))231)4

/ 1
i) = (Eaamn) +_5za|101})23£1 =7

IC) = (%aamll} —_8b|101}) L (aal01) — V23b[10))as[1).4

234 - E
: L !
G) = (a«bl(]l) - ﬁ,.ﬁa(]ll))m = E(\/ia-mm) +Bal01))x[L)y

|C;) = (ab|101) - %BMOII)) = %(\/ﬁabﬂ[}} — Bal01))a3[1)4
£ 234

Then, Bob takes particle 2 as the control bit and particle 3 as the target bit, |Ci} |{2) |(;), |C;) do
controlled non-gate operation, get

¢y = \if (aal0) + VZBH[1) 1134
Gy = \}ﬁaaﬂ] — V26b|1))5|11)34
Gy ) = \f (V20b|1) + Bal0))a|11)24
) = \f (V2ab1) — Bal0))2|11)34
Now the state of the particle 2 can be denoted as follows, respectively
loy) = % aa0) + V28b[1))2
|g) :% aal0) — V26b[1))a
o) = %(x/ﬁabll) +Pal0))s
lpa) = f (V2ab|1) - fal0)),
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From the above forms of particle 2, Bob can not yet get the unknown particles by unitary transfor-
mations. So he has to introduce an auxiliary particle |0),. He first performs a unitary transformation on
particle 2 and auxiliary particle 0);, then he performs a Von Neumann measurement on the auxiliary
particle. Thus he reconstruct the unknown particles suceesstully with a certain probability.

If the state of the particle 2 is |\p1) or |59:2) Bob performs the following unitary measurement Us on
particle 2 and the auxiliary particle

a a2
Uy = [00Y(00] — |01}{01] £ —10)(10 1 - —10)(11
2 = |00)(00] — |01)(01 \/§b| )(10] + 2&2| (1] +

Hence the state of particle 2 and auxiliary particle |0), become the following state

|11)<10| T = (1)1

db” \/ib

a?
U (ol £ VB ) = [a(am) + BI1)20): £ V2301 - @“)2“4

Then, Bob performs a Von Neumann measurement on the auxiliary particle. From the above equa-
tion, we can see that if the measurement result of the auxiliary particle is [1),, the teleportation fails. If

the result is |0);, the teleportation is succeed with probability '1—;

If the state of the particle 2 is |i3) or |i4), then Bob performs the following unitary measurement
V5 on particle 2 and the auxiliary particle

Vo=—y/1- Qb,,|00)(01|+ﬁb|00>(10|+ém)(ou+ﬁ1—2'%|01)(10|i|10)<00|¢|11)<11|

Hence the state of particle 2 and auxiliary particle |0), become the following state

(V2ab|1) £ fal0))2

F)
f (al0) + BI1Y)al0) + v2aby/1 %mgmz]

o

Then, Bob performs a Von Nenmann measurement on the anxiliary particle. From the above equa-
tion, we can see that if the measurement result of the auxiliary particle is 1), the teleportation fails. If

the result is |0),, the teleportation is succeed with probability %2
So the total probability of the successful teleportation is % ~ x4=2%2.

(Case 3. Charlie is the receiver, David and Bob are the controllers.

Similarly, based on the above discussion, if David and Bob agree to help Charlie. Firstly, they three
perform the Jomt umtary transformatlon {1p on particle 2,34, then the state of particle 2, 3, 4 can be
denoted as [¢}),[G), |Ca). |(; ). Secondly, Charlie takes particle 3 as the control bit and particle 2 as the
target bit, the four state |§l) |C:,) |(;3) \C_i) become the following state

16} = = (aal1) + VEAH0) g 11)y

=

m ].
Gy ) = —=(aal1) = V2(0))3[11)24

il

G ) —\/_crb|0 + Ba|1))3[11)94
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e 1 — ) ; \
Cy ) = —=(V2ab|0) — fall})s|11)24
V2
Now the state of the particle 3 can be denoted as follows, respectively

s 1 ;
loy) = E[m‘t 1) + v/23b|0))3

", 1 -
o) = E[(m 1) — v/25b|0))4

1

) = 7 (v2ab|0) + Bal1))s
", ].

) = E[\@Qb 0) — Bal1))s

Thirdly, in order to get the unknown particles, Charlie has to introduce an auxiliary particle |0),.
From the above state of particle 3, we can see, if the state of the particle 3 is |p1, or ;,;.;}. Charlie first
performs the unitary measurement [/; on particle 3 and the auxiliary particle, then performs Von Neu-
mann measurement on the auxiliary particle. Similarly, the teleportation is succeed with the probahility

a®
=,

. . ", " . . . -
If the state of the particle 3 is |¢@q) or |, ), Charlie first performs the unitary measurement ¥ on
particle 3 and the auxiliary particle, then performs Von Nenmann measurement on the auxiliary particle.

Similarly, the teleportation is succeed with the probability %-.

So the total probahility of the successful teleportation is % x 4 = 2a2,

I11. Conclusion
This paper improves the four-particle asymmetric entangled state channel in [10], enlarging the range

of its coefficients. And we analyze the teleportation in three situations, one of David, Bob and Charlie is the
receiver, and the other is the controller. It is found that the maximum probability of quantum teleportation in
each case is 2a2. That is, although the recipients are different, the maximum probability of successful quantum
teleportation is equal. The scheme can be generalized to multi-particle controlled quantum teleportation.
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