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Abstract: In this paper we study the existence of a unique continuous function y=y(x) on 1=(a, a+h] solution
for the fractional differential equationy'®(x)=A f{y(x)) and y**(a)=p, 1 is some constant, 0<a<I, using Banach
fixed point theorem.
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I.  Introduction
Differential equations of fractional orderoccur more frequently in different research such as physics,
control of dynamical systems, engineering, chemistry etc. Recently, many researchers paid attention to existence
results of solution of fractional differential equations (see([1]...[5]). In this study we used Banach fixed point
theorem to prove that there is a continuous function y(X) on
I=(a,a+h] solution for the fractional differential equation
y9(x)=\ f(y(x)) and y“(a)=p, p is some constant, 0<a<l.

1. Preliminaries
In this section we introduce notations, definitions and preliminary facts which are used throughout this
aper.
Fl)Deri‘inition (2-1)([6]): Let M;={g:qg is a real valued function and continuous on the interval [a,b]}. Let the norm
lIllo on Msbe defined as:
Igllo = supsefa,ntle)|}

Lemma (2-1)([6]): The space (M, ||-||lo) is a Banach space, where M is defined in definition (2-1).
Lemma (2-2)([7]):Let 0<a<l and f,g be continuous functions on (a, ), where acR and such that

px-a) LR
I'(a) +F(a).!:(x 0" 1(g(x))dt for all

sup{[f(g(x))|:xe (a,0)}=M<w. Define T, (X) =

X>a, u is some constant. Then f,e c(a,).

Lemma (2-3)([7]): Let us define F,(x) = (x-a)"*f,(x) on (a,), where f,define in lemma (2-2) and 0<a<1.Then

F.e c[a,~].

Definition (2-2)([8]):Let p, q >0 the fol xP~1 (1 — x)9dx exists and is define for the Beta function as follows
1

B q) = j 1 (1 — x)11dx

0
Definition (2-3)([9]): Let (G, |I-|l) is a normed space, then a mapping T:G—G is said to be a constraction on G
if there exists a constant k with 0< k<1 such that|| T(x)-T(y) || <kllx — y|Ifor all x,y €G.

Lemma (2-4)([10]): [Banach fixed point]
If (G, |||lo)is a complete normed space T:G—G is a constraction on mapping, then T has one and only one fixed
pointin G.

Definition (2-4)([11]):Let f be Lebesque- measurable function defined a.e on [a, b], if a>0 then we define

e 10 et
I f_r(a).!:f(t)(b t)* Ldt

provided the integral (Lebesque) exists.

Lemma (2-5)([6]):Let o, ye R, y> -1. If x>a then
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, (¢ —a)*7 .
x, (t—2a) —~~ 7 a+7 =% negative integers
! T( —+1): IN'a+y+1)
Y 0 , o+7y=negative integers

Lemma (2-6) ([7]):If 0<a<1 and f(x) is continuous on (a,b], [f(x)| <M for all xe(a,b] (where MeR", M>0).
Then
X

I 1% f=f(x) for all xe(ah].

a a
Definition (2-5) ([11]): If a.eR, fis defined a.e on the interval [a, b], we define

d°f fey=1f for all x<(ab]
dx* a

T
provided that 3 exists.

Theorem (2-1)([11]):Let 0<a<1 and y be positive constant. Let g(x)=(g1(X), ga(x), ..., g.(X))", xe[a,), where

1
gi are continuous on [a,0), i= 1, 2, ..., n and |g(x)| = (XTI, g?)? and |g(x)|<x+c, where ¢ is positive constant.

-1
Let fi=(fy, f,, .... £;)" such that f,<[a,cc) and sup{If(x)|: xe[a, %)}=M<o0. Choose  such that 1 < (e (5)“)

a

Then there exists continuous vector function y(X)=(y1(X), Ya(x), ..., ya(X))", Xe(a,%) such that y““(x)=Af(y(x)),
xe(@w) with y*P@)=y, where u=(w, . .. u)' is some constant vector and satisfied
ly(x)|<exp (ac™x|).constant.

I11. Main Results
In this section we prove the existence of a unique continuous function y(x) on I=(a, a+h] solution for the
fractional differential equationy®(x)=Af(y(x)), and y**(a)=p, where p is some constant, , 0<a<1, using Banach
fixed point theorem.

Theorem (3):Let 0<a<1, M, A>0 and acR and I=(a, a+th], let further the constant b, h, A>0 and K, L, A satisfy

the relations

= % < 1 and MhA<KT (o+1).

Let D be a region in the x, y plane which contains the set

c={(x, y): xel, |x-a)'*- b < k}, let fix, y) be a continuous function on D
such  that |fix, y) <M for all (x, vy € D and [FOX,Y1)-T(X,Y2)[<Aly1-Yal
for all (x,y1),(X,y2)eD.Then there exists a unique continuous function y=y(x) on | which is solution for the
differential equation y9(x)=A f(y(x)) and
y“B(@)=p, where p is some constant.

Proof: letb = ﬁthen bec[a, a+h].

Let (Mg, |lo) be the normed space which has been defined in definition
(2-1), from lemma (2-1) (My, |I|lo) is a complete normed space. Define H={G: GeM;, ||G-b]|, <k}, we shall
show that H is a closed subset of M;. For if {G,}5-; is a sequence in H such that lim,,_,,, G, = G,G € M. Then
given e>0 there exist NeZ" such that for all n>N we have |G,-G|,<e. Since
IG-b]l,<IIG-GilloH|Gr-bllo<ek and ¢ is arbitrary, it follows that ||G-b|l,< k and this shows that GeH and
consequently H is closed. Since every closed subset of a complete space is complete, hence H is complete. Now
consider the following equation:

%)= u(x-a)“™* L1
I'a) I'(x)

y( I(X—t)“_lf (y(t))dt, for all xe(a, a+h].
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Then from lemma (2-2) we have yec(a,a+h], and so

(x-a)y(g=b+ XD ()_af(x 0 (YL tor sl xeto ook 5.1

Define G(x)=(x-a)"y(x) for all xe(a,a+h],F(x, y(x))=(x-a) " (y(t)),
a<t<x<a+h ...(3.2)

1 X
Then (3.1) takes the form G(X) =b + WJ.(X —)“F (X, y(t))dt for allxe[a, a+h],

since [F(x, y(O)[=l(x-a)" fiy(0)] < h**M .(33)
Therefore by  lemma  (2-3), the integral _[ (X—t)*'F(x,yt))dt  exists  for  all

xe[a, at+h], thus Gec[a, a+h] and hence GeM;.
Furthermore [|G — bll, = Supxefaa+n|Gx)-b|} =

SUPxe[a,a+n (X — @)%y (x) — b|} < k hence GeH.
Now define an operator T on H as follows.For GeH

A 7 _
TG(X)=b+mI(X—t)a 'F(X, y(1)dt for all xe[a, a+h].Since by lemma (2-3) the integral

j(x—t)‘HF(X, y(t))dt exists for all xe[a, a+h] and bec[a, a+h], the TG(x) is well defined for all xe[a,
a
a+h].

Next we shall show that T:H—H and T is constraction mapping.
Indeed if GeH then we have

ITG = bll, = supxeja,a+n {ITGE)-b}

A g ad
=< SUPxe[a,a+h] {m}[(x _t) |F (X1 y(t))| dt }

Then from (3-3) we have

Mh®) 4 % o
”TG - b”o < SUPxe[a,a+h] {—J(X _t) ! dt
a

I'(a)
Mh®4) 4 (x —a)*
= SUPxe[a,a+
N IR
IN'a+1)

Thus TeH and hence T:H—H.
Let further G;, G,eH then from (3.1) we have
ITG, — TG, = Supxe[a,a+h]{|TGl (x)-TG, ()}

A .
—f(x — ) 1F (x, y, (t)dt

A )
—J-(x — ) 1F (x,y,(t)dt — r@

()

}

= SUPxe[a,a+h] {
/1 X
< SUDxe[a,a+h] {@f(x — ) YF (x,y,(t)dt — F(x,y, ()] dt}
a

A _ 1-a x
= SUPscinasn [% =011 - 0, (t))|dt}
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A _ 1-a x
< A SUPxeaa+h] {% f (x — )%y, () — v, (t)|dt]

)’ _ 1-a x
= A Supxe(a,a+h) {%f(x — )t —a)* 1 G, (t) — Gz(t)|dt]

ﬂ'(x - a)l—tl i a-1 a-1
TI(X— Ot —a)* | G — Gz||odt]

Al 61— Gollo(x—a)! ™ - -
= A Suprefaarn {5 e [ -0t - @) tdt}...(3.4)
Let U = =% then
xX—a

<4 Supxe[a,a+h] [

1

f(x — )1t — a)* 1dt =f U* 11 —w)* 1(x —a)?*du,
a 0
and its follows from definition (2-2)

f(x - )1t — a)* tdt = (x — a)?*"1B(a, a) ... (3.5)
From (3.4) and (3.5) we o%tain

”TGl - TGZ”o =4 SUPxela,a+h] {

Alx = ) HIGL = Gallo(x — a)** ! B(a, a)}

I'(a)
Alx —a)?|| Gy — G|, B(a, @)
= Asupxe[a,a+h] (@)
L AMB(a, )| Gy — Gallo
B I'(a)
=L||G; — Gyll,,0<L<1 ...(3.6)

It follows from definition (2-3) that in view of (3.6), it follows that T is a constraction on H.
Hence by the Banach fixed point ((lemma (2-4)) there is one and only one GeH such that T(G(x)) =G(x), for
allxe[a, a+h].

ﬂ X
Thus G(X) =b+ —j. (X=t)*F (X, Y(t))dt for all xe[a, a+h],
['(a)

It follows from (3.2) that

—a /,l a-! —a

(x-a)"y(x) = @' T I(X 0“(x—a)™ f (y(D)dt,
and thus

Y= ”(lf(a) ) 2 -0 1 (Y(O) ol xe(e et

Now by definition (2-4) we obtain
a-1 X

e et L GCER @7
and so

X X _a)al x ot

R R G MNP Y P Y

a a F(O()

o -2

But from lemma (2-5) we have = 0 and by lemma(2-6) we get
a

['(a)
X t

;!1 N !1 “f= f(y (X)) for all xe(a, a+h]

www.iosrjournals.org 37 | Page



On Banach Fixed Point Theorem Solving a Special Kind of Fractional Differential Equation

X
Thus ! _ay =1 f(y(x))xfs(a, a+h]
Then by using definition (2-5) we get
YO e) =17y = 21y () xe(a, a+hi
Furthermore from (3.7) we have

X X - a-1 X t
Il—ay:II—a /Ll(t a) +i Il—aIa f
a a F(Of) a a

It follows from lemma (2-5) that

X X t X
1"y =+ A1"1°f = u+ A1 f
=u+ 2 [ f(y(®)dt

X 1-o .
andsol ™ 7Y exists for all xe[a, a+h]
a

since by definition (2-5)

y“r ) =1y

therefore y("‘*l) @) =u
Now from theorem (2-1) equation (3.11) we have

[FC| < b+ |A][kF (x)]

then from theorem (2-1) equation (3.8) we have
(o

ey
IF()| < b+ IAIIIFlloy—aeV'x'

< b+ |IF|l,e"™ since yc=a.
= e"™be M +|IF|l,)
<e'™®b+|Fll,)

thus by using theorem (2-1) equation (3.3) we obtain

[(x — )y (x)| < e"™[b+|Fll,]
Ry (x)| < e?™I[b + ||IF||,]
ly(o)l < e”™he=1[b + ||F]|,]

and so the solution function satisfied
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ly(x)|<exp (ac™|x]).constant.
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