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Abstract

Let G = (V, E, u) be a fuzzy graph. Let M~ be a subset of V. M" is said to be a fuzzy metric basis of G if for
every pair of vertices X,y € V — M~ there exists a vertex w € M~ such that d"(w, x) 6= d"(w, y ) . The number of
elements in M" is called the fuzzy metric dimension (FMD) of G and is denoted by 7(G). In this article, we will
find the exact values of the fuzzy metric dimension of the fuzzy Cartesian product of two fuzzy paths, the fuzzy
metric dimension of the fuzzy Cartesian product of a fuzzy path and a fuzzy cycle, and the fuzzy metric
dimension of the fuzzy. Cartesian product of two fuzzy cycles.

Keywords: Fuzzy metric dimension, fuzzy path, fuzzy cycle etc.

. Introduction
Maps can be assigned to study various concepts of space navigation. All graphs considered here are
finite, connected, undirected, and without multiple edges. We use standard terminology. Terms not defined here
can be found in The metric dimension was first studied by Harary and Melter and independently by Slater. In
2012 they introduced B. Prabu, P. Venugopala. and N. Padmapriya concept of finding fuzzy metric dimension
in graphs.
Fuzzy metric dimension of the fuzzy Cartesian product of two fuzzy paths, fuzzy paths and fuzzy cycles.

In this section, we determine the fuzzy metric dimension of the fuzzy Cartesian product of two fuzzy paths and
the fuzzy Cartesian product of two fuzzy paths and fuzzy cycles.

Fuzzy Metric Dimension of fuzzy Cartesian product of two fuzzy paths P, and P,,.

If G =P, x P, is a Cartesian product of two fuzzy paths P, and P, then

S (G) <2, when n is two and m is two.

B (G)=2,whenn>3and m> 3.

Proof:

Case i: Let P, (n = 2) be a fuzzy path with two vertices u,, u, and P, (m = 2) be a fuzzy path with two vertices
Vi, Vo. Let G = P, x P, be a Cartesian product of two fuzzy paths with four vertices uyvy, UiV, UoVy, UyV,. By the

above Theorem 1.3.59 metric dimension of G is less than or equal to two.

Case ii: Let P, (n> 3) be a fuzzy path with n vertices uy, Uy, ..., u, and Py, (m > 3) be a fuzzy path with m
vertices vy, Vo, ..., vin. Let G = P, x P, be a Cartesian product of two fuzzy paths

P, and P,, with nm vertices u;vy, UiVy, ..., UV, UaVq, UsVa, ..., UV, ..., UnVe, UpVa, ..., UpVi.
We will separate G as the union of fuzzy paths by following different sub cases, that
isG= Pl \ Pz.

Sub case i: If nis odd, m is odd.
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P{:ugvq UpVy ... UV UgVy UgVo UpgVa ... UgVo UV UsVg ... UgV3 UgVs ... U3V UgVs ... UpVs UpVe UN—1v6 ... ulvé
ulv7 u2v7 ... unv7 ... unvm-3 un-1lvm-3 ... ulvm-3 ulvm-2 u2vm-2 unvm-2 unvm-1 unlvm-1 ...
ulvm-1 ulvmu2vm ... unvm.

Po: UV UgVin—1 -.. UgVq UpVy ... UV UgViy ... UgVyq UgVq ... UgViy UsViy ... UsVq UgVy ... UgViy U7V ... U7Vy ... Up—1Vy
voo Up—1Vim UpVpy ... UpVs.

Sub case ii: If nis odd, m is even. (or) If nis even, m is odd.

Pl:ulvl u2vl u3vl... un—1vl unvl unv2 un—1v2 ... ulv2 ulv3 u2v3 ... unv3 unv4 un—1v4... ulv4 ulv5 u2v5s
... unv5 unv6 un—1v6 ... ulvé6 ... unvm-2 un-1vm-2 ... ulvm-2 ulvm-1 u2vm-1 ... unvm—1 unvm un— v,
oo WV

P2: ulvm ulvm-1 ulvm-2 ... ulvl u2vl u2v2 ... u2vm u3vm u3vm-1 ... u3vl udvl udv2 ... udvm uSvm
usvm-1 ... u5vl ... un—-1vl un—-1v2 ... un—lvmunvm ... unvl.
Sub case iii: If'nis even, mis even. — o — o @

Pl:ulvl u2vl u3vl... un—1vl unvl unv2 un—-1v2 ... ulv2 ulv3 u2v3 ... unv3 unv4 un—1v4... ulv4 ulv5 u2v5s
...unv5 unv6 un—1v6 ... ulvé6 ... ulvm-1 u2vm-1 ... un—1vm-1 unvm-1 un—1vm ... ulvm.

P2: ulvm ulvm-1 ulvm-2 ... ulvl u2vl u2v2 ... u2vm u3vm u3vm-1 ... u3vl u4vl u4v2 ... u4vm ... un—
1vm un-1vm-1 ... un—1v1 unvl undm. ® - - -

Suppose u;v, is fixed as a source vertex. If two vertices ujv; € P, and ugv, € P such that FSP (fuzzy shortest
path) for u;v; from u,v, is through P, and FSP for uyv, from uyv, is
Y [ L] [ ]

through P, then d (uyvs, Uv)) = d (uyvy, ugv) if and only if N(uqvy, uivj) = N(ugvs, ugvy). This

implies that, 5 (G) # 1. Include u,vy, as another source vertex so that N(uiVm, Uiv;j) # N(UVp,

UV), d (UnVim, UV5) # g (UgVim, UkV). Thus,
M = {uyvy, UV}

Hence S (G) = 2.
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————urve0:5- 03— wv0.6)  u3v1(0.4) , udvi().2) 0.1 ysv4(0.7)
0.4 0.2
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Figure: 1 fuzzy Cartesian product of two fuzzy paths.
Fuzzy Metric Dimension of Cartesian product of fuzzy path P, and fuzzy cycle C,,. Theorem: If G =P, x
Cn be a Cartesian product of fuzzy path P, (n > 2) and fuzzy
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cycle Cy, (m > 3) then g (G) = 2.

Proof: Let uy, Uy, ..., u, be vertices of fuzzy path P, and vy, v,, ..., vy, be vertices of fuzzy
cycle C.. Let G = P, x C,, be a Cartesian product of fuzzy path P, (n > 2) and fuzzy cycle C,,
(m > 3) with nm vertices u;vy, UiVa, ..., UV, UsVy, UsVy, ..., UV, ..., UpVy, UpVo, ..., UV
We will write G as the union of fuzzy paths, that is G = P, U P,, where

Sub case i: If nis odd, m is odd.

P1: ulvm-1 ulvm-2 ... ulvl ulvm u2vm u2vl u2v2 ... u2vm-1 u3vm-1 u3vm-2 ... u3vm udvm udvl...
udvm-1 usvm-1 uSvm-2 ... uSvm ... unvm-1 unvm-2 ... unvm.

P2: ulvm ulvm-1 u2vm-1 u2vm u3vm u3vm-1 udvm-1 udvm ... unvm unvm—1 unvm unvl un—1vl... ulvl
UiVo UoVso ... upVo UpV3 Up—1V3 ... U1V3 UiVy ... UpVg UpVp—1 ... UV Up—1Vi ... 11V

Sub case ii: If nis odd, mis even.

P1: ulvm-1 ulvm-2 ... ulvl ulvm u2vm u2vl u2v2 ... u2vm-1 u3vm-1 u3vm-2 ... u3vm udvm udvl...
udvm-1 usSvm-1 ubvm-2 ... uSvm ... unvm unvl ... unvm-1.

P2: ulvm ulvm-1 u2vm-1 u2vm u3vm u3vm-1 udvm-1 udvm ... unvm unvm—1 ... ulvl ulv2 u2v2 ... unv2
UpV3 Up—1V3 ... u1V3 U1Vy ... UpVa UpVp—1 ... Vi UV ..o UV

Sub case iii: If nis even, m is even.

P1: ulvm-1 ulvm-2 ... ulvl ulvm u2vm u2vl u2v2 ... u2vm—1 u3vm-1 u3vm-2 ... u3vm udvm udvl...
u4vm-1 uSvm-1 usvm-2 ... uSvm ... unvm unvl ... unvm—1.

P2: ulvm ulvm-1 u2vm-1 u2vm u3vm u3vm-1 udvm-1 vdvm ... unvm—1 unvm ... ulvl ulv2 u2v2 ... unv2
UpV3 Uy—1V3 ... U1V3 U1Vy ... UpVa UpVp—1 ... Vi UV o0 UV

Sub case iv: If nis even, m is odd.

P1: ulvm-1 ulvm-2 ... ulvl ulvm u2vm u2vl u2v2 ... u2vm-1 u3vm-1 u3vm-2 ... u3vm udvm
udvl...

udvm-1 usvm-1 usvm-2 ... uSvm ... unvm-1 unvm-2 ... unvm.

P2: ulvm ulvm-1 u2vm-1 u2vm u3vm u3vm-1 udvm-1 udvm ... unvm—1 unvm unvm ... ulvl ulv2 u2v2 ...
unv2 unv3 un—1v3 ... ulv3 ulv4 ... unv4 unvn—1 ... unvm un—lvm ... ulvm.

Take u;vy, as a source vertex. If two vertices ujv; € Py and uyv; € P, such that FSP (fuzzy shortest path) for ujv;
from uyvy, is through P, and FSP for uyv; from u,vy, is through Py then d (Uyvi, Uivj) = d (Uvim, Ukvy) if and only if

N(UVm, UiVj) = N(U1Vm, Uvy). This implies that, g (G) = 1. Include u;vy,— as another source vertex so that
N(ulvm_ln uIV]) * N(ulvm_ln

uv)and d (U Vg, UiVj) # d (UVi—1, UgVy). Thus M = {U;Vin, UrVip—1}.
Hence g (G) = 2.

Fuzzy Metric Dimension of fuzzy Cartesian product of Two Fuzzy Cycles.
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In this section, we find the values of fuzzy metric dimension of fuzzy Cartesian
product of two fuzzy cycles.
Fuzzy Metric Dimension of Cartesian Product of odd cycles.

Lemma: If m> 3 and n > 3 are odd positive integer then g (Cy, x C,) = A where A=2, 3 or 4.

Proof: Let m > 3 and n > 3 are odd positive integer and consider the graph C, x C,, with {u;v;
i=1,2,...,m;j=1,2, ..., n} vertices and 2nm edges which admits cycle decomposition if its edge set can be
partitioned into cycles. Consider the following two Hamiltonian cycles of C, x C, in three different ways, In
general

(i) Cim x C3 has two Hamiltonian odd cycles in the form of

Cnl: ulvl u2vl u3vl u3v2 u4v2 u5v2 ... um—-1v2 umv2 ulv2 u2v2 u2v3 u3v3 u4v3 udvl u5vl usv3 ubv3
u6vl... um—2vl um-2v3 um-1v3 um-1v1l umvl umv3 ulv3 ulv3 ulvl.

Cn2: umvl umv2 umv3 um-1v3 um-1v2 um-1vl um-2v1l um-2v2 um-2v3 ... u6v3 u6v2 u6vl usvl usv2
usv3

UgV3 UgVo UgVy U3Vy UzV3 UgVo UpVo UoVy U3 UgV3 UgVo UgVy UV

We will write Cy,, x C3 as the union of two Hamiltonian odd cycles, that is C, x C3 =

Cnlu Cn2

In Cpy, fix uyvy as a source vertex. If nm is odd then ((nm+1)/2)" (uv;) and ((nm+3)/2)" (uiv;) are the two
diametrically opposite vertices of ujvy. In Cp,, fix u,v; as a source vertex C,, which also have the same
characterization which mentioned above. In C,;, take u;v; as a source vertex, let P, be the path u;v; uyvy Usvy
UsVy ... (nm+1)/2)"(upv;) and P,

be the path uyVy UgVs UpVs UV Un—1Vs ... (nm+3)/2)"™(uv;) (Nm+1)/2)" (uiv;). In Cy, take

UV, as a source vertex. Let P be the path unvy UpVo UnVs UnVy ... ((nm+1)/2)th(uiv,—) and P, be the path u,v;
UaVa UgVa UpVs UgVs ... ((nm+3)/2)"(uiv;) ((nm+1)/2)"(uiv;)

(i) Cy x Cs has two Hamiltonian odd cycles in the form of

Cnl: ulvl u2vl u3vl u3v2 u4v2 usv2 ... um—1v2 umv2 ulv2 u2v2 u2v3 u3v3 u4v3 udv4 udv5 udvl usvl
uSv5 usv4 us5v3 u6v3 u6v4 u6vs u6bvl ... um-2vl um-2v5 um-2v4 um-2v3 um-1v3 um-1v4 um-1v5
um-=1vl umvl

UmVs UmVa UpVs UgVa UgVa UsVyg UsVy UsVs UpVs UgVs UgVy.

Cn2: umvl umv2 umv3 um-1v3 um-1v2 um-1vl um-2v1l um-2v2 um-2v3 ... u6v3 u6v2 u6vl usSvl usv2
usv3

udv3 udv2 udvl udvl udv5 udvs usv5s u6vs ... um-2v5 um-1v5 umvs ulvs ulv4 umv4 um-1v4 um-2v4 ...

UgV4 UsV4 UgVyg UsVy UsV3 UsVo UoVo UsVg UsVs UoVyg UsVa U1Va UgVo Uy UV
We will write C,, x Cs as the union of two Hamiltonian odd cycles, that is C,, x Cs =

Cnl uCn2
In C,1, Upvy s fixed as a source vertex, let Py be the path u;vy Usvy Usvy Usvs ...
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((nm+1)/2)"(uiv;) and P, be the path UuVv; UV  UVs  Uvs ... ((nm+3)/2)"(uiv)
((nm+1)/2)th(uivj). In C,,, take un,Vv; as a source vertex. Let P be the path U,y UnVo UnVs ...

((nm+1)/2)““(uivj) and P, be the path umpvy Uvi UV Uvz  Uvg ... ((nm+3)/2)th(uiv,-)
(Nm+1)/2)"(uvy).

(i) Cphx Ch(n=7,9, ...) has two Hamiltonian odd cycles in the form of

Cnl: ulvl u2vl u3dvl u3v2 u4v2 usv2 ... um—1v2 umv2 ulv2 u2v2 u2v3 u3v3 u4v3 ... udvn—1 udvn udvl
u5vl uSvn usvn—-1 ... u5v3 u6v3 ... ubvn-1 u6bvn u6vl ... um-2vl um-2vn um-2vn-1 ... um-2v4 um-2v3
um-—

1v3 ... um-1vn-1 um-1vn um-1v1l umvl umvn umvn-1 ... umv3 ulv3 ulv4 u2v4 u3v4 u3vs u2v5 ulvs

ulve u2ve6 u3veé ... udvn—-2 u2vn—-2 ulvn-2 ulvn-1 u2vn-1 u3vn-1 u3vn u2vn ulvn ulvl.

Cn2: umvl umv2 umv3 um-1v3 um-1v2 um-1vl um-2vl um-2v2 um-2v3 ... u6v3 u6v2 u6vl usSvl u5v2
usv3

u4v3 u4v2 udvl u3vl u3dvn ... um-1vn umvn ulvn ulvn-1 umvn-1 um-1vn-1 ... u4vn-1 u3vn-1 u3vn-2 ...
um-—

1vn-2 umvn-2 ulvn-2 ... ulvé umv6 um-—1v6 ... u5v6 udv6 udv6 u3dv5 udv5 u5v5 ... um-1v5 umvb
ulvs

UV UmVa Um—1Va ... UgVa UgVa UsVa UsVo UsVo UoVy UgViy—1 ... UpVs UpVy UsVa UgVa UgVa UV UyVe. We will write Cy, x
C, as the union of two Hamiltonian odd cycles, that is C,, x C, =

CnluCn2

In Cpy, ugvy is fixed as a source vertex, let P, be the path uyvy UV Usvy Usv, ...

((nm+1)/2)"(u;v;) and P, be the path uvy UV, UpVy UsVy ... (nm+3)/2)"(uiv;) ((nm+1)/2)"

(Uvj). In Cp, take unv; as a source vertex. Let P; be the path umvi UmVe Upvs ...

((nm+1)/2)”‘(uivj) and P, be the path umpv: Uy UV, UVs  UVg ... ((nm+3)/2)th(uiv,-)
((nm+1)/2)"(uv;).

Here we calculate the metric dimension of C,, x C, (n=3,5,7,9, ...)

Case i:
In Cpy, let uirvjr and iV, be two vertices on Cyy; such that both ujyvj, and ujpvj, € Py or

P,. If both ujyvj; and ujpvj, have the same FSP (fuzzy shortest path) from u;v, then uyvy, UipVvj
and ujpvj, will be in same path then S(Cr; ) = 1. In Cy,, Let uisvjs and uisvjs be two vertices on

Cy2 such that both uj3vjs and uisvjs € P3 (or P4) and If both ujsvjs and uisvj, have the same FSP

(fuzzy shortest path) from uy,v; then UnVi, UisVis and UigVjs will be in same path then
BEC )=Ll
n2
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xC,)=2.
BCnxCi)=p  (CiUCy)and M = {uyvy, Uunvi}. Therefore, B (Cn
Case ii:
In Cy, if the two vertices ujvj; and uj,vj, belongs to either Py (or P,), then by case (i).

We get, S(Cni ) = 1. In Cpy, if UigVjs and uisVjs such that the FSP for uiqvjs from uyv, is through

P, and FSP for ujsvj, from upvy is through P then d (UmVa, UigVjs) = d (UmV1, UiaVjs) if and only if N(upvs, UigVjs) =

N(UmV1, UiaVja). This implies that, 8 (C, 2 ) # 1. Include u,v, as

another source vertex so that N(UnV2, UiaVjs) # N(UmVa, UiaVja), d (UmV2, UigVjs) # d (UnV2,

UigVje). Then metric basis of Cn2 IS Upvy and upVvs. Hence pC )

n2
xCy)=3.

B(C,xC,)=HCn UCy, ) . Hence M = {u;vy, UpnVy, UnVo}. Therefore, £ (Cy,
Case iii:

In Cpy, if UirVj e P, and ujv;; € P, such that the FSP for u;vj; from source vertex

uyvy is through P, and FSP for uj,vj, from source vertex uyv; is through Py then d (uyvs, UigVis)

d (upvy, UppVvjp) if and only if N(uyvy, uinvjr) = N(uyva, Uipvjp). This implies that, A(Cny ) # 1. Include u,v, as

another source vertex so that N(uaVvy, UirVjr) # N(UaVi, UigViz), d (UaVy, UinVjr) #
d (Uavy, UpVjp). Then metric basis of Cy; is uyv; and u,vy. Hence S(Cry ) = 2.
Similarly, we get the metric basis of C,, as {UnV1, UnV2}. B(C x C) = S(Chs WCh2 ) .

Hence xCy) = 4.
M = {UyVy, UpVy, UV, UnV,}. Therefore, B(Cn

Fuzzy Metric Dimension of Cartesian Product of odd and even cycles.

Lemma: If m> 3 be odd positive integer and n > 4 be even positive integer (or m is

even positive integer and n is odd positive integer) then S (C,, xC,) = A where A=2, 3, or 4.
Proof: Let m> 3 be odd positive integer and n > 4 be even positive integer. Consider the
following sequences of vertices of the graph C , xC,, : U3y, UyVy, ..., U1Vp, UpVy, UsVs. .., UsVy,
veoy UmV1, UV, ..., upV, Which admits a cycle decomposition. That is, these sequences
constitute edge-disjoint Hamiltonian cycles of the graph C,, xC,, in consider the following

two edge-disjoint Hamiltonian cycles in two different ways.
In general, (i) C , xC4 have two Hamiltonian even cycles in the form of
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Cnl: ulvl u2vl u2v4 u2v3 u3v3 u3dv4 u3dvl udvl udv4 udv3 u5v3 usv4 udvl u6vl u6v4 u6v3 ... um—-1v2
umv3 ulv3 ulv4 umv4 umvl umv2 um-1v2 um-1vl um-1v4 um-2v4 um—-2vl um-2v2 ... udv2 u3v2 u2v2
ulv2 ulvl.

Cn2: umvl um-1vl um-2v1 ... u6vl u6v2 u6v3 usv3 us5v2 usvl udvl u4v2 udv3 u3dv3 u3v2 udvl u2vl u2v2
u2v3 ulv3d ulv2 umv2 umv3d umv4 um-1v4 um-1v3 um-1v2 um—-2v2 um-2v3 um-2v4 ... usSv4 udv4 u3v4
u2va

Uy1Vg U1Vy Uy V1.

We will  write C,xCsas the union of two Hamiltonian even cycles, that is
CnxCy =Cpp UGy,

In C,y, fix uyv; as a source vertex. If nm is even then ((nm/2)+1)th(uivj) is a diametrically opposite vertices of
uvy. In Cy, fiXx uyvy as a source vertex. C,,, which also have the same characterization which mentioned above.

In C,y, let Py be the path ujvy Upvy UpVg UpVa UsVs ... ((nnﬂ2)+1)‘h(uiv,-) and P, be the path ujv; UV, UV UsVs; ...

((Nm/2)+1)"(Uiv;). In Cpp, Let P3 be the path UpVy Up—1Va Up—2Vs ... (nm/2)+1)"(uiv;) and P, be the path ugpv,
U1V1 U1Vg UoVg U3V UgVg UsVy ... ((nm/2)+1)th(uivj).

ChxCh(n=6,8, 10, ...) has two Hamiltonian even cycles in the form of

Cht: UV UsVy UsVy ... UpVya UsVg UgVs ... U3Vy—1 U3V, UsVy UgVq UgVy, ... UgVs UgV3 UsVa ... UsVy—p USvn ubvl ubvl
u6bvn ... u6v4 u6v3 ... um—1v3 umv3 ulv3 ulv4 umv4 ... umvn-3 ulvn-3 ulvn-2 umvn-2 umvn-1 ulvn-1
ulvn umvn umvl umv2 um-1v2 um-1vl um-1vn um-1vn—-1 ... um-1v5 um-1v4 um-2v4 um-2vn- 1
um-2vn um-2v1 um-2v2 ... u2v2 ulv2 ulvl.

Cn2: umvl um-1vl um-2vl ... u6vl u6v2 u6v3 usv3 us5v2 usvl udvl u4v2 udv3 u3dv3 u3v2 udvl u2vl u2v2
u2v3 ulv3 ulv2 umv2 umv3 umv4 um-1v4 um-1v3 um-1v2 um-2v2 um-2v3 um-2v4 ... usv4 udv4 u3v4
u2v4 ulv4 ulvn-3 ... umvn—-3 umvn-2 ... ulvn—-2 ulvn-1 ... umvn—1 ... umvn ... u2vn ulvn ulvl umvl.

We will write C,,, x C,, as the union of two Hamiltonian even cycles, that is C,,, x C, =

Cnlu Cn2

In Cp, take uyvy as a source vertex, let P, be the path uvy Usvy UpVy, ... uaV4 UpVa UsVs

((nm/2)+1)‘“(uivj) and P, be the path uyVvy UgVo UpVs ... UmaVo Upn—2Vi Un—aVy Upn—2Vip—1 .. ((nm/2)+1)‘h(uivj). In
Cn2, UmVy is fixed as a source vertex. Let P; be the path UV Uy—1V1 Uy— 2V ... ((nm+1)/2)‘h(uivj) and P, be the
path UmnV1 UgVy UV UoVy .o UV U1 ..

(nm/2)+1)"(uv;).

Here three cases are arising for calculating the metric dimension of C,, x C, (n=4, 6, ...)

Case i:

In Cyy, let uipvjy and u;,vj, are two vertices on Cy, such that both uj;vj; and uivj, € Py

(or P,). If both u;yvj;, and ujpvj, have the same FSP (fuzzy shortest path) from u,v; then uvy,

UipVvj: and uipvi will be in same path then S(C,; ) = 1. Similarly, we get metric basis of C, as {u;vy, Unvi}.

Therefore, g (Cy, x Cy) = 2.

Case ii:
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As in case (i), we get metric basis of Cy; as {u;v;}. Therefore, 5 (Cny) = 1.
In Cpy, if Uizvjz and uigVvjs such that the FSP for ujavjs from upv; is through P, and FSP

for uisvjs from upvy is through Ps then d (UmVa, UisVis) = d (UmVa, UiaVja) if and only if N(Umvs,

UiaVjs) = N(UmV1, UiaVja). This implies that, g (C ) # 1. Include uy—1v4 as a another source
n2
vertex so that N(um-1v1, uidvj3) # N(Un—1V1, UigVja), d (Um—1V1, UiaVja) # 0 (Un—1V1, UiaVja),
therefore metric basis of Cy, is u,v; and u,—vi. Hence g (C )= 2.
n2
B(CnxCp= £ (Cn1 L Cpp). Hence M = {uyvy, UpVy, Un—1Vi} and L(CyxCy)=3.
Case iii:

Similarly, we get metric basis of C,; as {u,vy, U,vi}. Therefore, 8 (C,1) = 2.
Similarly, we get metric basis of C, as {unV1, Un—1V1}. Therefore, S (C,,) = 2.

B(CnxCp) =B (Crr L Cpa).

Hence xC,) = 4.
M = {uyVy, UpVy, UV, Up—1Vi} and 3 (Cy

Fuzzy Metric Dimension of Cartesian Product of even cycles.

Lemma: If m>4and n > 4 are two even positive integers then 3 (C,, xC, ) = A where

A=230r4

Proof: Let m> 4 and n > 4 are two even positive integer. Consider the graph C,, x C, with nm vertices and 2nm
edges whose edge set can be partitioned into Hamiltonian cycles. Consider the following two Hamiltonian even
cycles in two different ways. In general,

C, x C4 has two edge-disjoint Hamiltonian even cycles in the form of

Cnl: ulvl u2vl u3vl udvl udv2 uSv2 u6v2 ... umv2 ulv2 u2v2 u3dv2 u3v3 udv3 usv3 u6v3 ... um—1v3 umv3

ulv3 u2v3 u2v4 u3v4 udv4 udus usv4 udsvl u6vl u6v4 ... um—1v4 um-1v1l umvl umv4 ulv4 ulvi.

Cn2: umvl umv2 umv3 umv4 um-1v4 um-1v3 um-1v2 um-1vl um-2v1l um-2v2 um-2v3 um-2v4 ... usv4
usv3

UsVo UsVq UgVy UgVyg UgV3 UgVo UsVo UsVq UsVy UsVa UsVa UsVo UV UoVy UiVg UgV3 UgVo UVp UV,
We will write C,,, x C,4 as the union of two Hamiltonian even cycles, that is C;, x C4 = Cpy U

Cn2

In C,, take uyv; as a source vertex. If nm is even then ((nm/2)+1)‘h(uivj) is a diametrically opposite vertices of
u1vs. In Cpy, Upvy is fixed as a source vertex C,, which also have the same characterization. In C,;, let P; be the
path u;vy UpVy UsVy UgVy ...
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((nm/2)+1)"(u;v;) and P, be the path U;Vy UsVa UnVa UV Up—1Vs Up=1Vs ... ((nm/2)+1)™ ().

In C,,, Let P; be the path U,y UpnVso UpVs ... ((nm/2)+1)th(uivj) and P, be the path u,V; UyVy UgVs UiV UgVy UsVy
UpVy ... (nm/2)+1)"(uv).

(Cm x Cy(n= 16,8, 10, ...) has two edge-disjoint Hamiltonian even cycles in the form of

Cht: UgVy UsVy UgVy UgVy UgVo UsVo ... UmVa UgVo UsVo UsVo UsVa UgVa ... UypVa UgVa UoVg UpVa UgVy ... uSv4 uSvs
usvn—1 uSvn uSvl ... u6vl ubvn u6vn—1 ... u6v4 ... um-1v4 um-1v5 ... um—1vn-1 um-1vn um-1vl umvi
umvn umvn—1 umv4 ulv4 ulv5 u2v5 u3v5 u4vs ... udvn—2 udvn-2 u2vn-2 ulvn-2 ulvn-1 u2vn-1 u3vn-1

u4vn-1 udvn u3vn u2vn ulvn ulvil.

Cn2: umvl umv2 umv3 umv4 um-1v4 um-1v3 um-1v2 um-1vl ... uSvl udvl udvn uSvn ... umvn ulvn
ulvn—-1 umvn-1 um-1vn-1 ... u4vn—1 udvn—-2 usvn-2 ... umvn—2 ulvn-2 ... ulv5 umv5 um-1v5 um-2vs5 ...
u4v5 udv4 udv3 udv2 u3v2 u3dvl u3dvn u3dvn-1 ... u3v3 u2v3 u2v2 u2vl u2vn u2vn-1 u2vn-2 ... u2v4 ulv4
ulv3 ulv2
UiVy UpVe.

We will write C,, x C, (n= 6, 8, 10, ...) as the union of two edge-disjoint Hamiltonian even cycles, that is C,, x
Cn = Cnl % Cn2

In C,y, take u;v; as a source vertex, let P, be the path ujv; Upvy Usvy Ugvy ... ((nm/2)+1)‘“(uiv,-) and P, be the path
UaVy UsVy UV UsVy UgVy ... (nm/2)+1)"(Uv;). In C,

unVy is fixed as a source vertex. Let P5 be the path up,Vy UpVa UnpVs ... ((nm+1)/2)th(uiv,-) and P4 be the path uy,v,
UaV3 UgVa UpVg UpVg UnVg ... (nm/2)+1)"(upv;).

Here we calculate the metric dimension of C,, x C,, where m, n are two even positive

integer in the following three cases. Case (i), (ii) and (iii) are similar to the cases of C,, x C,

where m and n are odd positive integer we get, the metric basis are

={uv,uv}forcase(i),M11m1l

={uv,uv,uv}forcase(ijandM11lmlm?2

={uv,M11

u2vl, umvl, umv2} for case (iii)

Hence

B(CmxCn)=2,30r4.

Theorem: If C,, x C, be a Cartesian product of two fuzzy cycles then g (Cy, x C,) = A,

where A =2, 3 or4.

Proof: The proof follows from Lemma 4.2.1, Lemma 4.2.2 and Lemma 4.2.3.
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