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Abstract

In this paper, based on the theory of M-matrix, by constructing proper vector Liapunov functions, the globally
exponential stability is investigated for a class of bidirectional associative memory neural networks with fuzzy
logic and distributed delays. Without assuming the boundedness, monotonicity and differentiability of the
activation functions, the new sufficient criterions for ascertaining the exponential stability of the equilibrium
point of such neural networks are obtained. Since the criterion is independent of the delays and simplifies the
calculation, it is easy to test the conditions of the criterion in practice.
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I.  Introduction

Bidirectional associative memory (BAM) neural networks known as an extension of the unidirectional
autoassociator of Hopfield was first introduced by Kosto[1,2]. Due to the BAM neural networks has been used
in many fields such as pattern recognition, image processing, and automatic control. Therefore, the BAM neural
networks have attracted great attention of many researchers. One can refer to the articles [3-17] for detailed
discussion on these aspects. When a neural network is employed as an associative memory, the existence of
many equilibrium points is a necessary feature. However, in applications to parallel computation and signal
processing involving solution optimization problems, it is required that there be a well-defined computable
solution for all possible initial states. From a mathematical viewpoint, this means that the network should have a
unique equilibrium point that is globally asymptotically or exponential stable. In hardware implementation, time
delays occur due to finite switching speeds of the amplifiers, and the existence of time delays frequently causes
oscillation or instability in neural networks, thus, the study of globally asymptotical or exponential stability of
BAM neural networks with time delays is practically required. In [6-12], some sufficient conditions have been
obtained for globally exponential stability of bidirectional associative memory networks with fixed, varying or
distributed time delays.

The another fundamental neural networks, fuzzy neural networks (FNN)[18] which combine fuzzy
logic with the traditional neural networks structure is an active branch in the field of neural networks. Studies
have been shown that FNN can deal with the abstract information and it is good at self-learning and self-tuning.
So FNN have their potential in intelligent control, modeling, image processing and pattern recognition [19-21].
Like the traditional neural networks, the stability of the system is very important in the design of the FNN.
Some results on stability have been derived for fuzzy neural networks, for example [22-25]. Y. Liu and W. Tang
[24] studied the stability of fuzzy cellular neural networks( FCNN )with constant and time varying delays by
constructing the suitable Lyapunov functional. T. Huang [25] obtain the exponential stability conditions of
FCNN with distributed delays. But, to the best of my knowledge, few results on the stability for BAM neural
networks combining fuzzy logic have reported in the literature.

In this paper, we investigate a kind of delayed BAM neural networks with fuzzy logic which integrates
fuzzy logic into the structure of traditional BAM neural networks with distributed delays. Our objective is to
study the global exponential stability of the kind of BAM neural networks with fuzzy logic and distributed
delays. Without assuming the boundedness, monotonicity and differentiability of activation functions, by using
M-matrix theory, and vector Liapunov functions method, we present new conditions ensuring the global
exponential stability of the equilibrium point for the class of BAM networks with fuzzy logic and distributed
delays.
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Il. Notation and Preliminaries
For convenience, we introduce some notations. X =(X,---,X,)" € R" denotes a column vector.

| x | denotes the absolute-value vector given by | x|= (X, |,---,| X, DT, |Ix|| denotes a vector norm defined by

I X[l= (¢ +X3 ++-+x5)"?

. For matrix A= (ajj)nn, AT denotes the transpose of A, Al denotes the
inverse of A, [A]® is defined as [A]°=(A" + A)/2, and |A| denotes absolute-value matrix given by
| Al=(1&jj Dnxn s | All denotes a matrix norm defined by || All=(max{i:4 is an eigenvalue of ATANYZ A

and \V denote the fuzzy AND and fuzzy OR operation, respectively.
The dynamical behavior of bidirectional associative memory neural networks with fuzzy logic and
distributed time delays can be described by the following nonlinear differential equations;

du; (t u t m t
O.lt():_oziui(t)+zta\uj Ky (=) (v ()ds + A by [ Ky (t=9)f; (v (s))ds
m t
ey G| Ky =9)fv;(@)ds+1;, =12, (1a)
IR
dv; (t) n ¢ N
=AY+ dy [ LiE-9ui)ds - Awy [ Lyt-9)g; (s (6)ds
i=1 i=1 e
n t .
vz [ Li-9)g i (s)ds+3;, j=12,--,m, (1b)
i=1
where a; >0, B;>0 for i=12,---,n, j=12,---,m denote the passive decay rates; a;, dj for
i=12---,n, j=12,---,m are the synaptic connection strengths; b; , w; and c¢; , z; for

i=12,---,n, j=12,---,m are elements of fuzzy feedforward MIN template and fuzzy feedforward MAX

template, respectively; f. for j=12,---,mand g; for i=12,---,n denote the propagational signal

j

functions; 1. for i=1,2,---,n, and J; for j=12,..,m are the exogenous inputs. The initial conditions

1
associated with (1) are of the form
u;(s)=¢,(s), s<0, i=12,---,n,
Vi(s)=y;(s), s<0, j=12,---,m.
where ¢;and w; are bounded and continuous on (—0,0].
In the following, we let
U=(Uy, - Up) V= (Vg V) a=diag(ey, - a,), B=diag(Br., B).,
Az(aij)nxmiB:(bij)nxm1C:(Cij)nxm1D:(dji)m><nIWZ(Wji)mxn1ZZ(Zji)m><nl
FOV) = (Fva) s F (V)T 9() = (91 (Ug), -+ G (U )T = (B1 o 0) T = (Wi )
For system (1), we make the following assumptions:
Assumption (A) For each ie[Ln], je[Lm], f;:R—R and g;:R—>R are globally Lipschitz
continuous with Lipschitz constant F; >0,G; >0, ie,|f;j(y;)—f;(v;)IKFjly;—v;| for all y;,Vj;
[9i (%) —g; () [<Gj | x; —u; | forall x,u;.
In the paper, we let F =diag(F,F,,---,F,), G=diag(G;,G,,---,G,,) -
Assumption (B) For each ie[Ln], je[Lm], Kj:[0,00)>[0,0), Lj :[0,0)—[0,0) are piecewise

continuous on [0,0) and satisfy
IO e** Ky ()ds = py (z),jo e”° L (s)ds=hj (p),i=12,-n, j=12,--,m.
where p;(4) and hj(p) are continuous functions in [0,6) and [0,0), respectively. >0, o>0and

P (0)=1,h; (0)=1.
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Lemma 1[26]. Let QO be a (n+m)x(n+m) matrix with non-positive off-diagonal elements. Then the
following statements are equivalent:

(i) Q isan M-matrix,

(ii) The real parts of all eigenvalues of ) are positive,

(iif) There exists a vector £ >0, such that Q& >0,

(iv) Q is nonsingular and all elements of Q' are nonnegative,

(v) There exists a positive definite (n+m)x(n+m) diagonal matrix Q such that matrix QQ+QQ" is

positive definite.
From Lemma 3 in Ref. [25], we get

Lemma 2. Suppose (X,y) e R™™and (u,v) e R™™ are two states of system (1), then

I AWGYi (%)= AW;i G (U;) I leji g (xi)—gi(ui)l,
i=1 i=1

i1
I\ Zjigi(Xi)—\/ Zjigi(Ui)|§Z|Zji 9i(x)=g;ui)|, i=12--n;
i=1 i=1 i-1

|/\bijfj(Yj)—/\bijfj(Vj)|§Zbij I fj(yj)_fj(vj)l!
_ =}

=t =t

In/Cii £ (Yj)—\/Ci fj(Vj)|SZ|Cij If50)=F;vi)l, J=12,---,m.
=1

=t =t

I11. Global Exponential Stability of The Equilibrium Point
In the section, we study the global exponential stability of the equilibrium point of system (1).
Theorem 1 Suppose Assumption (A) and Assumption (B) holds, if Q is an M-matrix, then for any pair of
input (1,J), system (1) has a unique equilibrium point (u*,v*), which is globally exponential stable,
independent of the delays. €2 is defined as
{ a —[|A|+|B|+|C|]F}
—[D[+IW[+]Z]IG B
Proof. Since € is an M-matrix, similar to the Theorem 1 of Ref.[27], system (1) has a unique equilibrium
point (U*,v*). By means of coordinate translation x(t)=u(t)—u>*, y(t)=v(t)—v*, system (1) can be
written as

% (t) =~ X (t)+Zaij{fw Ky (t=8)f; (¥ (s)+vj*)ds—fw Ky (=) (v;*)ds}
=L

+/\bijj; Kj (€= 5)f;(y;(5)+V;*)ds — A by jﬁ; Ky (t—8)f; (v;*)ds
j=1 j=1
+\m/cijfw|<ij (t-s)fj(yj(s)+vj*)o|s—\m/cijjﬁ;Kij (t-s)f;(v;*)ds,i =1,2,---,N; (2a)
=1 j=1
50 =5y, 0+ Y 4yl Li-9)g,04(9)+u s [ Ly (t-9)g, 0%}
i=1
n t n t
+ A Wii J:OO Lji (t=9)g; (x; (s) +u;*)ds — A Wj; Lﬂ Lji (t—9)g; (u;*)ds
i=1 i=1
+\n/Zji I_tm Lji (t=9)g; (X (5)+Ui*)d5—\n/ Ziji J._:o Lji(t-9)g;(ui*)ds, j=12,---,m. (2b)
i=1 i=1

System (2) has a unique equilibrium at (X, y) =(0,0). Clearly, (u*,v*) is globally exponential stable for (1)
if and only if the trivial solution of (2) is global exponential stable.
The initial condition of (2) is ®(s) =@(s)—u", ¥(s)=w(s)-Vv —co<s<0.
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_ a —[Al+IBI+[CIF| .
Dueto Q= being an M-matrix, from Lemma 1, there
—[D[+IWI[+[Z]IG B
exist & >0(i=212:---,n), ;>0 (j=12,---,m), such that
M -
—&ia; +Z’7j(|aij+|bij |+]c; DF; <0,i=12,---,n; (32)
j=t
n
1B +Z§i(|dji+|wji [+125 DG; <0 j=12,---,m. (3b)

i=1
Obviously, there exists constants 2; >0, p; >0, such that

& (—a +ﬂi)+znj(|aij+|bij |+]c; DFj <0,i=12,---,n; (4a)
j=1
n;i (=B +Pj)+Z§i(|dji+|Wji [+125 )G; <0, j=12,---,m. (4b)

i=1

Let A= 1rr;in Aip= gnzin pj - Consider a vector Liapunov function defined by
=12, =120

ORI CH () AV CH13) IRV N (3) AVARY O (3) AVAR C2X (3) RESRVAR (AN (3) )
where V, (t):e“ [x; )], i=12---,n ;Vnﬂ-(t)ze”t ly;®1. j=12,---,m .Calculating the upper right
derivative of V;(t) and V. ;(t) along the solutions of (2), by using Assumption (A), and lemma 2, we get
DV; (1)

=2e*t|x |+e* X sgn x;
m t
<ie*|x |+e* f-a; | % |+Z|aij |LoKij t=s) fi(yj(s)+vi*)—fi(v;®)|ds
1
m t m t
+|/\bijLoKij (t—s)f,.(yj(s)+vj*)ds—/\bijLOKU (t—s)f; (v;*)ds|
=1 j=1
m t m t
+|vcijLDKij(t—s)fj(yj(s)+vj*)ds—vcijj_wr<ij(t—s)fj(v,-*)ds|}
j=1 j=1
m t
<e*{(-ai + )| % | ""Z(laij |+ by +1 ¢ |)I_wKij (t=s)| fi(y;(s)+v;*)—f;(v;*)|ds}
1
) S t
<e*{(-a; + )| %, |+Z(|aij |+ [ by + 1 cjj |)Fjj_w Kij(t=s)|y;(s)|ds}

i

m t
= (o +A) e | X, |+Z(| aj |+1b+|cy DF; j_ooKij (t—s)e*® |e?e y;(s)|ds

j=1
m t
= (—a; + AV, +Z(| ay |+ by+|c; |)F,.LOKij t-s)e*IV, (s)ds, i=12-n; (52)
j=1
DVy (©)
=2e’| Yi |+e”! Yi sgn y;
n t
<y +PNney + 0 (dy [+ 1wyt 125 DG [ Ly (t=9)e” I Vi(9)ds, j=12,-,m. (5b)
i=1
Let

Smax :Jrlgiz);{éi}' Smin :g!:]{fn}’ M max 232}%{77]}1 Mmin ZLE}'S?n{”i}‘

lo =max{Q+O) [| © |/ Smin, A+ &) ¥ I / 77min} -
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where 8>0,&>0 are constants. Then, we get that
Vi(s)=e® |®;(5) <&l Viij(89)=e”|¥;(s)<njly ,—0<s<0, 1=12,---,n,j=12,---,m.

We claim that

Vi(t) <&ly, Vo j(®) <njlo te[040) 1 =12,---,n, j=12,---,m.
If it is not true, then there exist t; and some 1 e[L,n]or k [1,m], such that

Vitt) =&, DTV ()20, Vi) <&ly, —o<t<t,i=12---n; (6a)
or

Vo) =mdo, D" Vo )20, Vo () <njly, —o<t<t, j=12---,m. (6b)

However, from (4), (5), (6) and Assumption (B), we get

c t
D'Vit) < (e +)éilo +1o D (1ay |+1by+Icy |)Fj’7]_|._:oKlj (t,—s)e* (9 ds
=
& 0
= (- +l)§||o+|oz(| ay | +1by+]cy DFj’h‘L Ky (r)e*" dr
i

={(= +2)¢, +Z77j(| ay |+[by+[cy NFjp; (AHo <0; (7a)
j=1
or

DV (t) <{(=Bi + o) + Y & (1diq [+ [ Wi+ | 24 Gi i (0) Mo <0. (7h)
i=1

This is contradictory with D (V,(t;))=0 in (10a) or D* (V. (t}))=0 in (6b). So V;(t)<&l, ,
Vo j @ <njlg, 1 =12,---,n, j=12,---,m, for t>0. Furthermore,
Ix@)|<&le*t<g Joe 't =Me*i=12---,n,t>0;
lYi®) <70 < mnasdoe™ =Ne™?' j=12,---,m,t>0.
where M =¢&..0o » N=7mnal0 » lo =max{@+0) | P/ Emin: A+ NP/ 7miny - By the standard

Liapunov-type theorem in functional differential equations[28], the trivial solution of (2) is global exponential
stable, and therefore, (u*,v*) is global exponential stable for (1). The proof is completed.

V. Conclusion
In this paper, by using M-matrix theory and vector Liapunov functions, we present new conditions
ensuring the global exponential stability of the equilibrium point of bidirectional associative memory neural
networks with fuuzy logic and distributed time delays. The results are applicable to both symmetric and
nonsymmetric interconnection matrices, and all continuous non-monotonic neuron activation functions.

Acknowledgements

This work was financially supported by the University's Cultivation Program for Major Scientific Research

Projects ( ZDXMPY?20180109 ) and the Shandong Provincial Natural Science Foundation, China
(ZR2015FMO024).

Reference

[1]. J. Hopfield. Neuron with graded response have collective computational properties like those of two-state neurons. Proc NatlAcad Sci
USA 1984; 81:3088-92.

[2]. B. Kosko. Aadaptive bi-directional associative memories. Appl. Opt., 1987; 26: 4947-4960.

[3]. C. Sowmiya, R. Raja, Jinde Cao, X. Li, G. Rajchakit. Discrete-time stochastic impulsive BAM neural networks with leakage and
mixed time delays: An exponential stability problem.Journal of the Franklin Institute, 2018,355(10):4404-4435.

[4]. A. Chen, L. Huang, J. Cao. Existence and stability of almost periodic solution for BAM neural networks with delays. Appl. Math.
Comput., 2003; 137:177-193.

[5]. Yong Zhao, Jurgen Kurths Lixia Duan. Input-to-state stability analysis for memristive BAM neural networks with variable time delays
PhysicsLettersA,2019,383(11):1143-1150.
[6]. Z. Liu, A. Chen, J. Cao, L.H. Huang, Existence and global exponential stability of almost periodic solutions of BAM neural networks

DOI: 10.9790/1676-1506011924 www.iosrjournals.org 23| Page



Global Exponential Stability of Bidirectional Associative Memory Neural Networks with ..

[71.

8.

[9].

[10].
[11].
[12].
[13].
[14].
[15].
[16].

[17].

[18].
[19].
[20].
[21].

[22].
[23].

[24].
[25].
[26].
[27].

[28].

with distributed delays. Phys. Lett. A, 2003; 319: 305-316.

V. Sree Hari Rao, R. Nagaraj. Global exponential convergence analysis of activations in bidirectional associative memory neural
networks. Differential Equations Dynamical Systems, 2004; 12: 3-21.

H. Zhao. Exponential stability and periodic oscillatory of bi-directional associative memory neural network involving delays
Neurocomputing, 2006; 69: 424—-448.

T. Zhou, A. Chen, Y. Zhou. Existence and global exponential stability of periodic solution to BAM neural networks with periodic
coefficients and continuously distributed delays. Physics Letters A, 2005; 343:336-350.

Y. Li . Global exponential stability of BAM neural networks with delays and impulses. Chaos, Solitons and Fractals, 2005; 24: 279—
285.

X. Huang , J. Cao, D. Huang. LMI-based approach for delay-dependent exponential stability analysis of BAM neural networks. Chaos,
Solitons and Fractals, 2005; 24:885-898.

J. Liang, J. Cao. Exponential stability of continuous-time and discrete-time bidirectional associative memory networks with delays.
Chaos, Solitons & Fractals 2004; 22:773-85.

V. Sree Hari Rao, Bh. R. M. Phaneendra. Global dynamics of bidirectional associative memory neural networks involving transmission
delays and dead zones. Neural Networks, 1999; 12: 455-465.

H. Zhao Global stability of bidirectional associative memory neural networks with distributed delays. Phys Lett A 2002; 297:182-90.
J. H. Park. A novel criterion for global asymptotic stability of BAM neural networks with time delays. Chaos, Solitons and Fractals,
2006; 29:446-453.

A. Sabri. Global asymptotic stability of hybrid bidirectional associative memory neural networks with time delays. Physics Letters A,
2006; 351:85-91.

J. Zhang, Y. Yang, Global stability analysis of bidirectional associative memory networks with time delay, Int. J. Circuit Theory
Appl.,2001; 29: 185-196.

S. R. Jang. ANFIS: Adaptive-network-based fuzzy inference systems. IEEE Trans.On Systems, Man & Cybernetics, 1993; 23(3):
665-685.

Y. Q. Zhang, A. Kandel. Compensatory neurofuzzy systems with fast learning algorithms. IEEE Trans. on Neural Networks,1998; 9(1):
83-105.

J. Zhang, A. J. Morris. Recurrent neuro-fuzzy networks for nonlinear process modeling. IEEE Trans. on Neural Networks, 1999; 10(2):
313~326.

K. M. Lee, D. H. Kwak, H. L. Kwang. Fuzzy inference neural network for fuzzy model tuning. IEEE Trans. on Systems, Man, and
Cybernetics—Part B: Cybernetics, 1996; 26(4): 637-645.

T. Yang,, L. B Yang. The global stability of fuzzy cellular neural networks. IEEE Trans. Circ. Syst.-1, 1996; 43: 880-883.

T. Yang,, L. B Yang. Fuzzy cellular neural networks: A New Paradigm for Image Processing. Int. J. Circ. Theor. Appl., 1997; 25:
469-481.

Y. Liu, W. Tang. Exponential stability of fuzzy cellular neural networks with constant and time-varying Delays. Physics Letters A,
2004; 323: 224-233.

T. Huang. Exponential stability of fuzzy cellular neural networks with distributed delay. Physics Letters A, 2006; 351:48-52.

A. N. Michel, J. Farrell, A. W. Porod. Qualitative analysis of neural networks. IEEE Trans. Circuits Syst. 1989; 36: 229-243.

D Ren. Global Asymptotic Stability of Delayed Bidirectional Associative Memory Neural Networks with Fuzzy Logic. IOSR Journal
of Computer Engineering,2019, 21(5): 51-59.

Y. Kuang. Delay differential equations with applications in population dynamics. Boston: Academic Press, 1993.

Dianbo Ren. “Global Exponential Stability of Bidirectional Associative Memory Neural Networks

(IOSR-JEEE), 15(6), (2020): pp. 19-24.

I I

I I

|

' with Distributed Delays and Fuzzy Logic.” IOSR Journal of Electrical and Electronics Engineering :
|

| |

1

DOI: 10.9790/1676-1506011924 www.iosrjournals.org 24 | Page



