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Abstract 
We present a new solution to the cosmological constant problem in quantum theory of gravity with torsional 
instantons. These particles exist in a first order formulation of Giddings-Strominger axionic gravity carrying 

Nich-Yan topological charge. Due to tunneling effects, the nonperturbative ground state is produced and it is 

shown to be stable under quantum fluctuations. It is also shown that in view of the Hubble constant, the 

associated vacuum angle known as Barbero-Immirzi topological parameter, gets fixed to a numerical value. The 

energy of the  -vacuum has a natural interpretation as the dark energy which is believed to be responsible for 

the accelerated expansion of the universe at present. 

Keywords: Barbero-Immirzi topological parameter, Nich-Yan topological  charge, -vacuum, torsional 

instantons. 

 

I. Introduction: 
 Eguchi and Freund (1976), Backler and Hehl (2011), Nieh and Yan (1982), Neih (2007), Date, Kaul 

and Sengupta (2009), Kaul and Sengupta (2012), Sengupta (2012), Rezende and Perez (2009) have presented to 

include three topological densities in the Lagrangian known as the Euler, Pontryagin and Nieh-Yan. These 

topological terms may be expected in quantum theory of gravity via potential instantonic effects in the 

Euclidean formulation as shown by Coleman (1979). Such expectations have found by Hawking (1977), Eguchi 

and Hanson (1979), Eguchi et al (1980), Gibbons and Hawking (1979), Smilga (1984) with the discovery of 

gravitational instantons carrying pontryagin and Euler charges. Kaul and Sengupta (2014) presented an example 

for a Neih-Yan instanton which may solve the classical equations of motion of Euclidean gravity with or 

without matter. In the work of Kaul and Sengupta, it was presented that the Giddings-Strominger wormhole are 

the solutions of a second order theory of axionic gravity, which may be interpreted as torsional preudoparticles 

carrying nontrivial Nieh-Yan topological numbers. The vacuum angle   associated with this quantum gravity 

was identified as Barbero-Immirzi parameter as given by Fernando and Barbero (1995), Immirzi (1997). 

Sengupta (2013, 2010) has shown that in the effective Lagrangian it appears as the coupling constant 

multiplying the Nieh-Yan topological density. For the first time, Kaul and Sengupta (2014) have shown that 

there exists similarity between gauge theories with vacuum and gravity theory with  vacuum. 

 Coleman (1988) has used wormhole physics to solve the cosmological constant problem and have been 

discussed by many other workers such as Hawking (1984), Linde (1988), Klebanow et al (1989), Hawking 

(1990). In the context of SU(2) gauge theories Yokoyama (2002) has discussed the cosmological constant 

problem. The cosmological constant problem has also been presented from various perspectives by Weinberg 
(1989), Copenland et al (2006) and Padmanabhan and Padmanabhan (2014). 

 

II. The torsional instanton and 


-vacuum in quantum gravity: 
 In view of Kaul and Sengupta (2014), one may write down the first order Lagrangian density for 

axionic gravity 
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 Let us varry eq. (1) with respect to ,
IJ


  one obtains nonvanishing torsion 
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Now let us put 
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where first part gives torsionless part and second as contortion in the right hand side of eq. (6), and the identity 
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 Hence, one obtains contortion 
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Let us now put the Giddings-Strominger ansatz as 
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 where  , , ,h      as a scalar function and 
a b c a b c

   is a totally antisymmetric density 

on the three-sphere and whose indices are lowered by three-metric gab. One may solve for  
  to obtain 
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where Q be the axion charge defined as 
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 An evolution equation for  a   describes the Giddings-Strominger wormhole situation is 
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where  
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with 
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representing as a throat of radius 0
a  and a tunneling between two R3 geometries separated in time. The half 

wormhole tunnels between R3 and R3+53 as instanton. 

 Now Nieh-Yan topological charge comes out as Q which is the axion charge 
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 Hence, there are an infinite number degenerate ground states in gravity theory and each of them is 

given by a definite Nieh-Yan number N Y
N  and each half-wormhole has a action 
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 Thus, there exists an amplitude to tunnel between any two states of N Y
N  numbers. As a result a 

nonperturbative   vacuum comes in picture due to superposition of all the perturbative ground states and one 

obtains the Barbero-Immirzi parameter   as a vacuum angle 
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 The transtion amplitude in  -vacuum reads 
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where K denotes the contribution from quantum fluctuations. This presents that there is correction to the 

vacuum density 
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 It is an important to note that there may be additional vacuum angle i.e. the coefficient of the 
Pontryagin density in the Lagrangian as 
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But for the canonical choice of the axion coupling one obtains    or 
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2 4
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number is zero. Let us assume that there is only Barbero-Immirzi angle   in the quantum theory thereby the 

wormhole size ao reads 
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III. Vacuum energy density: 

 In view of equations of motion for  
  and contortion ,k

    the eq. (1) gives the action 
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 Now let us attempt to obtain the eigenvalues of the operator   
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by using 
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Hence, one may obtain the one-instanton contribution as 
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 where the spacetime volume VT comes due to an integration over the instanton in the four geometry. 

Let us now redefine the scale factor  a   
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 Hence, the eigenvalue equation for   assumes the form 
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 This, one may obtain the only eigenmode which is finite at boundaries as 
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One may obtain other solutions as 
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and these all diverge at boundaries. 

 Due to the time translation invariance there is also a zero mode among the fluctuations and reads 
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up to normalisation. As this eigenfunction does not vanish at the 
3

R  boundary, its normalisation may be 
defined after a regularisation. Hence, we get 
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which is equal to the dimensionless instanton action. As a result, one obtains 
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 The three order zero modes, corresponding to the spatial coordinates  , ,    are equivalent to an 

integration over the location over the three volume. In view of eq. (38) one may obtain the exact vacuum energy 

density in terms of only vacuum angle   
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 The above expression is an exact correction to the vacuum energy density in terms of only one free 

parameter i.e. vacuum angle   due to tunneling. 
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IV. F
  as dark energy or the effective cosmological constant: 

 The instanton density   reads, in view of above equations of k and S,   
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showing that the average separation between instantons is of the order of 
2 4

1 0 ,K  which is larger than the 

size of an instantion as  
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 In view of Lorentz invariance, the effective energy momentum tensor reads 
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 Hence, one may identify F
  as the dark energy or the effective cosmological constant. The current 

observations favour the presence of a tiny amount of vacuum energy which is thought to be driving accelerated 

expansion of the universe. 

 Let us suppose that our universe has reached a stage where it is in true  -vacuum state of quantum 

gravity. Hence, eq. (3.9) must be equal to the energy density   of the present universe. But   is about 70% 

of c
  i.e. critical density 

    

2

0
3

4
c

H

G



       (43) 

where H0 be the Hubble constant. 

 Since the energy density given by eq. (39) must be positive, the vacuum angle   reads 
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 In view of the above, the Barbero-Immirzi parameter   is fixed for the value of 
2


 radians. The 

 0
H  is obtained in terms of current value of Hubble parameters. The effective energy momentum tensor 

reads 
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V. Concluding Remarks: 
 We have presented a new solution to dark energy or to the cosmological constant problem in a 

nonperturbative quantum theory of gravity with torsional instantons. In this framework, the Barbero-Immirzi 

topological parameter gets fixed to a value close to 2  radians, provided the ground state energy receives no 

other contributions from any other vacuum angle in quantum theory. 

 

References 
[1]. Eguchi, T. and Freund, P.G.O. (1976), Phys. Rev. Lett. 37,1251. 

[2]. Backler, P. and Hehl, F.W. (2011), Class. Q. Grav.28, 215017. 

[3]. Nieh, H.T. and Yan, M.L. (1982), J. Math. Phys. 23, 373. 

[4]. Nieh,H.T. (2007), Int. J. Mod. Phys. A22, 5237. 

[5]. Date, G., Kaul, R.K. and Sengupta, S. (2009), Phys. Rev. D79, 044008. 

[6]. Sengputa, S. (2012), J. Phys. Conf. Ser. 360, 012024. 

[7]. Rezende, D.J. and Perez, A. (2009), Phys. Rev. D79, 064026. 

[8]. Coleman, S.R. (1979), The uses of Instantons, in The Whys of Subnuclear Physics (Plenum Publishing Co. New York). 

[9]. Coleman, S.R. (1985), Aspects of Symmetry (Combridge Univ. Press). 

[10]. Hawking, S.W. (1977), Phys. Lett. A60, 8183. 

[11]. Eguchi, T., Gilkey, P.B. and Hanson, A.J. (1980), Phys. Reports. 66, 213. 

[12]. Eguchi, T., and Hanson, A.J. (1979), Annals. Phys. 120, 82. 

[13]. Gibbons, C.W. and Hawking, S.W. (1979), Comm. Math. Phys. 66, 291. 

[14]. Kaul, R.K. and Sengupta (2014), Phys. Rev. D90, 124081. 

[15]. Fernando, J. and Barbero, G. (1995), Phys. Rev. D51, 5507. 

[16]. Immirzi, G. (1997), Class. Q. Grav. 14, L177. 

[17]. Sengupta, S. (2010), Class. Q. Grav. 27, 145008. 

[18]. Sengupta, S. (2013), Phys. Rev. D88, 024031. 

[19]. Coleman, S.R. (1988), Nucl. Phys. B310, 643. 

[20]. Hawking, S.W. (1984), Phys. Lett. B134, 403. 

[21]. Linde, A.D. (1988), Phys. Lett. B200, 272. 

[22]. Klebanov, I.R., Susskind, L. and Banks,T. (1989), Nucl. Phys. B317, 665. 

[23]. Hawking, S.W. (1990), Nucl. Phys. B335, 155. 

[24]. Yokoyama, J. (2002), Phys. Rev. Lett. 88, 151302. 

[25]. Weinberg, S. (1989), Rev. Mod. Phys. 61, 1. 

[26]. Copenland, E.J. et al (2006), Int. J. Mod. Phys. D15, 1753. 

[27]. Padmanabhan, T. and Padmanabhan, H. (2014), Int. J. Mod. Phys. D23,  1430011. 

 

 

 


