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Abstract: In this paper we prove a uniqueness theorem for a meromorphic function which is sharing one value
and a small meromorphic functionwith its derivatives.

I. Introduction

Let f and g be two non-constant meromorphic functions defined on the complex plane. If f and g have
the same a-points with the same multiplicities, we say that f and g share the value a CM (counting
multiplicities).
We wish to list few results which are already proved.
Rubel and C. C. Yang have proved the following result.
Theorem A[1]: Let f be a non constant entire function. If f and f ‘share two finite, distinct values CM, then f = f

Later, Mues and Steinmetz improved Theorem A with the following result.
Theorem B [2]: Let f be a non constant entire function. If fand f' share two finite distinct values IM, then f =
.
Further, Jank, Mues and Volkmann proved the following two results in [3]
Theorem C: Let f be a non constant meromorphic function and let a = 0 be a finite constant. If f, f and f " share
the value a CM, then f=f.
Theorem D: Let f be a non constant entire function and let a = 0 be a finite constant. If f and f " share the value a
IM and if " (z) =a, whenever f(z) =athen f=f'.

We wish to consider a slightly different case where a meromorphic

function share one value and a small meromorphic function.
Our main result is the following.

1
Theorem: Let f be a non constant meromorphic function with N (r,f)+ N (r?) =S(r,f). Let y be a

small meromorphic function satisfying T(r, %) =ofT (r, N}
If fand f ' share o and y CM and satisfies the equation
kf' —f—(k-1)x =0 (1)

for k=0, thenf =f".
Further, if pand A are two small meromorphic functions satisfying T(r, 1) =0 {T(r,f)} and
T(rnA)=0{T(r,f)} (x=p, x=1) satisfying

— 1 1 — f-pn -
N{r——|+N|r,——| +N(r,f)=S(r,f) then, —t=""2
f—p f-A

We require the following Lemmas to prove our result.

Lemma 1 [4] Let f be a non constant meromorphic function. Then,

for n >1,

N[r,f(—ln)j <ot {N(r%} +N(r,f)}+N(r,%j+S(r,f).

Lemma 2 [4]: Let f; and f, be two non constant meromorphic functions and o, # 0, o, # 0O be two small
meromorphic functions satisfying T(r, o, ) =0 {T(r,f)}(i=1,2), where
T(r,f)=Max{T(r,f,), T(r,f,) }.
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If o, f, +o,f, =1, then, T(r,f1)<N(r,fij+ﬁ(r,fij+ﬁ(r,f1)+o{T(r,f)}
1

2

Il. Proof of the Theorem
From (1), we have Kf'—f —(k —1))( =0

f’_ X =k, where k is a non zero constant.
-X

Put f1=£f, f, =Kk, f3:_—kf' (where y #0) sothat f, +f, +f, =1
x X

Therefore,

If k=1, we get, 1 f— K f'=1

r@-k)  x@-k)

Then, by Lemma 2, we have

T(r,f)<N(r,1j+N(r,1j +N(r,f)+S(rf)

and T(r,f’)<N(r% N(r,%)+ﬁ(r f')+S(r,f).
(

we get ,

-

T(r,f)gaN[ e f)es(e)

and T (r,f")<3N (rﬂ +3N(r,f)+S(r,f)
Adding (3) and (4) we get
T(rE)+T(n )< 6N(r,%)+5N(r,f)+S(r,f)

< G{N(r,f) + N(r,%ﬂ%(r,f)

This gives T (r, )+ T (r,f')<S(r, ) in view of the hypothesis.
S(r,f)
T(rf)+T(r, )

Or 1< 0, which is a contradiction.
This contradiction proves that k = 1.

f—le
fr—x
or f—y=Ff"—y
or f=f".
Further, f —p = (F =)+ (L — ).
If A % pthen fop Mop g
A-u A—p
since T(r,f)<T(r,f —p)+o{T(r,f)}.

By Lemma 6, we have

or 1< —> 0, asro>w

Therefore,

@

@)

(4)

®)
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T(r,f)< N[r,fi}tN(r,ﬁj+ﬂ(r,f)+s(r,f) ©)

—p

anc T(r,f')<N[r,i}N(r,ijm(r,ms(r,f). o
f—u fr—A

Now, f'—A =f—A
Hence, zeros of T’ —\ occur only at the zeros of T —A.

Therefore, N r,i =N rij
fr—A f-2

Therefore, from (6) and (7), we have

6+ T ()< z[m(r,fi} N[r it ) (r,f)}S(r,f)

—u

Hence using hypothesis, we have

T(r,f)+T(r,f)<S(r,f)
S(r,f)

T(rf)+T(r,f")

Thus, 1< 0 which is a contradiction.

This contradiction proves that A = L.

f-p_ -2

X—H X=X

Hence the Theorem.

orl< -0 as r - w©

Therefore,
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