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Abstract: In this paper, The stability of a class of infinite-dimensional nonlinear interconnected vehicle
following systems was studied. Under the assumption that the systems are globally Lipschitz, from the
conditions of stability of isolated subsystems decomposed from the interconnected nonlinear systems, by
applying vector Lyapunov function method and comparison principle, the sufficient conditions of exponential
string stability for this class of interconnected systems was obtained. The sufficient criterion obtained is delay-
independent, thus it is easy to test in practice.
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I.  Introduction

The purpose of vehicle following is to keep the distance between the controlled vehicle and the vehicle
ahead within the set range by automatically adjusting the speed of the controlled vehicle [1-3]. Since stability is
the basic requirement of the control system, the design of the controller should be based on the stability analysis
of the system. Especially when the vehicles are running in a platoon, the design of the control law should ensure
the string stability of the vehicles platoon. In reference [4-7], the stability of vehicle following system is studied
by transfer function method. We know that the transfer function method is an effective tool to study the stability
of linear systems, but it is not ideal to study the stability of nonlinear vehicle following systems.

In the automated highway system, the number of vehicles in the platoon changes with the vehicles
leaving or entering the queue. It is necessary to study the stability of vehicle string independent of the number of
vehicles. The definition of string stability of infinite dimensional interconnected systems is given in reference
[8]. The stability of several kinds of infinite dimensional interconnected systems is studied by using scalar
Lyapunov function method, and the results obtained were applied to the stability analysis of vehicle platoon. By
using the method of vector Lyapunov function, the stability of vehicle following system with finite dimension
and infinite dimension is studied in reference [9], and the stability region of system parameters is larger than that
in reference [8]. Because the information transmission and vehicle dynamic behavior have time delay to control
command, but the time delay factor is not considered in the above literature, in this paper, we study the string
stability of a kind of infinite dimensional interconnected systems with time delay by using vector Lyapunov
function method.

Il. System Model
In reference [8], a class of nonlinear infinite dimensional interconnected systems related to the vehicle
following system model based on comprehensive information of preceding and following vehicles was studied.
The system can be expressed as a differential equation:

X = fl(X1'01 Xz)
% = fi(6 X4, %), 1 =23,
whereie N, x; e R", fi :R"xR"xR" - R" and f,(0,0,0) =0 . ForVi <0,x; =0.

The string exponential stability of this kind of system is studied in reference [10]. Since system (1) does not
contain the time delay factor, we introduce the time delay term and obtain

X, = ,(%,0,%,)
{Xi = fi(%, Xy (t—7) X, (t=7)), =23,

Where, 7 € [0,4+0) represents the fixed time delay.
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Suppose that the initial condition of system (2) is X; (S) = ¢, (S),—0<$<0,¢, is bounded and

continuous in interval (—o0,0]. In this paper, it is assumed that the system (2) satisfies the existence and
uniqueness conditions of the equilibrium point.

I11. Notation and Preliminaries
In this paper, || f || denotes Euclidean norm of f | f;(t) |, is defined as sup,,| f;(t)| and

| f.(s)]. isdefinedas sup | f,(s)].

se(—o,0]
Definition 1 The origin X, =0 (i€ N) of system (2) is string stable, if for any given & >0, there exists
0 >0, such that sup; || X,(s) |l.,<o =sup, || ;) [|.<¢.

Definition 2 The origin X; =0 (i e N) of system (2) is exponentially string stable, if the origin is string stable,
and there exist constants A > 0 and M >0, for all t >0, satisfies sup, || X, (1) [< M || ©.(s) ] e *',

where || @;(8) [= sup [¢(s)].

se(—0,0]

Lemma 1 Assume that V;(t) >0 (Vt>0,i e N ) , and satisfies the differential inequality
Vi <0 (Vi Vig(t—7p) v (t—7,). O [-8, V" + iﬂijvinjj (t-7,)].i=12,--- (3
j=1

For v, >0, has g;()>0,8,>0,8;>0,8,=0 (j>i) . Where 7; €[0,4) are constants, and
I, j=12,---. If there exists V = (V,q,V,," ), such that

_ﬂiovir,no +J_Z:1ﬂijvirij’0 <0,i =12, 4)

and inf{v,;}=a >0, sup{v,,}=6>0, then for any given £>0 , exists >0, such that
sup; | vi(s) [|l..<6 = sup | vi() [.<e.
Proof. Introduced a set
y={z(1):z; =lv,1 >0,i=12,--} Q(2) ={u:0<u<z,zey}
For any given &> 0, there exists a |, > 0, such that & =sup,{l,V;o}, here take & =inf,{l,v,.}.
Define another set
O={u:u; =1V, u; <lpvyp, j=i,0, j=12,--}

It is not hard to see that O < Q(z(l,)) . If sup, || v;(s) ]|, <, then we have V(S) € Q(z(l,)), and
v(s) ¢ O.

The following we prove that when t >0,sup; || v, (t) ||..< &. Here we use the method of reduction
to absurdity.

Suppose there exists some time t, >0, such that sup; || v;(t,) [|l.= &, then exist at some point
t, €[0,t,]. and a valve of i, such that V(t;) €O, namely, Vv, (t,) =15V, ., V;(t) <1yVv;o . where

t e (—oo,t;], J=212,---, j #1i. This means that in the time t =t , there are V, > 0. However, from (3) ,
we get

Vi <0 (Vi Vit — 7)o Vi (t —700), ) [FB0 + i:ﬂijvirij (t,—7;)]

<GOEAM + 25, sup v2i(9)] S

se(—o,4]

Since g;(-) >0, according to (4) and (5) , we have
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Vi <0, OB (Igvig)™ + %ﬂij sup Vim—j ()]

se(—o,4]
<0 OFBoUevip)™ + _Zlﬁij (IoVi—j,o)m] <0
J:
This is contradictory to V; = 0, so the assumption doesn't hold, namely, there is no one moment t, > 0, such

that sup; || v; (t,) [|..= &, thus we get sup; || v;(t,) ||..< & . So for any given &>0, there existsa & >0,
such that

sup; [ vi(s) l.<d=sup; [ vi() [l.<&
The proof is completed.

IV. Stability Analysis of Interconnected Systems

Theorem 1. For system (2) , if the following conditions is satisfied , then the zero solution of (2) is
exponentially string stable.

(i " fi(yl!yziys)_ fi(Zl,Zz,Z3) ” < I1 ” Yi—74 " +|2 ” Y.~ %, ” +|3 ” Y;— 14 "v

(i) for the system X, = f,(x,,0,0) (i =1,2,---), there exists a Liapunov function V;(X;) and positive

number &, , &, , &, &,,such that

oV, oV,

a %6 1P <v06) e I 17— £ (%,0,0) < =y % 120 =H < e, I
oX; OX;

-2 -12
Gin —ogo, "+ ol +1)e 77 <0.
Proof. Define a function as
w, (%) =e"V, (6)
Where & is an arbitrarily small positive number. Take the derivative along the solution of system (2), we have

W; = % fi (% X (E=7), Xy (E=7))e" + 28,
X

oV, oV,
= {G_XI f,(x,,0,0) + 8_)(I[ £ (%, X, (t=7), %, (t = 7)) — F,(x;,0,0)] + f\/i}’eézt (7
According to the conditions (i) and Cii) , from (7) , we get

Wi <l e + &) % e (I X (E=2) T+ I X (= 7) e
Because ¢ is an arbitrarily small positive number, according to the condition (ii) , we can get that

. V. V. . (t—7 V. . (t—7

iy <l % et + & )Y gl (e g sl Dy e
oy Q) Q)

Furthermore, wo have

<X (e + & )y 4l (M 8Dy ), (Ml Dyzgean )

TakeW;, =1, w;

20 =1,W,,,, =1, then we get

. 1 1 1
W, <l X | [(—ey + Gy ()2 + @l ()72 + ayly () V212
ay, Q Q,
In addition, from the conditions Ciii) , due to
—alah_]/z +a,(l, + |3)05,_]/2 <0

So there exists a positive number &, such that
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(—aq +Ea)a, V2 + o (l, +1,)ey M <0 (9
Therefore, there exists W,,, W;_; o, and W, , 4, such that
W. W. . W. )
(—oy + € (D) + o l, () + L, (—)? <0, =23 (10
ay, &, @,

According to the Lemma 1, from (8) and (10) , we get that for given any &, > 0, there exists 5, >0,
such that
sup; [l w; (s) [|.,< 6, = sup; || w; () [|.. < &
Since , > 0, so there exists £ >0 and & >0, such that &, = ¢, €%, and 5, = &, 5, therefore, we get
that
sup, || %,(5) < 8 = sup, || , () <&

So according to Definition 1, the system (2) is string stable.

Due to sup; || w, (t) ||, < &, , according to the conditions Cii) , we have

1 1 _ 1 _ .
Supi ” Xi (t) " < _(Vi (Xi ))]/2 = _Wil/ze sy < _801/28 ét/z, 1= 2,3,"'
Q a Q
According to the Definition 2 of exponential string stability, the system (2) is exponential string stable. The
proof is completed.

V. Conclusion
In order to study the stability of longitudinal following control system of vehicle in automated highway
system, In this paper, the stability of the infinite-dimensional nonlinear interconnected large-scale system with
delays was studied by applying vector Liapunov function. Under the assumption that the system satisfied
Lipschitz condition, based on the stability of isolated subsystems decomposed from the large-scale system, a
sufficient criterion of exponential stability on the large-scale system was obtained. The obtained sufficient
criterion is delay-independent, thus it is easy to test the conditions of the criterion in practice.
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