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l. INTRODUCTION:
Let Xa. be a given infinite series with the sequence of partial sum (S,) and let A=(a,,) be a normal
matrix of non zero diagonal entries. Then A defines the sequence to sequence transformation mapping the

sequences S =(S,)to A =(A, (),
A(8) =D A,
where v=l
The series a, is said to summable| A|,,K >1 if (RHOADES and SAVAS [3])
D N AA(S) [ <o (1.2)
n=1
where AA (s) = A (s)— A _,(S) and itis said to be summable| A, & |, ,k >0and & >0 if

0

D T HEAA <o (1.3)

n=1
Let (P,) be asequence of positive numbers such that

(1.1

Pn:va—moasn—)oo (1.4)
v=0

where P, = p, =0,i 21 and Za, is said to be summable| A, p, |,,K =1 if (OZARSLAN, [2])

Z[H BA () <o

n=1\ Fn (1.5)
And is said to be summable| A, p,, 0 |, ,.-k =1 if
w P Sk+k-1
Z[—”] |AA(8)[ <o (1.6)
n=1 n

P
Py

If P,=106=0,|A p,,J |, -summability is the same as | A|, -summability also if we take @, =
then | A, P, |, -summability is the same as | N, p, |, -summability (BOR [1]).

A sequence (b,) of positive numbers is said to be S-qQuasi monotone, if b, >0 ultimately and
Ab, > -5, where (J,) is a sequence of positive numbers (SAVAS [4]).

and a sequence (d,) is said to be almost increasing if there exist a positive increasing sequence (C,)

and two positive constants A and B such that
Ac, <d, <Bc, foreachn.
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1. KNOWN RESULT:
Concerning with absolute matrix summability factor SAVAS [5] has proved the following theorem.
Theorem 2.1
Let A be a lower triangular or Normal matrix with non-negative entries satisfying

a,,=1 (2.1)

a,,,v=a, forn>v+1 (2.2)

na, =0() (2.3)

mZﬂ n™|A4, [FO(v*a,) (2.4)

2 14, =00 (25)
n=v+1

where A associates with two lower triangular matrices A& A defined.

a,=>a, nv=012 and

é‘nv :anv_g‘n—l,v’ n=1’2’3

If (X,) is an almost increasing sequence such that,
Xn

|AX, |=O] — | and (2.6)
n

and A, —>0asn—>oo (2.7)
Suppose that there exist a sequence of numbers (A1)such that it is o-gquasi monotone with
2nX, 0, <o, A X, is convergent and

SIAL,
“~ n 2.8)
2 [=0(X,,)
n-1 (2.9)

l n
wheret, = 1 Z kay,
N+l

then the series Xa, A, is summable| A, & |,k =1 and 5 >0.

1. MAIN RESULT:
The goal of this paper is to generalize the theorem (2.1) for | A, p,,, d |, -summability.
Theorem 3.1
If A=(a,,) is any normal matrix associated with two lower sub-matrices A= () and A= (&) as
follows

n
a,=>a; nv=012 (3.1)
i=v
and aA‘nv = anv - an—v,v 3.2
where ao,o = aolo = ao,o.
If the conditions
gn,O =1 (33)
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a,,,2a, fornzv+l

n-1v —
and let (P,) be the sequence of positive numbers such that,

P, =0O(np,) asn —> oo (3.4)

=0
" (3.5)

m+1 P ok P

— |Avé‘nv |=O(_Va‘vvj
n%l( pn J pv
mad P 5k P sk
Z (_nJ | én,v-¢—1 |: O (_V]
n=v+1 pn pv

P
If {X,.} is an almost increasing sequence such that (—” |AX, |j =0(X,) and 4, >0as n —>o0.
p

n

(3.6)

3.7)

Suppose that there exist a sequence of numbers (A, ) such that itis o-quasi monotone with £nX, o, <o,
ZA X, isconvergentand | A4, |<| A, | forall n, if

Z pn |ﬂ“n | <o
= (3.8)

m P ok-1
Z(p—} It, ['=0(X,,) (3.9)

n=1

1 n
wheret, = 1 Z kay,
n+lia

are satisfied then the series Xa 4, issummable| A, p,,0 |, k=1 6 >0.

V. LEMMA:
We need the following lemmas for the proof of theorem (3.1).
Lemma 4.1.

Under the condition of theorem, we have ((SAVAS [4])
Lemma 4.2 (SAVAS [5])

Let {Xn} is an almost increasing sequence such that

|Axn|=0(ﬁ]
n

If (A,) is 5-quasi monotone with X X, J, <o, XA X, is convergent, then

> nX, | AA, |< o0 and

n=1
nA X, =0(1)
V. PROOF OF THEOREM:

n
Let {y,} be the nth term of the A-transform of »_ Aa, then,
-0
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=>2,A8, (5.1)
and

yn = yn - yn—l = Z(anv n 1\/)2\/3\/
v=0

= 4,44, (52)
v=0

we may write

3

v=1 \Y

S g g

v=l r=1 r=1

v=2

v=1 \" r=
. A V+1 n-1 a ﬂ/t
=Z'Avanv'ﬂv—t Zanmwo—t i Bh

v=1
:Tn,l +Tn,2 +Tn,3 n,4 (Say) (5.3)
To complete the proof, it is sufficient, by Minkowski's inequality, to show that

» P ok+k-1
Z(—”] T, ‘<o, forr=1,2,34 (5.4)

n=1
Using Holder's inequality and (5.3), we get

n(p Sk+k—1
I1 :Z[_nj |Tn,1|
n=1 pn

o

m+1

—owy | [ZlAvawmnuj
03[ &] (SiaaiarintSaa

mi( p ok P k1o . ) )
:O(l)z — p_nann Z|Avavv Mv | |tv |
n-1 n V=1

ZA v+1 ‘
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—0(1)m2”( Mp j_[ZI%IklI%IIA&NIItIJ
o34l 3 [ i J (iaj A4,

n=v+1 pn

ok

m(p
=0(1>Z[;”J 1A 1a, It,

v=1 h

m v =) sk p Sk
=0 |4, |[Zarr It [ {—j +> a8, t [ (_] ]

v=l r=1 P, r=1 P,

m-1 v =) ok-1 m p Sk—1
SOIEED NI L PR SN ()

v=l r=1 r r=1 r

—OWYIA X, +00)| 41X,
=0(1). (55)

Again, using the hypothesis of the theorem (3.1) and Lemma (4.1), using Holder's inequality

w1l p Sk+k-1
|z=2(p—”] T,z |

n=2

ok+k-1

Z_l: nv+1(Aﬂ\/)ﬂ-t

P J
mad ok+k-1 V+1
n=2 pn
m1f p Sk+k-1 Nl ) k
—owy| 2 [ZlamllMllt @
n=2 pn v=1
mal Ook+k-1 el 1 K1
n=2 n v=1 v=1l
from (Rhoades and Savas[3]).
n-1
Zl én,v+1 ” Aﬂ\/ |S Mann
v=1

Hence

m+1 ok P g
I —0(1)2[ p ] [p_nann} Zlé‘n,v+l||A/’i\/ ”tv |k
n v=1

n

—0(1)Z||A«||t| z(;’j [5amJ 8|

n=v+1l pn
m+1 P ok

—O(l)ZIMVIItVI Z(p J &,
n=v+1

=o<1>i(%} A%,
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m sk P ) p
—o)Y Al | | ||AA It | =
Sa(R] (s (3]

—0(1)iA(?V |]Z(H It I +0<1)m|Mm|i(%J It

V= \; r=1 v=l

:O(l)zm:A v |sz |Jxv +OMm|AL | X,

=0(1)
Next using the hypothesis of the theorem (3.1) and Hélder's inequality

mad P Sk+k-1
S5

n=2

n-1

mad P Sk+k-1 t
=y o 4 n
;[ an \/Z:;L:l n,v+1 | 2\14—1 v

ni( p Sk+k—1 4| K
+1 A
S; p_: |:T| an,v+1 ”tv |:|

m+1 s |ﬂv | n-1 | | k-1
o3 ] (Sl g, | .11
n=2 pn v=1 \Y
1 ok ke n-1 k-1
mil( p P . .
) [—“am] [ ”‘V*l'|tv|k|an,v+1|}[z”v1'}
n=2 pn pn vV = V
w3 B [i Jkl"i”“l'lt HEWN
=\ p. D, nn iy v n,v+1
|le Sy R T
O(l)z | t | z — & | an,v+l I
n=v+1 pn pn
Mm @ (rY"
- O(l)z | t | Z | an,v+l |
n=v+1 pn
™| 4, |(Pj k
=0(1)) —=| = | It
23,

=0<1)i(| ﬂwl[ﬂJ It

= 0(1)Z(| A4,y DX, + O Ay, | X,

= O(l)
Finally

www.iosrjournals.org 61 | Page



A New Result On |A,pn,d]k-Summabilty

m Pn
I, = Z —_ |Tn,4 |k
n=1 n
Sk+k-1 Kk
B Zm: R (n+Da, At
n=1 pn n

m P ok+k-1

—oY || la, 4 it
n=1 pn
m P Sk+k-1 P k-1

=0(1)) | = —a, | a4 4l
n=1 pn n
m P ok

=0(1)), F” an |4, It [f
=1 n

=0(1), as in the proof of I,.
This completes the proof of theorem.

VI. COROLLARY:
This theorem have the following results as a corollary.
Corollary 6.1

P
Taking | —= |=n the theorem (3.1) reduces to theorem (2.1).

n

Corollary 6.2

Taking % =n, and & =0 the theorem (3.1) is | A|, -summable.
Corollary 6.3 ’

Taking &, = &, and & =0 then theorem (3.1) is | N, P, |, -summable.

n
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