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Abstract: The sequence spaces W(P),W,(p) and W,_(p)were introduced and studied by 1.J. Maddox
[1,2,3,4]. In [8,9,10] , the authors have introduced sequence spaces C,(U,V, p),c(u,v, p), I (u,v, p) and
I(u,v, p) and established some properties. In this paper we introduce the sequence spaces W(U,V; p) ,
W, (u,v; p)and W, (u,V; p); study some properties, find £ - dual of W(U,V; p). We also characterize the
matrix classes (W(u,V; p),L,,), (W(u,v; p),c )and (w(u,v; p).c, ).
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I.  Introduction
By @ we mean the space of all real valued sequences. A vector subspace of wis called a

sequence space. We shall write , with usual notation , |, ,cand c,for the spaces of all bounded,

convergent and null sequence respectively. A linear topological space X over the field R is said to
be a paramormed space if there is a sub-additive function @:X —[] such that g(8)=0,

9(x)=g(-x) and scalar multiplication is continuous i.e. |o, —a|—>0and g(x,—x)—0
imply g(e, X, —aX) — 0, where @ is the zero vector in the linear space X .
If p:{pk} be a bounded sequence of strictly positive real numbers, 1.J. Maddox defined the

sequence spaces W(p),W,(p) and W, (p) as:

w(p)={X=(xk)ea):%i|xk—I|pk —0; for somel ED,n—)oo}
k=1
Wo(p)={><=(xk)ew:£i|xk|p“ -0, n—>oo} and

N k=1

Ww(p)={x=(xk)€a)3%i|xk|pk <00, n—>oo}.
k=1

The spaces w(p)and w,(p) are paranormed spaces paranormed by

1

1n P \M i _r pe \M
g(x)=sup| = X || or equivalently g(x)zsupr(Z > ™ )
N k=1 "
(1.1)
where Y is the sum over the range 2" <r<2"' and M=(Lsupp,). Further W_(p) is the
r
paranorm space paranormed by (1.1) if and only if 0 < inf p, <sup p, <o [1].
Let X and Y be any two sequence spaces and A=(a,); n,kell be infinite matrix of complex
numbers a, . Then we say that A defines a matrix mapping X into Y ; and it is denoted by
writing A: X —Y if for every sequence X=(X,)e X , the sequence ((Ax)n) isin Y , where
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(AX), = z a, X (nell )

(1.2)
By (X,Y)we denote the class of all matrices A suchthat A:X —Y . Thus, Ae(X,Y) ifand only

if the series on right side of (1.2) converges for each ne[] and every xe X ; and we write,
Ax={(Ax),} €Y forall xeX.

ne

We denote by U for the set of all sequences u=(u,) such that u, =0 forall nell .Forue U,

u u

BUA% 0<k<n
I o, k>n

let lz[ij Let us define the matrix G(u,v)=(g,,) as:

1.3

1Eor ;II n,k el ,where u, depends only on n and v, only on k. The matrix G(u,v)=(g,,) is called
generalized weighted mean or factorable matrix.

The main purpose of the present paper is to introduce the sequence spaces w(u,V; p), W, (u,v; p) and
W, (u,Vv; p); which are the set of all sequences whose G(u,Vv)- transforms are in the spaces
w(p) w,(p)and w, (p) respectively, where G(u,V) denotes the matrix as defined in (1.3). We
have discussed some topological properties of w(u,V; p),w,(u,v; p) and w,(u,v; p); investigated
B —dual for the new space Ww(u,v;p). Moreover we have -characterized the matrix

classes(w(u,v; p),L,.), (w(u,v; p),c )and(w(u,v; p),c, ).

II.  The paranormed sequence spaces
w(u,v; p), W,(u,v; p) and W, (u,v; p).

Before introducing these sequence spaces we would like to present some remarks. Malkowsky and
Savas [10 ] have defined the sequence spaces Z(u,v,X) which consists of all sequences whose G(u,v)-

transforms are in X e{l,,c,c,,I(p)jwhere u,veU . Chaudhary B. and Mishra S.K. [6] have
defined the sequence space m which consists of all sequences whose S- transforms are in
1 0<k<n
0; k>n
Moreover 1.J. Maddox [1] introduced the sequence space W(P),w,(p)and w, (p)which consists of
all strongly summable , strongly summable to zero and bounded sequences respectively whose C-

I(p) ;where S =(s,, ) is defined by s, :{

transforms are in  the spaces  I(p),c,(p)and | _(p)respectively ;  where
1
=; 1<k<n

C=(c,)=1n
0; k>n

and C=(c,, ) is called the Ceasaro matrix of order 1 or the matrix of arithmetic mean.
The matrix domain X , of an infinite matrix A in a sequence space X is defined by
Xa={x=(x)ew:Axe X}

(2.1)
, which is a sequence space.

www.iosrjournals.org 16 | Page



Paranormed Sequence spaces W(u,V; p), W,(u,v; p) and w, (u,V; p) generated by weighted mean

With the notation as in (2.1) , we can have the following representations:
X(u,v,p)=[X],, for X &{l,,c,c,.I(p)}

((P=[1(P)]; -
Following the works of the authors [1,6,9,10] , for p={p, }is a bounded sequence of a strictly
positive real numbers we now define the new sequence spaces u(u,v; p)for

€ {W(p), Wy (p), W, (p)} by

u(u,v; p):{x:(xk) € a):(éunvkxk)e y}

(2.2)
We may write, using (2.1),

p(u,v; p) =[], 5 For e {w(p), w,(p), W, (p)}

If p,=1forall k€ll , wewrite x(u,V)instead of w(u,v; p)

We shall first establish following some simple properties.
Proposition 2.1
The sequence spaces (U, V; p) are complete paranorm space paramormed by

1

M

n P | M
h(x):sup{%z|unvkxk| } ; or equivalently g(x):supr(zr2|unvkxk|pk )
ne’l k=1 r

where Y is the sum over r in the range 2" <k <2". For the space W, (u,v; p), h(x)is a

paranorm if and only if O <inf p, <sup p, <.

Proof: The proof of this proposition follows from the similar arguments as in the theorems 5,6 in [4 ]
and theorem 2.1 in [9]. If {x“} is a Cauchy sequence in u(u,v; p); then {G(u,v)x”} is a Cauchy
sequence in . Now it is a routine work to show x(u,V; p)is complete paranorm space under the
usual paranorm.

Proposition 2.2

The sequence spaces £(u,V; p) are linearly isomorphic to £ € {w(p), w,(p),w, (p)}.

Proof: We define the transformation

T ip(u,v; p) — u by,

Xy =T (X). Linearity of T is obvious. Further, if Tx=6, then Xx=6. Hence T is injective. Now,

1
let y € and define the sequence x=(x,) by X, =—{£—£}; k el
Vk k uk—l

1
1o Pk M
Then, h(X)=sup{= 3 [u v, X,|
N k=1

nel

1

1o M

= sup{—2|yk|pk}M
N k=1

nel
= a(y)
<00,
Thus , we deduce that X € x(u,V; p) and as a consequence we conclude that T is surjective and is a
paranorm preserving. Hence T is a linear bijection and showing that the sequence spaces
(u,v; p)are linearly isomorphic to .
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I1l.  Duals
In this section we find /- dual of w(u.v; p). If X be a sequence space , we define £ —dual
of X as:

X7 :{az (a): i a, X, isconvergent foreachx e X } :
k=1

Theorem 3.1
Let 0< p, <1forevery k e[l . Then w”(u.v; p)=T where

1

rng-1 P r N -1 ™
'={a=(a):X>a, vi (Zl: ) —(2l: ) convrges and rLiLTOL(ZrN*l) ua\”; =0()
r k k k-1

m-™m

Py

Proof : We first assume that the conditions hold. Let ae"and X ew(u,Vv; p) .Then for y e w(p),
there exists a positive integer N >1Such that

1on
_Z|yk| <o
N k=1

, 1
or equivalently ?Z|yk|pk <oo , where sum over r runs from 2" <k <2"*. It follows that ,
r

1

Pk

Vi <(2'N*) . Now,

m-1
= {i{v__v_ﬂ 2
kv lue U u,Vv,,

m

z a'k Xk
k=1

<00,

It follows that " a, x, converges for each X ew(u, Vv; p) .
k=1

Hence, T W’ (uv; p).

On the other hand , let a ew” (u,v; p) . Then, i a, X, converges for each X ew(u,Vv; p) . Since,,
k=1

1
Pk

Pk

2"N* 2"N? ¥
2 @ENT) L @NT) ) it follows that
\ Uy U,
5 | 1[(2N?) (2'NT)
2| — - converges. We need to show that
k=l Vi Uy U,
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1

. A\ a
v &

As a contrary let,

1

~0(1)

Iim(ZrN‘l) " 8 #0(1) , which is immediately against the fact that iakxk converges for
k

n—o u =1

mYm
N
Pr-1

5 | 1[(2N?) (2N
eachx ew(u,v; p)and > a | — — converges.
k=1 Vy u, U,y

1

Hence we must have, lim (2r N‘l) . =0(1)

m—oo umvm

So, we arrive at the result W’ (u.v; p) = I'"; thereby proving W” (u.v; p)=T".

V. Matrix Transformation

In  this section we give characterization for the  matrix  classes
(w(u,v; p),L..), (w(u,v; p),c)and (w(u,V; p),C,) .
Theorem 4.1
Let 0< p, <1forevery ke[l .Then Ae(w(u,v;p),l,)ifandonly if
i) there exists an integer N >1 such that
(2r N—l) (2r N—l)
sup, >max, | a, s — - <oo and
r Vi Uy Uk
o T
i) lim{(2'N*) ==t =0(1)
m—oo umvm
nel
Proof: Let the conditions be satisfied. Since,
-1 1
S {_(ﬁ_hﬂ Yo
k=1 k=1 Vilu U, u.v,
m-1 1
< Zank{_(ﬁ_h]}+_m|ym|
k=1 v lu, U, u,V,,
. 2’N) (2N a o
wo Y fagx] < X max, |ay 1 — ( ) —( ) 4| |(2rN‘1)
k=1 r V, u, U, u,v, ‘
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<sup, Ymax, |a, {— - +(2'NT) |
r Vi Uy Uy 4

< oo , by using conditions (i) and (ii).
It follows that A, €I" and hence iankxk = A (x)converges for each x ew(u,v; p)and nell
k=1

Thus Axel, .
On the other hand , let A< (w(u,v; p),l,). Since,

1 1

L (2r N—l)pk (2r N—l)
k

Pr-1

- ew(u,v; p), the condition (i) holds. In order to see that condition
uk uk—l

(i) is necessary, we assume that for N >1,

1

) fna
lim{(2'NY) = £0(1),
m—o0 umm
ne
o
. " a
that is, (Zer) —mn_ el .
umvm

nel
Now, therefore, there exists a sequence {Nr} —> oosuch that

1

P Pk-1

(2'N7) (2N,

sup, >max, | a, y— - =0(1) and
r Vi Uy Uy 1

limi(2'N,F) T Sml —o().

m—co umvm

nel!

Hence , X, o(w(u,v;p)) but x +— I(w(u,v;p)). So, we arrive at the contradiction to our

assumption A e (w(u,v; p),l.). Thus, condition (ii) is necessary ; thereby completing the proof for

the theorem.

By using the arguments as in theorem (4.1) it is straight forward matter to prove the following
theorems:

Theorem 4.2

Let 0< p, <1forevery k €[] .Then Ae(w(u,v; p),c)ifand only if
i) there exists an integer N >1 such that

rng -1 " rng -1 ﬁ
sup, >max, | a, " (2 ’: ) —(2 Nu ) <oo and
r k k k
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L roa
i) limq(2'N) = =0(1)
m—oo umvm
nel
iii) lima,, =a, exists for every fixed k.
n—o
Theorem 4.3

Let 0< p, <lforevery ke[l .Then Ae(w(u,v;p),c,)if and only if
i) there exists an integer N >1 such that

1

rn -1 i rng-1 Pt
sup, X max, | a, vi (2’: ) —(2 Nu ) <o
r k k k
i) lim (szl)pm% =0(1) and

ne

iii) lima, =, withea, =0 for every fixed k.

n—o
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