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Abstract

In this article, we generalize the notion of an ideal graph of the zero divisor of a commutative ring. Let R be a
commutative ring and let | be an ideal of R. Here we define a generalized zero divisor graph of R with respect to
I and denote this graph by (R). We show that (R) is associated with a mean of at most three. If (R) has a cycle,
we show that the circumference of (R) is at most four. We also investigate the existence of cut vertices (R).
Additionally, we investigate certain situations where (R) is a complete bipartite graph. In this chapter, all circles
are commutative, not necessarily with unity. Unless otherwise stated. For a commutative ring R with identity,
the zero divisor graph of R, denoted by (R), is a graph whose vertices are nonzero zero divisors of R with two
distinct vertices connected by an edge when the product of the vertices is zero. We generalize this notion by
replacing elements whose product is zero with elements whose product lies in some ideal | of R. We also
determine (up to isomorphism) all rings R such that I'(R) is a graph on five vertices.
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Definitions and preliminaries
Here, we define a generalized zero-divisor graph of a commwitative ring with
respect to an ideal as follows:
Definition. Let R be a commutative ring and let T be an ideal of R. We define a
generalized zero-divisor graph of R with respect to I, denoted by (R), as the
undirected graph whose vertex set is { € R —I|there exists € R — I such that
€] forsome €{ Y—Iand forsome € { )—1I},and two distinct vertices

and are adjacent if and only if €] for some € ( )—Tand for some ()
—I. IfI= {0}, then (R) is denoted by (R).

S.P. Redmond introduced the definition of the ideal based zero-divisor

graph of a commutative ring R.

Definition Let R be a commutative ring with unity and let I be an ideal of R.

Then the ideal based zero-divisor graph of R, denoted by I' (R), is the undirected graph
whose vertex setis { € R —1T| €71 forsome € R-1TI},and two distinet
vertices and are adjacent ifand only if € L. If 7= {0}, then T (R) is the zero-

divisor graph I'(R) which is defined by D. F. Anderson and P. S. Livingston.
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Theorem. Let I be a nonzero ideal of a commutative ring R. Then T (R) is an
empty graph if and only if I is a prime ideal of R.

Proof. Suppose that ' (R) is an empty graph. If possible assume that Iis not a prime
ideal of R. Then there exists two elements , € R — I such that € I So the
vertex set of I' (R) is non-empty, a contradiction. Hence [ is a prime ideal of R.

Conversely, suppose that I is a prime ideal of R. Then € I implies € I

or € I Sothevertex set of I' (R)is empty. Hence I' (R) is an empty graph.

Remark The Theorem is equivalent to saying that T (R) is an empty graph

if and only if R /Iisan integral domain.

Theorem Let R be a commutative ring with unity and let I be an ideal of R.

Then T (R)is connected and (T (R)) < 3.

By definitions it follows that every edge of I' (R) is an edge of T (R). But

converse is mot true in general, as the following example shows. Thus T (R) is a
Example Let R=Z and I= {0}. Since 2 € (2),4 € (6) and 2.4 = 0, we have

2—6 isanedge of T (R). But since 2.6 # 0, we have 2 — 6 is not an edge of I'(R).

The following example shows that non-isomorphic commutative rings may

have isomorphic generalized zero-divisor graph.

Example Let R=Z XZ and I, = {(0, 0)} and R,=Z [X]/{ ) and I,=
{{ )} Then the graphs I' (R ) andI' (R,) are as follows, where =(0,1), =
(1,0), =(11), =1+( )., = +{ jYand =1+ +( )
a P
b q
T (R) I (R,)

The next example shows that the graph Structure (R) and I' (R) are not
isomorphic.
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Example Let R=7 X Z and I={(0, 2)). Then the graphs T (R) and T" (R) are
as follows, where =(0,1), =(1,0), =(11), =1(0,3), =(1,2) and

= (1,3).

In our discussion, we assume [ # R for an ideal I of R. To avoid trivialities

when I' (R) is the empty graph we will implicitly assume when necessarily that [ is not
a prime ideal of R. For any subset U/ and ideal I of a commutative ring R, we define

[[:U]={ €R| Ucl}. Then [[:U]is anideal of R containing I. If U'={ },then
[I:{ }]is simply denoted by [I: ].

Some basic properties of (R)

Some characteristics of (R) are studied in this section. We show that T (R)
i5 connected with diameter at most 3. If (R) has a cycle, we show that the girth of

(R) is at most 4. We also investigate the existence of cut vertices of (R).

Theorem Let [ be an ideal of a commutative ring R. If — is an edge of

(R) forany , €F((R)),then — isanedge of (R)foreach € R-1T or
— is an edge of (R) for some €( }—1L
Proof. Suppose that — isanedgeof T (R) forany , € (T (R)). Suppose that
— isnotan edge of I' (R) forsome € R —1I Then € I for some e{ )
—TIand for some  €{ }—Tand & I Let = .Then €¢{ )—1I Since[lis
an ideal of R, ( ) € I This implies ( )€ I Thus € I. Hence —

is an edge of T (R).
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Theorem Let I be an ideal of a commutative ring R. Then I (R) is connected
and ((R)) <3.

Proof. Let and be any two distinet vertices of I' (R). Consider the following cases:

Case 1. If €1 for some €{ )— T and for some €( ) — I then

— isan edge of (R).
Case 2. Let g1 forall €( )—Jand forall €¢( )—1I Then g I
and @ I forall €( )—TIand forall €( )-I Since . €MNT (R))there

exists e{y-1L €{}y—Tand , ER-({Iwuw{ , 1} such that er

and € LIf = ,then — —  is a path of length 2. So assume that
= . If €I then — — —  isapathoflength 3. If & I, then
{ y~{ } €I Now for each e{ yn{ Y- w{ ., }, we have S
()¢ el ) )T and €()( )e( ){ )l Hemee — — isa
path of length 2.
Thus we conclude that I' (R) is connected and (T (R))=3.
Theorem Let  be an ideal of a commutative ring R. If — —  isa pathin
T (R),then T'w{ ;}1sanideal of R forsome €( }—-] or — — lieson a

cycle  of (R) with length < 4.
Proof. Suppose that — —  isapathinT (R). Then there exists , € })—1

and E{ -1 €( y — I such that €] and € I Consider the

following cases:

Case 1. If / /€I for some f€{)—TIand for some / €{( )} — I then
c: — — — is a cycle of length 3 and hence — — lies on the cycle

C of length 3.

Case2.Let / /@ Iforall /[ €{ )—Tandforall / €{ )—I Suppose that

= _.Then Iu{ } <[ ][l 1[I 1~[I ]1=Iu{ }, then
I'w{ 1} is an ideal of R. Otherwise, there existsa € [ I IRaRPE ] such that
gI7uw{ } Then € Jand € L Thus C : — — — — isacycle

of length 4 and hence — — lies on the cycle C of length 4. Suppose that
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# . Then we have { )}~ { } € L Then for each € {( )~{ }— Lwe havehav

€{ )Y )YcI and €{ ){ )YclI Clearly either % or # . Without
loss of generality assume that # . Then — —  isa pathand C : —
— — — isacycle of length 4, and hence — —  lies on the cycle C
of length 4.
Thus we conclude that 7w { ;} is an ideal of R for some €{)—1I or
— — liesonacycle of" (R)withlength < 4. 0

The bound for the length of the cycle is sharp in Theorem, as the

following example shows.

Example Consider the commutative ring R=7Z X Z and I={(0, 2)}. Then the

graph I (R) is as follows where =(0,1), =1(1,0), =(11), =(0,3), =

(1,2) and = (1,3).

We have T { } is not an ideal of R for any e{y—71 and — —

does not lie on any cycle of length 3.
Corollary Let I be an ideal of a commutative ring R with |F{T" (R))] = 3. If
I'w{ }is not an ideal of R for any € R — I, then every edge of I' (R) lies on a cycle

of I' (R)with length <=4 and I (R)is a union of 3 —cyeles or 4 — cycles.
Proof. Suppose that 7' { }is not anideal of R for any € R — I Since |F (T (R))| = 3,
the graph I’ (R) contains at least three vertices. Then every path of I' (R) of length 2
lies on a cyele of I' (R) with length < 4 by Theorem. Thus every edge of

T (R)liesonacycle of' (R) with length <4 and hence I (R) is a union of 3 —

cycles or 4 — cycles.
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Theorem Let I be an ideal of a commutative ring R with |’ (R))| = 3. If
I'u{ } is not an ideal of R for any € R — I, then every pair of vertices in I' (R) lies
onacycle ofI (R)with length =< 6.

Proof. Suppose that 7' { }1s not anideal of R forany € R —1I. Since |V(I" (R))| =3,

the graph I' (R) contains at least three vertices. Let , be any two distinet vertices of
'(R)If — isanedgeof ' (R), then —  liesonacycle ofT (R) with
length < 4 byCorollary. If — — isapathinI (R),then — —

lieson a cycle of ' (R) with length < 4 by Theorem. If — — — s

a path in T (R), then we have the cyeles — — — — and

— — — — ., where ¥ and = by Theorem. This implies

— — — — — — isacycle of length 6 in ' (R). Thus every pair

of vertices in [’ (R) lies ona cycle of ' (R) with length < 6. O

Theorem Let I be an ideal of a commutative ring R. If I' (R) has a cycle, then

any cycle oflength = 5is not an induced subgraph of T (R) and (I (R)) 4.

Proof. Suppose that ' (R) hasaeyele C : — — — — — . — —
of length = 5 which is an induced subgraph of ' (R). Then — — is a path
which lies ona cycle of I' (R) with length >35 Thus Jw { / } is an ideal of R for

some / €( )-1Iby Theorem. Since — is an edge there exists [/ €

( Y=Tand / €( Y—Isuchthat / / €I Sincelw { / }isanideal we have
/=1 =1 [ Ths 7/ (/ /)elLThsimplies( / /) / €I This
implies / / € I This implies / € I, which is a contradiction. Thus any cycle

of length = 5is not an induced subgraph of T' (R), and hence (T (R))=4. O

Remark Let I be an ideal of a commutative ring R. Then I’ (R) cannot be

realized asa cyele oflength = 5 by Theorem
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Theorem Let I be an ideal of a commutative ring R. Then the following results

hold:
(1) If R is a commutative ring with unity, then T' (R) has no cut vertices:
(2) If R 1s a commutative ring without unity and [ is a nonzero ideal of R, then
' (R) has no cut vertices.

Proof. Suppose that the vertex  of I (R)isa cut vertex. Let — —  bea pathin

T (R). Since 1isa cut vertex, lies in every path connecting and

(1) Suppose that R i1s a commutative ring with unity. Then for any , €

W (R)), there existsa path —1— inT (R). Thus (#1) is not a cuf vertex of
T (R). Suppose that = 1. Then there exists €( )—1, €{ y—TJTand , €
R —TI such that € Jand € I, which shows that , € F(T (R)). Since I (R)
15 connected, there exists , € R - (I w{ }) such that — — or

— = — is a path in T (R) by Theorem This implies
—_ — —1— o — — — —1— isacycleinT (R), which
contradicts that = 1 is a cut vertex.

(2) Suppose that R is a commutative ring without unity and I is a nonzero ideal

of R. Since — — isa path from to ,there exists €{ }—1, e{ -1
and , €{ )—TIsuchthat € Jand €L

Case 1. Suppose that = . If +71=  +1 then € I. This implies
and are adjacent. If +I=  +1 then € I. This implies and are adjacent.
So assume that +I+ +Tand +I+#  +1I Since [ is nonzero, thereisa €
Isuchthat =+ 0. Since € Jand € I, then it impliesthat ( + ), ( +
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YeELIE = + ., then # . Thus we have. — — isapathin T (R)
Otherwise —( + )— 1sapathinD (R). Therefore there is a path from to

that is not passing throw , which is a contradiction.

Case 2. Suppose that either = or = . Without loss of generality
assume that = and # . Then € [ and € I. This implies that
€ Iand €l Thus — — isapathinD (R). Therefore there is a path from

to that is not passing through . which is a contradiction.

Case 3. Suppose that #= and #  such that = . If € I,
then — — — isapathinT (R). Therefore there is a path from to that
is not passing throw , which is a contradiction. Otherwise we have & I If
= ,then € I and el.LIf +I= +1I then € I. This implies and
are adjacent. If + = + [ then € I. This implies and are adjacent. So
assume that +I%+ +JTand +71= + I. Since I 1s nonzero, thereisa € Isuch

that = 0. Since € I and € I, then it implies that ( +) ( +)eL
Then + & Iand #+ + . Thus we have — ( + )— is a pathin T (R).

Therefore there i1s a path from  to that is not passing through . which is a

contradiction. If #+ . Then — — isa path in I’ (R). Therefore there
is a path from to that is not passing through , which is a contradiction.

Thus can not be a cut vertex of I (R).

Recall that, the core of a graph G is the union of all cycles of G.

Theorem Let I be an ideal of a commutative ring R. If T (R) has a cycle, then
the core K of T' (R) is a union of 3 — cycles or 4 — cycles. Morecover, any vertex in

I (R)is either a vertex of the core Kof I’ (R) oris an end vertex of I’ (R).

Proof. Suppose that T’ (R) has a cycle. Then any cyele of length = 5 is not an
induced subgraph of T (R) and (' (R)) < 4 by Theorem Thus the core K of
T (R)is a union of 3 — cyeles or 4 — eyeles.

For the second statement we assume that |AT (R))| = 3. Let  be any vertex of

T (R). Then we have the followings and one of them is true.

Case 1. 1s inthe core Kof I’ (R).
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Case 2. is an end vertex of I (R).

Case 3. — — is a path in I’ (R), where is an end vertex, & K and
c K.

Case 4. — — — or — — — is a path in I’ (R), where is

an end vertex, , & Kand e K.

In the first and second cases, there is nothing to prove.

Suppose that Case 3 holds. Assume that — —  isapathinT (R), where

is an end vertex, & K and € K. Then 7' { ,} is an ideal of R for some e{ »—

I by Theorem. Since € K we have _ = — — or
_ = = — — is a path in I' (R). Then € I for some e -1
and for some e{ »—1I Since JTw{ 1} 1s an ideal of R, we have =
[ ) € I. This implies ( ) € I. This implies € I. Thus is a vertex of
the eyele — — — — . which is a contradiction.

Suppose that Case 4 holds. Without loss of generality assume that

- —  — is a path in ' (R), where is an end vertex, , & K and e K.

Since € K, there is some € Ksuchthat # and —  liesona cycle of
I' (R) with length < 4. Then we have — — — — isa pathin[ (R)
Since (' (R))<3,wehave — or — 1sanedge.If —  1sanedge,
then € K. Then € K by Case 3. Thus we get a contradiction. Againif — s
anedge,then — — — — isacycle. Thus , €K, a contradiction.

Hence any vertex in I' (R) is either a vertex of the core Kof I' (R) or is an end

vertex of I' (R).

Corollary Let J be an ideal of a commutative ring R. If R has unity with

[T (R)) = 3 or if R has no unity and [ is a nonzero ideal of R with [T (R))| = 3,
then ' (R)= K, where K is the core of ' (R).

Proof. Suppose that R has unity with |[{T' (R))| = 3. Then I' (R) has no cut vertices by
Theorem, and hence I' (R) has no end vertex. Then every vertex of I’ (R) is a

vertex of the core Kof I' (R) by Theorem Thus I (R) = K. Next suppose that R
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has no unity and [ is a nonzero ideal of R with [AT (R)) = 3. Then T’ (R) has no cut

vertices by Theorem, and hence I' (R) has no end vertex. Then every vertex of

T' (R)is a vertex of the core K of T’ (R) by Theorem Thus T (R) =K.

Conclusion :-

In this research work, we defined a generalized graph of the zero divisor (R) of the commutative ring R

with respect to the ideal | and discussed some basic properties of (R). This chapter is just an opening for creating
a zero divisor graph generalization bridge. Studying the connected, intersecting vertices of this generalized
graph will develop many circle-theoretic concepts. We also investigated some properties of prime and
semiprime ideals when (R) is a complete bipartite graph.
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