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Abstract: This paper proposes a new class of binary zero correlation zone (ZCZ) sequence sets, in which the
periodic correlation functions of the proposed sequence set is zero for the phase shifts within the zero-
correlation zone. It is shown that the proposed zero correlation zone sequence set can reach the upper bound on
the ZCZ codes.
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l. Introduction
Zero correlation zone (ZCZ) sequences can be used in spread spectrum systems and CDMA systems to reduce
the multiple access interference and co-channel interference [1]. There are several intensive studies on the
constructing of ZCZ sequences set [1-8].

The ZCZ sequences set construction is limited by the correlation property and theory bounds [1-7].
Generally, sets of ZCZ sequences are characterized by the period of sequences L, the family size, namely the
number of sequences M, and the length of the zero-correlation zone Z¢;. A ZCZ (L, M, Z¢z) sequence set that
satisfies the theoretical bound defined by the ratio M(Z., + 1) /L = 1 is called an optimal zero-correlation zone
sequence set [4]. Compared with earlier works on binary ZCZ sequence sets [1, 6], our proposed zero-
correlation zone sequence set is, in all cases, an optimal or an approach optimal ZCZ sequence set.

The paper is organized as follows. Section 2 introduces the notations required for the subsequent
sections, the proposed scheme for sequence construction is explained in section 3. Examples of new ZCZ
sequence sets are presented in Section 4. The properties of the proposed sequence sets are shown in Section 5.
Finally, we draw the concluding remarks.

1. Notations
2.1 Definition 1: Suppose X;=(x; 0, % 1, ... ... X; ,—1) and, X,=(x,0, Xy 1, - - X, 1) @re two sequences of
period L. Sequence pair (X;, X,) is called a binary sequence pair if
X 0%y €{=1,+1}, i =012, ........ L—1[7].
The Periodic Correlation Function (PCF) between X; and X, at a shift 7 is defined by [4]:
VT 20, G(Xl- ,Xv)(T) = Z{lz_ol Xj i Xv,(i+t)mod (L) (1)
2.2 Definition 2: A setof M sequences {X,, X1, Xy, ... ..., Xy—1 } is denoted by {X}}5".

A set of sequences {X,—}}‘”Z‘O1 is called zero correlation zone sequence set, denoted by Z(L,M,Z¢7) if the periodic
correlation functions satisfy [4] :

vj,0 <|t| < Zczte(Xj X; (=0 (2)
Vi, (] #v), |t < Zey) G(XI- ,X,,)(T):O (3)
1. Proposed Sequence Construction

In this section, a new method for constructing sets of binary ZCZ sequences is proposed.
The construction is accomplished through three steps.

3.1 Step 1: The j** row of the Hadamard matrix H of order n is denoted by
h; = [h]0 Bigy e hj,n—l]- A setof 2n sequences d; , each of length 2n, is constructed as follows:
For 0 <j <mn,
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d,+0 [—hi, ] (4)
]+1 [ j] (5)

3.2 Step 2: For a fixed integer value n, and for the first stage, p = 0, we can generate, based on the scheme for
sequence construction in [6], a series of sets {Bj }IZZ: of 2n sequences as follows:

2n—1. 2n—-1 .
A sequence set {B}- }j ZO is constructed from the sequences set {dj }j ZO . A pair of sequences B;, and B;; of

length (2P+2n) are constructed by the process of interleaving a sequence pair d; 4 and d; ,,as follows:
For0<j<mn,

Bivo = [dj+00,dj+1,00 dj 10,1 Gj 41,15 e oo s 020 -1, Aj 41,201 ] (6)
and,
Biy1 = [dj+00, ~d+1,0 j+0,1 =dj 41,15 wov v or Gjr0,20-1, =y 41,2n-1] ©)

The member size of the sequence set {B; } is 2n.
3.3 Step 3: For p > 0, we can recursively construct a new series of set, {Bj }}22;1 by interleaving of actual

{B }Zn 1.

The {B; }Jzzgl is generated as follows:

For0 <j<n,

Bi+o = [Bi+00Bi+1,0 Bi+0,1 Bi+1,15 - e, Bjro,4n-1, By 41,40 1] 8)
and,

Biy1 = [Bi+00, —=Bj+1,00 Bj+0,10 =By 41,1 e ooy Biro,4n-1, —Bj11,4n-1] %)

The length of both sequences B; ., and B; ,;is equal to (2P*2n).

V. Example of Construction
4.1 Step 1: Let H be a Hadamard matrix of order n=2, given by:

i=1 41=[x]

Asetof 2n = 4 sequences d; , each of length 2n = 4, is constructed as follows:
For 0 <j <2,

do+o = [~ho, he] = [-1,-1,1,1]
d1+0 = [_hl'hl] = [_1!1111_1]
d0+1 = [hO'hO] = [1’1’1!1]

d1+1 = [hl'hl] = [1,_1,1,_1]

4.2 Step 2: For the first iteration, p = 0.
A pair of sequences B; ., and B; ., of length (2P*2n) = 8 are constructed by interleaving a sequence pair di+o
and d, ;4as follows:
For0<j<2,
;+0 [ 40,0 » ]+1 Ordj+0,1:dj+1,1» -----»dj+0,3:dj+1,3 ]
Boso =[-1,1,-1,1,1,1,1,1]
Biy=[-111,-11,1,-1,-1]

and,
]+1 [ +001_ ]+1 0’ dj+0,1l _dj+1,1' """dj+0,3’ —d]-+1'3]
Boy1 =[-1,-1,-1,-1,1,-1,1,-1]

By =1[-1,-1,1,1,1,—-1,-1,1]

4.3 Step 3: For the next iteration p =1, The {B; };zois generated as follows:

B = = [Bi+0,0, ]+10'B]+01:B]+11:--------'Bj+0,7'Bj+1,7]
Byyo =1-1,-1,1,-1,-1,-1,1,-1,1,1,1,-1,1,1,1, 1],
Biy=[-1,-11-1,11-1,11,1,1,-1,-1,-1,-1,1],
and,

Bj+1 = [B]+00' B]+1 O'Bj+0,1'_Bj+1,1' ----ij+0,7v_Bj+1,7]
Byy1=1[1-1,1,1,1,-1,1,1,1,1,-1,1,1,1,-1,1,1],
Biy1=[-1,1111-1,-1,-11,-1,1,1,-1,1,-1,-1].
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The length of both sequences B; . and B; 4is equal to (27 *2n) = 16.
The member size of the sequence set {B; } is 2n = 4.
Iteratively for p = 2, The {B }jz is generated as follows:
BO+() = [_1;_11 _1! 1! 1: 1|_1r 1; 1 1 1 1 1 1 1; 1, 1, 1, 1,_1,1, 1,_1, 1, 1, 1, 1,_1,1, 1,_1, 1]
By =[-1-1,-1,111,-1,11,1,1,-1,-1,-1,1,-1,1,1,1,-1,1,1,-1,1,-1,-1,-1,1,-1,-1,1, 1]
Bo+1
=[-1,1,-1,-1,1,-1,-1,-1,-1,1,-1,-1,1,-1,-1,-1,1,-1,1,1,1,-1,-1,-1,1,—-1,1,1,1,-1, -1, —1]

By
=[-11,-1,-1,1,-1,-1,-1,1,-1,1,1,-1,1,1,1,1,-1,1,1,1,-1,-1,-1,-1,1,-1,-1-1,1,1, 1]

Also, we can find out that the zero correlation zone length of {B; }jzo is 4. For example, for 7 =
0,1, ............ 31, the periodic auto-correlation functions (PACF) (Vj,j = v) givenin (1) of Bgy,g, Bi4o, Bo+1
and B, are calculated as follows:

9(30+0 130+0)(T)
={32,0,0,0,0,4,0,—4,16,—4,0,4,0,8,0,—8,0,—8,0,8,0,4,0,—4,16,—4,0,4,0,0, 0, 0}
0110 ,8140) (1) =
{32,0,0,0,0,—4,0,4,-16,4,0,—4,0,8,0,—8,0,—8,0,8,0,—4,0,4,—16,4,0,—4,0,0,0,0}
9(30+1 Bo+1 )(T)
={32,0,0,0,0,—4,0,4,16,4,0,—4,0,—-8,0,8,0,8,0,—8,0,—4,0,4,16,4,0,—4,0,0,0, 0}
081418111 (T
={32,0,0,0,0,4,0,—4,—-16,—4,0,4,0,-8,0,8,0,8,0,—8,0,4,0,—4,—16,—4,0,4,0,0, 0, 0}

The periodic cross-correlation functions (PCCF) (Vj,j # v) givenin (1) are calculated as follows:
9(30+0 B1+0 )(T)
={0,0,0,0,0,—4,0,4,16,4,0,—4,0,0,0,0,0,0,0,0,0,4,0,—4 ,—16,—4,0,4,0,0,0, 0}
8(30+0 Bo+1 )(T)
={0,0,0,0,0,—4,—8,—4,0,4,—8,4,0,—8,—16,—8,0,8,—16,8,0,—4,—8,—4,0,4,—8,4,0,0, 0,0}
9(30+0 131+1)(T)
= {0’ 0! 0! 0’ 0! 4’ 8! 4’ 01 _41 8; _41 0; 01 01 0; 01 0; 01 O; 0: _41 _8; _41 O; 4; _81 4; 0: 0; 0! 0}
9(31+0 Bo+1 )(T)
={0,0,0,0,0,—4,—8,—4,0,4,-8,4,0,0,0,0,0,0,0,0,0,4,8,4,0,—4,8,—4,0,0,0, 0}
9(31+0 Bi41 )(T)
={0,0,0,0,0,4,8,4,0,—4,8,—4,0,—8,—16,-8,0,8,—16,8,0,4,8,4,0,—4,8,—4,0,0,0, 0}
0(Bys1 8111 y(@) = {0,0,0,0,0,4,0,—4,16,—4,0,4,0,0,0,0,0,0,0,0,0,—4,0,4,—16,4,0,—4,0,0, 0,0}
We notice that the zero correlation zone length of {B; }jzo is 4.

The PACF and PCCF confirm that {B; } is a ZCZ (32,4,4) sequence set.

V. The Properties of the Proposed Sequence

The proposed zero-correlation zone sequence set can be generated from an arbitrary Hadamard matrix
of order n.
The length of B; in equations (6) and (7), equal to (2P*2n), is twice that of B; in equations (8) and (9).
The proposed ZCZ sequence set can satisfy the ideal autocorrelation and cross-correlation properties in the
zero-correlation zone.
The generated sequence set satisfies the following properties:
Vj, VT #0,|t] < 2P
0(5,.5,) (=0
(10)
and,
Vj # v, VT, || < 2P
H(Bj ,BV)(T)ZO'
(11)
The {B]} isa ZCZ sequence set having parameters (L,M, Zc;)=(2P *2n, 2n, 2P ), its parameters perfectly satisfy
the theory bound of ZCZ sequences set [4, 7]:
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MZg+1) <L (12)
Let u= @ if u=1,itindicates that the ZCZ sequence set is optimal [1, 6].

+2 _ MZcz+1) _ 2n(2P +1) _ (2P +1)
For the proposed ZCZ(2P**n,2n, 2P ) sequence set, u = D =z, = e

1) For p =0, u =1, the proposed ZCZ sequence set is optimal.
2)For p>0, 1/2<p<1land ,'(u) =1/2.

For a given family size M, we can construct different sets of sequences with different lengths L and zero
correlation zone Z.,. As an example, assuming that M=16, we can construct sets of ZCZ sequences with
different lengths L=32, 64, 128, 256, 512, 1024, 2048, 4096...., and different ZCZs, Z.,=1, 2, 4, 8, 16, 32, 64,
128,....and different parameters u=1, 0.75, 0.625, 0.5625, 0.53125, 0.515625, 0.5078125, 0.5039063,.......

In step 1, other set of 2n sequences d; , each of length 2n, can be constructed as follows:

1- For 0<j<n,
dvo = [y, —Iy]

(13)

di1 = [y, by

(14)

In this case, the set of {B }jzo is generated as follows:

Boo
=[111,-1114,-1,1,111,-1,11,-1,1,-1,-1,-111,1,-1,1,-1,-1,-1,1,1,1,-1,1]

Bl+0 = [111!1' - 1' 1! 1' _11 1: _1, _11 _11 1; _11 _1;1; - 1; - 1; - 1; - 1;1;1, 1, _1, 1,1,1,1, —1, —1, —1,1, - 1]
By 41

=[,-111,1,-1,-1,-11,-1,11,1,-1,-1,-1,-1,1,-1,-1,1,-1,-1,-1,-1,1,-1,— 1,1,—-1,—-1,—1]
B =1I[1-111,14,-1,-1,-1,-11,-1,-1,-1111,-11,-1,-1,1,-1,-1,-1,1,-1,1,1,-1,1,1,1]

2- For 0<j<n,
divo = [hy, Iy]

(15)

dj1 = [_hj'hj]

(16)

The set of {B; }jzo is generated as follows:
BO+0 = [1'111' - 1' - 1' - 1,1, - 111;111; _1; _1, - 111; - 1; 1; 1, 1, _1,1, 1, _1, 1, 1, 1, 1, —1,1, 1, —1, 1]

Biyo =
[t1,1,-1,-14,-11,-1,-1,-1,-1,1,1,1,-1,1,1,1,1,-1,1,1,-1,1,-1,—-1,—-1,1,-1,-1,1,— 1]
By =11,-111,-11111,-111,-1,1,1,1,1,-1,1,1,1,-1,-1,-1,1,-1,1,11, -1, -1, -1]

By =1[1,-111,-1111,-1,14,-1,-1,1,-1,-1,-1,1,-1,1,1,1,-1,-1,-1,—-1,1,—-1,-1,-1,1,1,1]

3- For 0 <j<n,
dvo = [y, by

(17)

dj1 = [hy, —hy]

(18)
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It should be noted that in [9], the limits of the correlation function of binary zero-correlation zone sequences

{B, }jzo obtained from equation (17) and (18) are evaluated.

VI. Conclusion

In this paper, we have proposed a new method for constructing sets of binary ZCZ sequences .The structure of
the proposed ZCZ sequences set is simple and thus it is easy to be generated. The PACF side lobes and PCCF
of the proposed sequence set is zero for the phase shifts within the zero-correlation zone. The proposed ZCZ
sequence set with (2P+2n,2n,27) is optimal or asymptotically optimal ZCZ sequence set. This method is
useful for designing spreading sequences for multi-user CDMA system.
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