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Abstract: The main aim of this paper is to introduce and study the notion of Size-biased discrete two-parameter
Poisson-Lindley (SBDTPPL) distribution. Besides deriving its p.m.f., some of its properties and the expressions
for raw and central moments, coefficients of skewness and kurtosis have been obtained. We have explored its
moment equations and maximum likelihood estimators. A simulation study has been proposed in the end.
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I.  Introduction
Lindley (1958) has introduced a one-parameter distribution, known as Lindley distribution, given by
probability density function (p.d.f.)
2

f(x; 0) = iy 1(1 +x)e % ; x>0, 8>0. ..(1.1)

where as one parameter Poisson-Lindley distribution (PLD) has been introduced by Sankaran (1970) to model
count data with probability mass function (p.m.f.)
0%(x+ 60+ 2)
fo(x;6) = NG
The distribution arises from the Poisson distribution when its parameter A follows a Lindley distribution with
probability density function (p.d.f.)
2

. 0) = -61
g 0) =g+, A>0,  0>0. ..(13)

A Two-parameter Lindley distribution has been proposed in Shanker et al. (2013) of which one-parameter
Lindley distribution (LD) is a particular case, for modeling waiting and survival time’s data. Shanker and
Mishra (2013) proposed a two-parameter Quasi Lindley Distribution (QLD) and studied its properties. In all the
data-sets, it is found that the QLD provides closer fits than those by the Lindley distribution. Shanker et al.
(2012)? proposed a discrete two parameter Poisson Lindley distribution (PLD), of which the Sankaran’s
Poisson-Lindley distribution (1970) is a special case. It is derived by compounding a Poisson distribution with
the discrete two-parameter Lindley distribution of Shanker et al. (2012)%. They derived first four moments of
this distribution and have studied the estimation of the parameters by the method of moments. They have found
that the two-parameter PLD is better fit and more flexible than the Shankaran’a one-parameter PLD to some
data sets.

Ghitany and Al-Mutairi (2009) discussed some estimation methods for the discrete Poisson Lindley
distribution (1.2) and its applications. They derived a discrete two-parameter Poisson Lindley distribution by
compoimding a Poisson distribution with a two-parameter Lindley distribution obtained by Shanker et al.
(2012)".

In many a situation experimenters do not work with truly random sample from the population, in which
they are interested, either by design or because of the fact that in many situations it becomes impossible to have
random sample from the targeted population. However, since the observations do not have an equal probability
of entering the sample, the resulting sampled distribution does not follow the original distribution. Statistical
models that incorporate these restrictions are called weighted models. When an investigator records an
observation by nature according to certain stochastic model, the recorded observation will not have the original
distribution unless every observation is given an equal chance of being recorded. For example, suppose that the
original observation x, comes from a distribution with p.m.f./p.d.f. fy(X,) and that observation x is recorded
according to a probability re-weighted by a weight function w(x) > 0, then x comes from a distribution with
p.m.f./p.d.f.

,x=01,..;6>0. ..(1.2)

o) = — 0 1
(X) = m O(X) ( 4)
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Rao (1965) introduced distributions of this type and called them weighted distributions. The weighted
distribution with w(x) = x is called size-biased/length-biased distribution. Patil and Rao (1978) examined some
general models leading to weighted distributions and showed how the weight w(x) = x occurs in a natural way in
many sampling problems. A study of size-biased sampling and related form-invariant weighted distributions
was made by Patil and Ord (1975). A survey of real-life applications of size-biased distributions may be found
in Patil and Rao (1977, 1978).

Ghitany and Al-Mutairi (2008) proposed size-biased Poisson-Lindley distribution and suggested its
applications. They consider the size-biased version of Poisson-Lindley distribution and obtained the p.m.f. of
size-biased Poisson-Lindley (SBPL) distribution as

93 x(x+0+2)

X
f(x; 0) = Efo(x;) = 952 0 F D x=12,..;6>0,..(15)
0+2

where, y, = 60+ D) is the mean of the Poisson-Lindley distribution with p.m.f. (1.2).

The mean (), variance (), coefficient of skewness (VB;) and coefficient of kurtosis (B,) for the SBPL
distribution proposed by Ghitany and Al-Mutairi (2009) are as

_ 6%+40+6
1.7 g(e+2) ’
_ 2(8%+60%2+120+6
Mo = T er@e+? !
\/[? _ 0°+100*+420°+846%+720+24 d
1 V2(03+602+120+6)3/2  ’
07+220°+18405+7800%+180003
B, = +225602+14400+360

2(03+662+120+6)2

Adhikari and Srivastava (2013) proposed another size-biased Poisson-Lindley (SBPL) distribution obtained by
compounding the size-biased Poisson distribution with Lindley distribution without considering its size-biased
form. The size-biased Poisson distribution has the p.m.f.

-A 7\X_1
f(X/)\) = m; X = 1,2,3, . A> 0, (16)

Now if its parameter A follows the Lindley distribution with p.m.f. (1.1) then the p.m.f.of the size-biased
Poisson-Lindley (SBPL) distribution is obtained as

f(x;0) = f, f(x /1) . go(A;0) dA

_ 0 e—)x_)\x—l 92 _on
Lo w0 dA
2
= (e+91)x+2 (x+0+1), x=123,..(1.7),
The mean (), variance (1), coefficient of skewness (VBy) and coefficient of kurtosis (B,) for another size-

biased Poisson Lindley (SBPL) distribution are as under

02 +20+2
=86+
0% +46%4+60+2
M2 =929 + 1)2
\/__65+764+2263+3262+186+4_
P = (0° +402+60+2)%2 "
_ Wy 07 +156° +876° + 2580" + 4060° + 33807 + 1440 + 24
B. = w2 (03 + 462 + 60 + 2)2 '

Adhikari and Srivastava (2014) proposed Poisson-size-biased Lindley (PSBL) distribution obtained by
compounding the Poisson distribution without considering its size-biased form with size-biased Lindley
distribution. The p.m.f. comes to be

£(x; 0) = f Tela @ AL + 2. e~ dA

O=) T @+ €
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93
- B®+1)**3'9+2

(x+1DE+06+3), x=0,12,,..(1.8),

Here the mean (), variance (), coefficient of skewness (VB;) and coefficient of kurtosis (B) of this
distribution are as:

3 203+ 1002 + 1406 + 6
M= 90+ 2)(0 + 1)

207 +200° + 840° + 1880* + 242603 + 18002 + 720 + 12

2 = (0(0 + 2)(6 + 1)2}2
20 432010 + 2346° + 10120° + 284267 + 54240° + 71900° + 66440 + 42120% + 17520 + 4320 + 48

V1= (207 + 2006 + 8405 + 1880% + 24203 + 18002 + 720 + 12)3/2 ’
2015 + 480 + 860013 + 1250002 + 4872801 + 1769560%° + 5661626° + 2160028608 + 88227867 +
vy = 76371665 + 49253605 + 2626950 + 1070326° + 3648062 + 34560 + 288

(267 4 2006 + 846> + 1880 + 24263 + 18002 + 720 + 12)2

Shanker et al. (2012) proposed a two-parameter Lindley distribution given by the probability mass function
(p.m.f.) as

2

f(x; o, 0) = T a (1 + ax).e %, x>0, 8>0, a>0..(1.9)

This distribution has been found to be a better model than the one-parameter Lindley distribution for analyzing
waiting time, survival time and grouped mortality data. For a = 1, the distribution reduces to the one-parameter
Lindley distribution (1.1). Suppose that the parameter A of a Poisson distribution follows the two parameter
Lindley distribution (1.9), then the two-parameter Lindley mixture of Poisson distribution becomes

0 e~ A )X 02 _
P = f) 5 - Gy L+ ad).e™®dr

= v [+ax+a] =0,1,2 6>0; a>0..(1.10

= I T o ; x=01,2,..; ;o ..(1.10)
This is called a discrete two-parameter Poisson-Lindley distribution. It can be seen that for a = 1, this
distribution reduces to the one-parameter Poisson-Lindley distribution (1.2). For a = 0, it reduces to the

geometric distribution with parameter, p :ﬁ.

The first four raw moments of this distribution with p.m.f. (1.10) obtained by Shanker et al. (2012) are as

0+ 2a 0+2a 2(6+3a)

M =50+ W =+ 20+ a)
, 0+2a 6(6+3a) 6(0+4a)
Wy = + + ;an
00+a) 02(6+a) 630+ a)
0+2a 14(06+3a) 36(0+4a) 24(0+5a)
T80+ a) 02(0+a)  B3(O+a)  6*O0+a)
Moreover, for a = 1, these moments reduce to the respective moments of one-parameter Poisson-Lindley
distribution with p.m.f. (1.2).
We also propose a discrete two-parameter Lindley-Size-biased Poisson (DTPLSBP) distribution by
compounding the size-biased Poisson distribution with a discrete two-parameter Lindley distribution without
considering its size-biased form (this paper is on the process of publication). The size-biased Poisson
distribution has the p.m.f.

f(E)—ﬂ- x =123 A>0,..(1.11)

VT o XT3 , - (L

Now if its parameter A follows the discrete two-parameter Lindley distribution with p.m.f. (1.9), then p.m.f. of a
discrete two-parameter Lindley-Size-biased Poisson (DTPLSBP) distribution is obtained by using mixture
model as:

®x

f(x; @, 0) = f g(X) . h(x;0) dA
0
© e—)\}\x—l 92

_ vy
) (X—l)!'6+(x'(1+a7\)e dA
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62
S BrD e+ a.(e + 14 ax)...(1.12)
Then the First four central moments, skewness, kurtosis and their coefficients of this Proposed a discrete two-
parameter Lindley-size-biased Poisson (DTPLSBP) distribution with p.m.f. (1.12) are obtained as:
0(0 +1) + a( + 2)

= 80 + o)
203 4+ 02 + 3a6? + 406 + 2020 + 20>
H2 = 600 + V)2
05 + 30* 4+ 203 4+ 2402 + 400* + 1500°% — 12082 + 4800 + 5a20% + 180202 — 36020 + 20302 + 6030 — 200 + 24a?
Hs = 00 + 0}

Ha
87 + 100° + 1865 + 96* + 5a0° + 60a6° + 12606* + 72063 + 9a?0° + 116a26* + 2400203 + 2040262 + 480
+7030%* + 920363 + 1320362 + 192030 + 2003 + 20*0% — 96a*0 + 14403 — 120a*

{8(6 +)}*
H% Mg
|31=_3' Bz=_2» Y1 = 4By and y, = B, —3
K2 M2

If we put a = 1, in the first four central moments, skewness, kurtosis and their coefficients of this proposed
distribution then we get the corresponding one parameter a Size-biased Poisson-Lindley (SBPL) distribution
with p.m.f. (1.7).

Il.  Size-biased discrete two-parameter Poisson-Lindley distribution:

In this paper we propose size-biased discrete two-parameter Poisson-Lindley (SBDTPPL) distribution
by compounding the size-biased Poisson distribution with size-biased discrete two-parameter Lindley
distribution with p.m.f.

(. 0 X 83
(x;8,0) = Ho PO = 8+ 1)**+270 + 2«
x=12,.;06>0 a>-6;..(2.1)

is the mean of a discrete two-parameter Poisson-Lindley distribution with p.m.f. (1.10). The

X0+ a+ 1+ ax),

_ 6+2a
where, g = T

Size-biased discrete two-parameter Poisson-Lindley distribution also arises from the size-biased Poisson (SBP)
distribution with p.m.f.
x—1

D= e ,
gx/M) = e G- D)
When its parameter A follows a size-biased discrete two-parameter Lindley model with p.d.f.
3
h(46,0) = ——A(l+ae™®,  1>0,6>0,..(23)

then the p.m.f. of this Size-biased discrete two-parameter Lindley distribution with the mixture of Poisson
distribution is obtained by using mixture model as:

f(x; 0, 6) = f g3 nove) an
o A
© e—llx—l 93
), =DV +2¢a
6° 1 ? —+a ”
= : J e” AXdAd+ f e~ O+ g Jx+1 q)
0+ 2a (x—1)!|J, 0
B 63 1
T (6+1)*27°0 4 2a
This is same as p.m.f. (2.1). The first four raw moments of this proposed size-biased discrete two-parameter
Poisson-Lindley (SBDTPPL) distribution with p.m.f. (2.4) comes out to be
, _ 0°+36%+2a6% + 8af + 260 + 6a
= 906 + D(6 + 2a) ’
, 0% +76° 412607 + 60 +2a6° + 20a6? + 4200 + 24a

x=12,..,1>0,..(2.2)

A(L + ad)e~®2da

x@+a+1+ax)..(2.4)

K2 926 + 1)(0 + 2a) ’
, _ 0°+156* +500° + 600> + 2460 + 2a6* + 44a6> + 1866 + 264af + 120a
Ms = 936 + 1)(6 + 2a)

i
_ 6°+4316° + 1800* + 3900° + 36002 + 1200 + 2a6° + 92a6* + 690a0® + 1800a6? + 1920a6 + 720a

040 + (0 + 2a)

www.iosrjournals.org 42 | Page




Size-biased discrete two parameter Poisson-Lindley Distribution for modeling and waiting surviva

The mean (p,) and variance (u,) are obtained as:
03 + 362 + 2a6? + 8af + 20 + 6a
= 906 + D(6 + 2a) ’
_ 20°% + 60* + 60° + 202 + 10a6* + 32a6° + 34a6? + 12a0 + 122263 + 36a26? + 36a20 + 12a>
Ha = 000 + D0 + 2a)}2
If a = 1, then we get the corresponding mean and variance of the Size-biased one-parameter Poisson-Lindley
distribution.

We now give some basic properties of the SBDTPPL model.
(1) Since
p-a?
_0°+20° — 0% —46° — 20 + 4a6° + 8ab* — Bah® — 24a0* — 12a6 + 4a?6* + 8a?6® — 8a?H? — 24a%0 — 12a?
B {006 + 1)(0 + 2a)}?

(ii) Since

f(x+1,9)_( 1 ).<1+l>.(1+ a )
f(x;6) 0+1 x 0+a+1+ax
Is a decreasing function in x, f(x; 0) is log-concave. Therefore the SBDTPPL distribution is unimodal, has an
increasing failure rate ( IFR ) and hence, increasing failure rate average (IFRA), new better than used (NBU),
new better than used in expectation (NBUE) and decreasing mean residual life (DMRL) in Barlow and Proschan
(1981) for more details about the definition of these aging concepts are given.

I1l.  Method of Moments
Given a random sample X, X, Xa,...,X,, Of size n from the SBPL distribution with p.m.f.(2.2), the
MOM estimate, 8 of 0 is given by
0%+ 362+ 2a0% + 8a6 + 26 + 6a  _
E(X) = =X
6(6 +1)(6 + 2a)
Or, 63 + 302 + 2a6?% + 8a8 + 26 + 6a — ¥0% — ¥0% — 2ax60% — 2ax6 = 0
Or,(1-x)8%+ (3+2a—2ax—x)0?>+ (2+8a — 2ax)0 + 6a =0

Note that X =1 ifand only if x; =1 forall i =1, 2... n. A data set where all observations are ones is not worth
analyzing. This situation, o course, will not lead to any estimate of 6. However, such situation may arise in a

simulation experiment when n is small. For this reason, we will assume throughout this paper that X>1.
IV.  Maximum Likelihood:
Given a random sample X1, X,,...,x, 0f size n from the SBDTPPL distribution with p.m.f. (2.2) is,

by~ O 1
f&:0.0) = e g5 2a

xX@+a+14+ax);, x=12,..,0>0a>0

The likelihood function will be

L@ 0.0 =] |Fa0@

K 1 \'1 1 . .
= WH—ZQ l_llmxl( + a+ +C¥Xi)
i=

Taking log both sides
logL =3nlogf —2nlog(6 + 1) —nlog(6 + 2a)
n n n
+Z logx; + Z log(@ +a+1+ax;) — in log(6 +1)
i=1 i=1 i=1

dlogL  —2n 4 . 1+x;
da 0+ 2a ,1(9+a+1+axl-)
i=

(3.1,

dlogL  3n 2n nX n +i 1
0 6 6+1 0+1 6+2a L (0 +a+1+ax)
=
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dlogl  3n n(2+X) n

OR 0 6 6+1 _9+2a+i=1(9+a+1+axi)"'(3'1)b
Thus the ML estimate 8 of 0 is the solution of the non-linear equation

3n n2+ x) n 1

9 6+1 0+2a 9+a+1+axl_0'"(3'2)

The two equations (3.1), and (3.1), may be solved by appropriate numerical methods. However, the Fisher
Scoring Method can be applied to solve these equations. For, we have

0%logL.  3n n(2 +Y)+ n . 1 33

902 02 (0+1)2 (0+2x)?% 4 (6 + o+ 1+ ax;) +(3:3)a

i=

d’logl.  4n zn: ( 1+ x; )2 33

da2 (0 +2a)? < " 0+a+1+ax; -+ (3:3)p

i=
d%logL. 2n . 1+x;
(3.3),

9008 (8 +20)% (@ +atitax)?”
i=

The following equations for 8 and @ can be solved

[6210gL azlogL] dlogL
902 9ad9 [6 - 90] _| o6
9%logL.  0*logL a—a dlogL
008  daz 10=6, da 18=6o
a=ao a=0o

Where 8, and « are the initial values of 0 and a respectively. These equations are solved iteratively till
sufficiently closed estimates of 6 and @ are obtained.
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