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Abstract: Graph is a powerful mathematical tool applied in many fields as transportation,
economy,communication, informatics, ...In ordinary graph the weights of edges and vertexes are considered
independently where the length of a path is the sum of weights of the edges and the vertexes on this path.
However, in many practical problems, weights at a node are not the same for all paths passing this vertex, but
depend on coming and leavingedges. Furthermore, on a network, many commodities share capacities of edges
and nodes with different costs. So it is necessary to study network with mutiple weights.In the presented paper,
the algorithm finding shortest path in network with multiple weights is applied to imstall the general algorithm
finding the maximum concurent limited cost flow on the multi-cost multi-commodity extended network.
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I. Introduction

A network and a flow network is a useful device to solve many problems in many fields in reality.
However, most of the network applications in traditional graphs have only considered the weights of
edges and vertexes independently, in which the length of a path is the sum of weights of the edges and the
vertexes on the path. However, in many practical problems, weights at a vertex are not the same for all
paths passing the vertex, but depend on the edges coming to and leaving the vertex. For example, the
transit time on the transport network depends on the direction of transportation: turn left turn right, or
go straight, even some directions arebanned. The idea of using duality theory of linear optimization to
solve these problems is motivated by the work [1]. The paper [2] propose switching cost only for directed
graphs. Multi-commodity flows in traditional network have been studied in the works [1,3,4,5,6]. Multi-
commodity flow in extended network problems with extended transport networks were studied in the
works [7, 8,9, 10, 11,12, 14].Furthermore, on a network, many commodities share capacities of edges and
nodes with different costs. So it is needed to study networks with mutiple weights. The contributions [15]
and [16] study maximal flow problems on extended multi-costmulti-commodity networks.The works [17]
and [18] studymaximal flow limited cost problems on extended multi-costmulti-commoditynetworks. The
works [19] and [20] study maximal concurent flow problems on extended multi-commoditymulti-cost
networks.And finallythe paper [21] studies maximal concurent limited cost flow problems on extended
multi-costmulti-commodity networks and developed a polynomial method to find maximal concurent
limited cost flows.

In the presented paper, the algorithm finding shortest path in network with multiple weights is
applied to imstall the general algorithm finding the maximum concurent limited cost flow on the multi-
costmulti-commodity extended network developed in the article [21]. The content of the paper is as
follows. The maximal concurent limited cost flow problems on extended multi-commoditymulti-cost
networks is introduced in section 2. In section 3, the shortest path finding algorithms is used to
implement the general algorithm finding the maximal concurentlimited cost flow on the extended multi-
commoditymulti-costnetwork developed in the article [21]. The algorithm is coded in the programming
language C and tested in section 4.

Il. Maximal Concurent Limited Cost Flow Problems In Extended
Multi-commodity Multi-cost Network
Given mixed graph G = (V, E)with vertex set V and edge set E. The edges may be undirected or
directed. The symbol E,is the set of edges incident verticeueV. There are many kinds of commodities
circulating on the network. Commodities share the capacities of the edges and the vertices, but may have

DOI: 10.9790/0661-2202023444 www.iosrjournals.org 34 | Page



Implement Algorithm Finding Maximal Concurent Limited Cost Flow on Extended Multi-commodity ..

different costs. The undirected edges represent the two-way edge, in which the commodities on the same
edge, but reverse directions, share the capacity of thisedge.

The symbol r is the commodity number,q;> 0 is the coefficient of conversion of commodityi, i =1..r.

The following functions are defined on the graph G:

Edge passing capacity function ce:E—R’, where ce(e)is the passing capabilityof theedge e E.

Edge service coefficientfunction ze:E—R’, where ze(e)is the passingratio of the edge ecE (the real
capacity of the edge e is ze(e).ce(e)).

Node passing capacity functioncv:V—R", wherecv(u) is the passingcapacity of the nodeueV.

Node service coefficient function zv:V—R*, wherezv(u) is the passingratio of the node veV (the real
capacity of the node v is zv(v).cv(v)).

The tuples (VE, ce, ze, cv, zv) arecalledextended networks.

Edge cost function i, i=1, ..., r,be;E—R", where bej(e) is the cost of transferring a converted unit of
commodity of type i through the edge e Note that with 2-waypaths, the costs of each way may vary.

Node switch cost function i, i=1, .., r,bvi:VxEXE—R’", where bvi(uee’) is the cost of transferring a
converted unit of commodity of kindi from edge e through u to edge e’.

The sets ((V, E, ce, ze, cv, zv,{be;,bv;, qi|i=1, ..., r}) are calledthe extended multi-commoditymulti-cost
network.

Note: If bei(e)=c0, commodity of type iis prohibited from passing on the edgee. If bvi(uee’) =
oo,commodity of type iis banned from passing on the edge e through u to the edgee’.

Let p be a path from node v to node u through edges ¢, j=1, .., (h+1), and nodes uj, j=1, ..., has
follows

p =1[v, e1, U1, ez, Uz, ..., €y, Up, €hs1, U] (1
The cost of circulating a converted unit of commodity of type i, i = 1, .., r, through the path p, is

denoted by the symbol b;(p), and definedby the following formula:
h+1

h
bi(P)=Zbei(ej)+ bvi(uj1ej’ej+l) (2)
j=1 j=1

Given a multi-costmulti-commoditynetworkG=(V,E,ce, ze, cv, zv, {be; bv;, qi|i=1, ..., r}). Assume, for
each commodityof kindj, i=1, .., r, there arek;source-target pairs (s;; &), j=1, ..., ki, each pair assigned a
quantity of commodity of kindj, that is necessary to move from source node s;; to target vertext;;.

DenoteP;;is the set of paths from node s;; to node ¢;; in G, which commodity of type i can be passed
through,i=1, .., r,j=1, .., k.

Set

K
p=JR,,  ViEL .y ()
j=1

For each pathp € P;;, i=1, .., r, j=1, .., ki, denotex;;(p) the flow of converted commodity of type i
from the source nodes;;to the destination nodet;; along the pathp.
DenoteP;.the set of paths in Pipassing through the edge e, VeeE.
Denote P;,the set of paths in P;passing through the node v, VveV.
A set
F={X,‘,j(p) |pEPiJ‘,I‘=1, ww hj=1, o ki) 4)

is called amulti-commodity flow on the extended multi-commoditymulti-cost network, if it satisfies
the following edge and node capacity constraints:

rok
Zz in,,—(p) <ce(e).ze(e), VecE (5)

i=1 j=1 peR,,
r ki

ZZ zxi,j(p) <cv(v).zv(v), YveV (6)

i1 j1 peR,

The expressions
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foij = in, j (p),i=1..r,j=1..k,- 7)

is calledthe flow value of commodity of kind i of the source-destination pair (s;;ti;) of F.
The expresstions

ki
fri= D T i=1, 8)
-1

arecalled the flow value of commodity of type i of F.
The expresstion

fr= 1, 9)
i=1

is called the flow value of F.

Given an extendedmulti-costmulti-commoditynetworkG=(V,E,ce, ze,cv,zv{be,bv; qi|i=1,..., r}).
Assume, for each commodity of kindj, i=1, ..., r, there are k; source-destination pairs (si; t;j), j=1, ..., ki, each
pair assigned a quantityD;; of commodity of type i, that is necessary to move from source node s;; to
destination node ¢;;.A limited cost B is given.

The task of the problem is to find the maximal ratio A such that there exists a flow converting
A.D;j commodity type i, Vi=1, ..., r, from source node s;; to destination node t;;, Vj=1, .., k; and the total
cost doex not exceed the limited cost B.

Putd,-,j = q,'.Di,j, vi=1, .., r, Vj=1, .., ki
The problem is expressed byan implicit linear programming modelas follows:
A— max

satisfies \
rok
ZZ in,j ( p) <ce(e).ze(e), VeeE

i=L j=1 peP,,

rook

ZZ XI i <CV(V) zv(v), VveV

i=l j=1 pePR,, >(P)
% i(P) > 2dyvict, o r vi=1, 0k

pep ;

r k

> > %, (p)bi(p) <5

i=1 j=1 peP,
Az O’ Xi,j(p) ZO: VI:1, A o V] = 1, . ki, Vp S Pi,j j

I11. Installing of Algorithm
The generalmethod with polynomial complexity is proved in [21]. In this contribution we integrate
the algorithm finding shortest path [7,8] in order to install the mentioned method [21].
OInput: Extended multi-costmulti-commoditynetwork G=(V,E, ce, ze, cv, zv, {be; bv, qi|i=1. ..., 1}),
n=|V|, m=|E|. Assume, for each commodity of type i, i=1, ..., r, there are k; source-destination pairs (s t;;),
j=1, ..., k;, each pair assigned a quantityD;; of commodity of kindi, that is needed to move from source node
s;j to destination node t;;.Given a limited cost B and an approximation ratio .
OOutput:
Maximal multi-commodity concurent flow F represents a set of converted commodity flows at
edges
F={fijle)|e€E i=1, .., rj=1, .. k}
Maximal multi-commodity concurent flow rF represents a set of real commodity flows at edges
rF={rfijle) |e€E, i=1, ..,r,j=1, .., ki}
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Total cost Br< B and maximal concurent coefficient A.
OProcedure
//Choose & Jand initialization

1
821—31/ ;
1+

1
(m+n+1je
="
l1-¢

for(i=1; i <=r1; i++)
for(j=1; i <= k; j++)
dij = Dij*q;;
for (e € E) le(e)=0/(ce(e)ze(e));
for (veV) lv(v)=5/(cv(v)zv(v));
¢=5/B;
for(i=1; i <=r; i++)
for(j=1; i <= k; j++)
for (e€ E)
Xi,j(€)=0 ;
Br=0; D1 = (m+n+1)*5t=0;
// Note
dist the shortest path length;
p the shortest path;
¢ the minimal edge and node capacity on the path p.
bei(p) the cost of commodity type i on the path p, i=1, ..., 1.
// main algorithm body
do
{
for(i=1; i <=r; i++)
for(j=1; i <=k j++)
{
d = di_j;
do

{

Find the shortest pathpfrom the source nodes;jtothe target node t;with
thelengthfunctionlength(.)[21]. The pathpmust be suited to thecommodity of type i, i.e. it
does not contain edges with cost c and vertex with switch cost o for thecommodity of
type L.

Setdist= length(p);
c=min{min{ce(e)*ze(e)|ecp} min{cv(v)*zv(v)|vep},d’}
//Flow adjustments:
for(e € p)x;j(e)=xij(e)+c;
for(e € p) le(e)=le(e)*(1+&*c/(ce(e)*ze(e)));
for(vep) lv(v)=Ilv(v)*(1+&*c/(cv(v)*zv(v)));
D1 =D1 + g*c*dist;d' = d’-c;
B¢ = Bt + c*bei(p);
} while (d'>0)
}
if(D1<1)
for (i=1; i<=r; i++)
for (j=1; j<= k;; j++)
for (eckE)
fij(e) = xij(e);
t++;
} while (D1<1)
// Modifying the resulting flows F and flowcost.
for(i=1; i <=r; i++)
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for(j=1; i <= ki; j++)
for (e€ E)
fii(€)= fij(€)/(-l0g1..8);
Br= By/ (-log1..);
// Modifyingflows on scalar edge
for(i=1; i <=r1; i++)
for(j=1; i <= ky; j++)
for (e € E&& e scalar)
if fij(e)>=fij(e")/ /€’ is the opposite of the direction e

{
B=Br-fij(€') (bei(e)+bei(e) ;fij(e)=fij(e)fii(€) ;
fii(€)=0;

}

else

{
Br= Bt- fij(e)(bei(e)+bei(e”)) ;
fii€)=fijle)fii(e) ;

} fii(€)=0;

//Convert the flow f;;(e) to the actual flow rfij(e) by dividing the conversion flow by the
conversion coefficient
for(i=1; i <=r; i++)
for(j=1; i <= ks; j++)
for (e€E)
rfij(e) = fij(e)/ai;
// maximal concurent ratio
A =t/(-logi1+:0);
/*** end of program ***/

IV. Test
4.1. Example
The following example is inspired by the beautiful DaNang City of VietNam, where the world
leaders were welcomed to take part in the APEC 2017. The traffic network is in Figure 1. The database
contains the table 1, table 2, table 3, table 4 and table 5.

Furama Highway

Resort

Holiday” 4 3 !}_rancmBridE'iE
Beach e

Bus Station

Figure. DaNang City
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Table 1. Node capability and service coefficient

Nodes cv zv
1 1000 0.7
2 1000 0.8
3 1000 0.8
4 500 0.9
5 500 0.9
6 1000 0.8
7 1000 0.8
8 1500 0.8
9 500 0.9
10 1000 0.8
11 500 0.8
12 1000 0.7
13 1500 0.7
14 1000 0.8
15 1200 0.8
16 1500 0.7

Table 2. Commodity conversion coefficient

Commodity Vehicle q
1 Motor car 1
2 Light truck 5
3 Heavy truck 10
4 Container truck 20

Table 3: Pairs of commodity source-target nodes and D;;

No Commodity Sij tij Di;
1 1 1 4 200
2 1 1 5 150
3 1 1 9 300
4 2 12 4 50
5 2 12 5 50
6 2 12 9 25
7 3 12 13 25
8 3 12 16 25
9 3 13 16 25
10 4 13 16 10

Table 4: Edge capacity, service coeffitient and cost

No Edge Type ce ze be1 be bes bes
1 (1,2) 1 500 | 09 3 4 © ©
2 2,1) 1 500 | 09 3 4 © ©
3 (2,3) 1 500 | 09 3 4 © ©
4 (3.2) 1 500 | 09 3 4 © ©
5 (3.4) 1 500 | 09 3 4 w ©
6 (4,3) 1 500 | 09 3 4 w w
7 (4.5) 1 500 | 09 3 4 w w
8 (5.4) 1 500 | 09 3 4 w ©
9 (5.6) 0 700 | 08 3 4 w ©

10 (6,5) 0 700 | 08 3 4 w w

11 (6,7) 1 700 | 09 3 4 6 8
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12 (7,6) 1 700 | 09 3 4 6 8
13 (7.8) 1 700 | 09 3 4 6 8
14 (8.7) 1 700 | 09 3 4 6 8
15 (8,16) 1 700 | 09 3 4 6 8
16 (16,8) 1 700 | 09 3 4 6 8
17 (3.6) 1 700 | 09 3 4 6 8
18 (6.3) 1 700 | 09 3 4 6 8
19 .7) 1 500 | 09 3 4 w w
20 (7,2) 1 500 | 09 3 4 w w
21 (1,8) 0 800 | 08 3 4 6 w
22 (8,1) 0 800 | 08 3 4 6 w
23 (4,9) 0 600 | 08 4 5 w w
24 (9,4) 0 600 | 08 3 4 w w
25 (10,9) 0 700 | 08 4 5 w w
26 (9,10) 0 700 | 08 3 4 w w
27 (9,13) 0 500 | 08 3 4 w w
28 (13,9) 0 500 | 08 4 5 w w
29 (3,10) 1 700 | 0.9 3 | 45 | 6 8
30 (10,3) 1 700 | 09 3 | 45 | 6 8
31 (13,10) 1 700 | 09 3 | 45 | 6 8
32 (10,13) 1 700 | 09 3 | 45| 6 8
33 (10,11) 0 500 | 08 3 4 w w
34 (11,10) 0 500 | 0.8 3 4 w w
35 (211 1 500 | 09 3 4 w w
36 (11,2) 1 500 | 0.9 3 4 w w
37 (11,14) 1 500 | 0.9 3 4 w w
38 (14,11) 1 500 | 09 3 4 w w
39 (11,12) 0 600 | 0.8 3 4 w w
40 (12,11) 0 600 | 08 3 4 w w
41 (1,12) 0 800 | 0.8 3 4 6 o
42 (12,1 0 800 | 08 3 4 6 o
43 (12,15) 0 800 | 08 3 4 6 w
44 (15,12) 0 800 | 08 3 4 6 w
45 (1,15) 0 800 | 08 4 6 8 w
46 (15,1) 0 800 | 08 4 6 8 w
47 (15,16) 0 800 | 08 4 6 8 w
48 (16,15) 0 800 | 08 4 6 8 w
49 (13,14) 0 500 | 0.8 4 5 o o
50 (14,13) 0 500 | 08 4 5 w w
51 (14,15) 0 800 | 08 4 6 8 o
52 (15,14) 0 800 | 08 4 6 8 o

Notes: Type 1 is directional, type 0 is undirectional.

Table 5. Switch cost

No Node Edge 1 Edge 2 bvi bv, bvs bvs
1 1 2,1) (1,8) 15 | 25 © ©
2 1 2,1) (1,12) 1 2 © ©
3 1 2,1) (1,15) 1 2 @ @
4 1 (8,1) (1,2) 15 2 w w
5 1 (8,1) (1,12) 2 2.5 3 w
6 1 (8,1) (1,15) 2 2.5 3 w
7 1 (12,1) (1,2) 2 3 w w
8 1 (12,1) (1,8) 15 2 3 o
9 1 (15.1) (1,2) 2 3 © ©
10 1 (15,1) (1,8) 15 2 3 ®
11 2 (1,2) 27 1 2 © ©
12 2 (1,2) (2,3) 15 | 25 © ®
13 2 (1,2) 211 2 3 w ®
14 2 (7,2) (2,3) 1 2 © ©
15 2 (7.2) (2.1) 15 | 25 w w
16 2 (7.2) (211 2 3 w w
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17 2 (3.2) (211 1 2 w @
18 2 (3.2) (2.1) 15 | 25 w w
19 2 (3.2) 2.7) 2 3 w @
20 2 (11,2) (2.1) 1 2 w @
21 2 (11,2) 2.7) 15 | 25 w w
22 2 (11,2) (2.3) 2 3 w w
23 3 (2,3) (3.6) 1 2 w w
24 3 (2,3) (3.4) 15 | 25 w w
25 3 (2,3) (3,10) 2 3 w @
26 3 (4,3) (3,10) 1 2 w @
27 3 (4,3) (3.2) 15 | 25 w w
28 3 (4,3) (3,6) 2 3 w @
29 3 (6,3) (3.4) 1 2 w @
30 3 (6,3) (3,10) 15 | 25 3 4
31 3 (6,3) (3.2) 2 3 w w
32 3 (10,3) (3.2) 1 2 w @
33 3 (10,3) (3.6) 15 | 25 3 4
34 3 (10,3) (3.4) 2 3 w @
35 4 (34) (4.5) 1 2 w @
36 4 (34) (4,9) 15 | 25 w w
37 4 (5.4) (4,9) 1 2 w w
38 4 (54) (4.3) 15 | 25 @ w
39 4 (9,4) (4.3) 1 2 w w
40 4 (9,4) (4,5) 15 | 25 @ @
41 5 (4,5) (5,6) 1 2 @ o
42 5 (6,5) (5.4) 15 | 25 w w
43 6 (5.,6) (6,3) 1 2 w @
44 6 (5.,6) (6,7) 15 | 25 w w
45 6 (3,6) (6,5) 1 2 w @
46 6 (3,6) (6,7) 15 | 25 3 4
47 6 (7.,6) (6,5) 1 2 w @
48 6 (7,6) (6,3) 15 | 25 3 4
49 7 2,7) (7,8) 1 2 w @
50 7 2.7) (7,6) 15 | 25 w w
51 7 (6,7) (7,2) 1 2 w w
52 7 (6,7) (7,8) 15 | 25 3 4
53 7 (8,7) (7,6) 1 2 3 4
54 7 (8,7) (7,2) 15 | 25 w w
55 8 (1,8) (8,16) 1 2 3 w
56 8 (1,8) (8,7) 2 3 4 w
57 8 (7.8) (8,1) 1 2 3 w
58 8 (7,8) (8,16) 15 | 25 35 45
59 9 (4,9) (9,13) 1 2 w w
60 9 (4,9) (9,10) 15 | 25 w w
61 9 (13,9) (9,10) 1 2 w w
62 9 (13,9) (9,4) 15 | 25 w w
63 9 (10,9) (9,4) 1 2 w w
64 9 (10,9) (9,13) 15 | 25 o @
65 10 (3,10 (10,9) 1 2 w w
66 10 (3,10 (10,11) 2 3 w w
67 10 (3,10) (10,13) | 15 [ 25 3 4
68 10 (13,10) (10,9) 1 2 w w
69 10 (13,10) (10,11) 2 3 w w
70 10 (13,10) (10,3) 15 | 25 3 4
71 10 (9,10) (10,13) 1 2 w w
72 10 (9,10 (10,11) 2 3 @ w
73 10 (9,10 (10,3) 15 | 25 @ w
74 10 (11,10) (10,3) 1 2 w w
75 10 (11,10) (10,9) 2 3 @ w
76 10 (11,10) (10,13) | 15 | 25 w w
77 11 (211 (11,14) 1 2 w w
78 11 (14,11) (11,12) 1 2 w w
79 11 (14,11) (11,2) 1 2 w w
80 11 (14,11) (11,10) 2 3 w w
81 11 (10,11) (11,12) 1 2 w w
82 11 (10,11) (11,2) 15 | 25 w w
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83 11 (12,11) (11,2) 1 2 @ @
84 11 (12,11) (11,100 | 15 | 25 w @
85 12 (1,12) (12,11) 1 2 w @
86 12 (1,12) (12,15) | 15 | 25 35 w
87 12 (11,12) (12,15) 1 2 w @
88 12 (11,12) (12,1) 15 | 25 w w
89 12 (15,12) (12,1) 1 2 3 w
90 12 (15,12) (1211) | 15 | 25 w w
91 13 (9,13) (13,14) 1 2 w w
92 13 (9,13) (13,10) | 15 | 25 w w
93 13 (10,13) (13,9) 1 2 w w
94 13 (10,13) (13,14) | 15 | 25 w @
95 13 (14,13) (13,10) 1 2 w @
96 13 (14,13) (13,9) 15 | 25 w @
97 14 (13,14) (14,15) 1 2 w @
98 14 (13,14) (1411) | 15 | 25 w @
99 14 (11,14) (14,13) 1 2 w @
100 14 (11,14) (1415) | 15 | 25 w w
101 14 (15,14) (14,11) 1 2 w w
102 14 (15,14) (1413) | 15 | 25 @ o
103 15 (14,15) (15,16) 1 2 3 @
104 15 (14,15) (15,1) 15 | 25 35 o
105 15 (14,15) (15,12) 2 35 45 @
106 15 (12,15) (15,14) 1 2 3 o
107 15 (12,15) (1516) | 15 | 25 35 w
108 15 (12,15) (15,1) 2 35 45 w
109 15 (1,15) (15,12) 1 2 3 w
110 15 (1,15) (1514) | 15 | 25 35 w
111 15 (1,15) (15,16) 2 35 45 w
112 15 (16,15) (15,1 1 2 3 w
113 15 (16,15) (1512) | 1.5 | 25 35 o
114 15 (16,15) (15,14) 2 35 45 o
115 16 (8,16) (16,15) 1 2 3 o
116 16 (15,16) (16,8) 1 2 3 @

4.2. Test
The program is coded in programming language C and gives reliable results, what is verified by the
following test.
Limited cost :50000.000
Approximation ratio :0.050
Maximal Concurent ratio: 0.689
Total cost :49647.969
* Commodity type: 1
Source: 1, Target: 4, conv.flow: 137.851, real flow: 137.851
Edge (1, 2): conv.flow 137.839, real flow 137.839
Edge ( 2, 3): conv.flow 137.839, real flow 137.839
Edge ( 3, 4): conv.flow 137.839, real flow 137.839
Source: 1, Target: 5, conv.flow: 103.389, real flow: 103.389
Edge (1, 2): conv.flow 102.915, real flow 102.915
Edge ( 2, 3): conv.flow 56.541, real flow 56.541
Edge ( 3, 4): conv.flow 6.942,real flow 6.942
Edge (4, 5): conv.flow 6.942,real flow 6.942
Edge ( 6, 5): conv.flow 96.437,real flow 96.437
Edge (7, 6): conv.flow 46.838, real flow 46.838
Edge (8, 7): conv.flow 0.465, real flow 0.465
Edge ( 3, 6): conv.flow 49.599, real flow 49.599
Edge ( 2, 7): conv.flow 46.374,real flow 46.374
Edge (1, 8): conv.flow 0.465, real flow 0.465
Source: 1, Target: 9, conv.flow: 206.777, real flow: 206.777
Edge (10, 9): conv.flow 145.098, real flow 145.098
Edge (13, 9): conv.flow 61.661,real flow 61.661
Edge (11,10): conv.flow 145.098, real flow 145.098
Edge (12,11): conv.flow 145.098, real flow 145.098
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Edge ( 1,12): conv.flow 145.098, real flow 145.098
Edge ( 1,15): conv.flow 61.661, real flow 61.661
Edge (14,13): conv.flow 61.661, real flow 61.661
Edge (15,14): conv.flow 61.661, real flow 61.661
* Commodity type: 2
Source:12, Target: 4, conv.flow: 172.314, real flow: 34.463
Edge (1, 2): conv.flow 82.194,real flow 16.439
Edge ( 2, 3): conv.flow 98.882,real flow 19.776
Edge ( 3, 4): conv.flow 98.882,real flow 19.776
Edge (9, 4): conv.flow 73.417,real flow 14.683
Edge (10, 9): conv.flow 73.417,real flow 14.683
Edge (11,10): conv.flow 73.417, real flow 14.683
Edge (11, 2): conv.flow 16.688, real flow 3.338
Edge (12,11): conv.flow 90.105, real flow 18.021
Edge (12, 1): conv.flow 82.194, real flow 16.439
Source:12, Target: 5, conv.flow: 172.314, real flow: 34.463
Edge (1, 2): conv.flow 56.487,real flow 11.297
Edge ( 2, 3): conv.flow 10.933, real flow 2.187
Edge ( 3, 4): conv.flow 0.972, real flow 0.194
Edge (4, 5): conv.flow 3.371,real flow 0.674
Edge ( 6, 5): conv.flow 168.928, real flow 33.786
Edge (7, 6): conv.flow 158.967, real flow 31.793
Edge (8, 7): conv.flow 91.198, real flow 18.240
Edge ( 3, 6): conv.flow 9.961, real flow 1.992
Edge ( 2, 7): conv.flow 67.769, real flow 13.554
Edge (1, 8): conv.flow 91.198, real flow 18.240
Edge (9, 4): conv.flow 2.399,real flow 0.480
Edge (10, 9): conv.flow 2.399, real flow 0.480
Edge (11,10): conv.flow 2.399, real flow 0.480
Edge (11,2): conv.flow 22.215, real flow 4.443
Edge (12,11): conv.flow 24.614, real flow 4.923
Edge (12,1): conv.flow 147.685, real flow 29.537
Source:12, Target: 9, conv.flow: 86.157, real flow: 17.231
Edge (10,9): conv.flow 82.513, real flow 16.503
Edge (13, 9): conv.flow 3.637,real flow 0.727
Edge (11,10): conv.flow 82.513, real flow 16.503
Edge (12,11): conv.flow 82.513, real flow 16.503
Edge (12,15): conv.flow 3.637,real flow 0.727
Edge (14,13): conv.flow 3.637,real flow 0.727
Edge (15,14): conv.flow 3.637,real flow 0.727
* Commodity type: 3
Source:12, Target:13, conv.flow: 172.314, real flow: 17.231
Edge (7, 6): conv.flow 172.299, real flow 17.230
Edge ( 8, 7): conv.flow 172.299, real flow 17.230
Edge (6, 3): conv.flow 172.299, real flow 17.230
Edge ( 1,8): conv.flow 172.299, real flow 17.230
Edge ( 3,10): conv.flow 172.299, real flow 17.230
Edge (10,13): conv.flow 172.299, real flow 17.230
Edge (12,1): conv.flow 172.299, real flow 17.230
Source:12, Target:16, conv.flow: 172.314, real flow: 17.231
Edge (12,15): conv.flow 172.299, real flow 17.230
Edge (15,16): conv.flow 172.299, real flow 17.230
Source:13, Target:16, conv.flow: 172.314, real flow: 17.231
Edge ( 6,7): conv.flow 172.299, real flow 17.230
Edge ( 7,8): conv.flow 172.299, real flow 17.230
Edge ( 8,16): conv.flow 172.299, real flow 17.230
Edge ( 3, 6): conv.flow 172.299, real flow 17.230
Edge (10, 3): conv.flow 172.299, real flow 17.230
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Edge (13,10): conv.flow 172.299, real flow 17.230
* Commodity type: 4
Source:13, Target:16, conv.flow: 137.851, real flow: 6.893
Edge ( 6, 7): conv.flow 137.839,real flow 6.892
Edge ( 7, 8): conv.flow 137.839,real flow 6.892
Edge ( 8,16): conv.flow 137.839, real flow 6.892
Edge ( 3,6): conv.flow 137.839, real flow 6.892
Edge (10, 3): conv.flow 137.839, real flow 6.892
Edge (13,10): conv.flow 137.839, real flow 6.892

V. Conclusions
The presented contribution use the algorithm finding shortest path in multi-weight graphs to

install the general method determining the maximal concurent limited cost flows on multi-costmulti-
commodity extended networks developed in the work [21]. The program was installed in the language C
and has given reliable tests.
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