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Paley Wiener Theorem

A.ParveenBanu

Abstract: In this work we study how to apply PALEY WIENER theorem to the Fourier transforms of functions
with compact support.

I.  Introduction
One of the classical theorems of Paley and wiener characterizes the entire functions of exponential type, whose

. L2 . . . 2 . .
restriction to the real axis isin L"as being exactly the Fourier transformation of L” functions with compact
support. We shall give two analogues of this (in several variables), one for

C°°(R) = {f / fis differential at everywhere}with compact support, one for distributions with compact

support
Note:

In the following two theorems,Support of rB= {X eR" /|X| < r}

Theorem:
If ®e (R") has its support in rB and if (z)= _[Gb(t)e‘iZt dm(t) (Z € C”) (1) then is
Rn

entire, and there are constants y,, < oo such that | f(z) <y, (1+ |Z|)7N e™ (2)

(Z eC",N=012.. ) Conversely, if f isan entire function in C" which satisfies(2) for some N then

there exists U € D’(R”) , With support in rB, such that (1) holds.
Proof
rB= {x eR"/|x < r}

If terBthen |t| <r , consider ‘e‘iz‘ — eVt < el < glimdr

let K= supportof ® e rB.

Claim: ®(t)e™ e L'(R)

Since @ € D(R”), @ is differentiable = @ is continuous complex function
= @ is measurable

Also e

Hence (I)(t)e_itz is complex measurable function

consider_”d)(t)e’"zdm(t)‘ < “d)(t]er“m ? dm(t)

continuous complex function

= "™ [@(t) dm(t) )

since @ is continuous and support of @ is compact, @ is continuous function defined on a compact set
Hence @ is bounded, there exists a real number M such that |CD(IX <M Vvt

(3) becomes ﬂd)(t)e —itz| dmt < e'm j M dm(t)
R R

<M e"™ m(k)

<
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Hence ®(t)e™ € L'(R), therefore forevery ze C, f(z)= ICD(t) e ™dm(t)existson C.

Now to prove f is an entire function, for that it is enough to prove that f is analytic, for proving f

is analytic , we have to use morera’s theorem(statement: If f is continuous and J- f (Z)dZ =0,then fis

r
analytic.)
so first we have to prove that f is continuous

it 2, = 2 then | (2,)— T (2) =|[ @(t)e ™ dm(t) - [ @(t)e ™ dm(t)

since,outsideK, @(t) =0

I(D(t) (e—iznt _e—izthm(t)

< j [®(t)[je " —e|dm(t)
k
:J-M ‘e*iznt _e—izt dm(t)
“ @)
consider‘e’iz"t —e < ‘e’iz“t Jr‘e’iZt
<eY +e¥

< el gl
<d®M 4 d M [since y, >y, |y, =Y<Ly <1+]y]]
_ gltly (em +1)
<g'lim (1+ e’ ): 9(z) (say)
now consider [|g(x)dm(x) = [le" 1+ ef]dm(x)
R k

e (1+ eerm(x)

e (1+ er] m(K) which is finite

also er"mz‘ (1+ e’ )is continuous, therefore measurable

hence g(z) € L'(R)
alsosince z, »>z=>€e ™ —»e™ as n—oo
=™ —e™)>0 as n—oo
dm(t) -0

hence by dominated convergent theorem , ”e_iz”t —e

k
therefore (4) becomes | f (z,)-f (Z) < I M ‘e_iz"t —e ™ dm(t)
!

—>0 as nN—ow
f(z,)—> f(z) as n >
hence f is continuous

Claim: [ f(z) dz =0

T

a
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letz=w(s)a<s<b, dz=ae(s)do
b

consicer | £(0)ar(5) doo = [ [wft) e ™ 2 o) do

a
since d)(t)e D(Rn ):> d)(t) is differentiable
= D is continuous
= @ is measurable

e s continuous, therefore measurable
—itw -
hence d)(t)e "“is measurable
rlimo)| dt

consicer [ /(5)[|(t)e ™| % o< [a(s)Me"™ 7 do

a
b
<[o(s)Me™™ M) 4 which is finite

27

Conversely assume that f is an entire function and | f (Z) <N (l+ |Z|)
Define ®(t) :I f(x)e™ dm(x) (teR)

claim: (L+[x)™ f(x)e L'(R)
Since f(x) is analytic, f is continuous.
Therefore f is measurable.
dx
Jor

conside [+ £ (<))< [l "7 7
R —o0

o) OX

2z

A" 'T‘1+|x”_2 dx

2z

[l 7 e

-N _rlimgz
emoel.

1

< \/7/2“'_”1‘1+|X”_2 dx [since

<o
L+[x| " f(x)e L'R).
Claim: @ € C”(R)
ityx  Lisx
Let f,(x)= f(x)(te . )

Lim f_(x)= Lim f()e* —e”)

n—o n—w tn -9

) ) (eitnx _eisx)
= F0) Lim=—
= f(x)e™ Lim(el(tn;_)xs_l)

n—oo ‘t

n

1 .
@+x)* (L+x?)

]
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= f(x) e Lim ™ -1)

where h, =t —5s

n—o0 hn
H 2
1+ihnx+(lh”lx)+,.,
Lim f, (x)= f(x)e™ ix | Lim -
Lim f_(x)= f(x)e"™ ix
it,x _ isx
f, (X) = f (X)(et—e) is measurable.
it x _ isx
Consider |fn (XX = f(x)(et—_:)
) i(t,—s)x _1)
) g £ 1)
e ‘

f(x)e™ (™ -1)

(6)
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dm(x)

fla(x) dm(x):jﬁf(x)

R

X
2
< T}/N L+ |x) ™ et

) 3 emt

—00

dm(x)

X
2

IA

00

Choose N=2 ~ 72 J.(1+|X|)72

—00

%‘ dm(x)

dx
Jor

X
2

o1
“ )

< 00

therefore f(x*g € L'(R).

by dominated convergent theorem,

Lim | f(x)(teit"xs‘eisx)dm(x) = [ £(x)e™ ix dm(x)

n R

Lim P8 =26) _ 1 ¢ (e ix )

n—o tn —S

d)'(t)exists
@ is differential at everywhere
®eC”(R)

Claim: .[ f(&+ in)eit(§+i”)d§ is independent of 7 for arbitrary t .

Let I" be a rectangular path in (5 + in)plane with one edge on the real axis, one on the line 77 = 77, whose
vertical edges move off to infinity

since f and """ are analytic

therefore f """ js analytic and T be the closed path ,

therefore by cauchy’s theorem j f (f + iﬂ)Eit(an) dé=0
T

& m & 0

[f(e)ede+ [ (& +ink “idn+ [ £(£+in e e+ [ £(& +ink"“idy =0
& 0 & i

(7

dn

t A
Consider || 1(&, +in)e"idn|<||£(&, +in)e"="
0 0

h
:J'|f(§?_+in)|e‘“7d77
0
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< T(1+|§2 +ig)) "y, e7e dy
0

n e(r—t)n

—y [—— d
}/Nz[ (L+|g, +in|) 7

i e(r ’[)77

<
o 1+

m e( r-t)n
Smjﬁdﬂ

0 &
7 e(r‘t)’h -1
|§2|N r—t
7y 1_e(r7t)771
|§2|N t—r
<}/_N
= N
i

—0 as &, —o0(8)

d775|nce|é‘2 +|77| |§2|N

0

Similarly I f(&+i n)eit(fﬁhﬂid n=0 a g >
h

Taking & — —ooin (7)

L|m j (g)e“éd& L|m j (&, +ine e |d77+ L|m j (§+i771)e"(5”’71)d§+§Linlj

& Ui

S
1

Taking &, — ©

j(g)e"fd§+j (&+in, " mds =0

[ H()ede —I (&+in, " ds =0¢9)

R R

From (9) , (5) becomes CD(t) =I f(X + iy)e"(”yx) dx (t S R)
GiventeR", t=0

Choose Y = A where 1>0

Itl

Thent-y=t-

||
If t<Othent-y=t- £=—tl

(& +ink"“lidy =0

& &1 0
Lim [ f(&e™de+ Lim j f(&+in e cimde + Lim j f(& +in)e"aidy = Oby(s)
e & e m
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If t>0thent-y=t- %zti

Therefore t-y = l|t|
ly[=]4]=2 [since A > 0]

it(x+iy)| _ |f X + Iy]‘elt x+iy)

Now consider ‘ f(x+iy)e

N r\img(x+iy)

<7y (1+|x+|y|) e’ty‘
=y L+|x+iy)) e
<7 (1 |X|
<¥n (1+|X|

=7y (1+|X|

=7y (1+|X|
Now considerdb(t):j f(x+iy )" dmx

rly|

e"ty‘ [since X +iy| > |x]1

N ar¥lgtlyl

e"le

Iyl

~N
el
-N (el

)
)
)—N
)

R
D(t) < ”f(x+iy)e“(”yx)‘ dmx
R
< j;/Ne"*‘tHl(1+|x|)fN dmx
R

- —N
=y el I(1+ Ix|)™ dmx
R
Where N is chosen so large, choose N=2

() =y,e J'(1+|x|)72dmx

P [

Now to prove support of @ in rB
If [t|>r

\r |2

<oo

Then @(t)< 7, e I ”“J.|+|x| dmx
R

As A — oo [D(t) =0
@(t)=0iflt) > r

@(t) = 0ifft| < r

Therefore support of @ inrB

Apply inversion theorem to (A) we get, f (X) = Iq)(t)e_itxdm(t) for real z
R
This completes the proof.
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1. Conclusion:

I have tried a brief note on PaleyWiener in C. This is a very useful result as it enables one pass to the Fourier
transform of a function in the Hardy space and perform calculations in the easily understood space.
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