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. Introduction:
Let 2@, be a given infinite series with partial sums {S,}. We denote by Uy and t; the n-th Cesaro
means of order &, with @ > —1, of the sequence (S,,) and (Na,,) respectively such that

o 1 &,
Un ZE\;A’]—\}SV (1.1)
1 n
tr=—> Arva, (12)
'Ah v=0

where A7 =0(n”),a >—-1, A7 =1and A%, =0 for n>0.
Aseries 2@, is said to be summable | C, ¢ |, K > 1. If (FLETT [7]).

o k-11,,a a 1k - |ta |k
> ud —ud =) <o (1.3)
) o N
and 2.4, is said to be summable | C, 2,0 |, ,K =1 and & > 0 if (FLETT [7]).
©
>t <o (1.4)
-1
Let (P,,) be a sequence of positive numbers such that
n
P=Yp, >wasn—ow(P;=p,;=0,ix1) (1.5)
The sequence to sequ\én?:e transformation
o, = Pinst (1.6)

n

defines the sequence (07,) of the Weighted arithmetic mean or simply (N, p,,) mean of the sequence (S,,)
generated by the sequence of coefficients (pn) (HARDY [8]). The series Zan is said to be summable
N, p, lx, K =1 if (BOR [7])

k-1
Z(ij |Ac, 4 [f<o (17)

n=1 pn
and it is said to be summable | N, Pr:O ;K =1and & >0 if (BOR [3])
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» (P Sk+k-1
Z(—”] | Ao, [F< o (1.8)

n=1 n

n
where Ao, 1 =0, — 01 = P Z p,48,n=1
I:)n I:)n—l v=1

In the special case P, =1k =1 and § =0 for all values of N,| N, p,,,& |, summability is reduces to
IN, p,, | -summability.

A positive sequence (1)) is said to be almost increasing if there exist a positive increasing sequence (C,,) and
two positive constants A and B such that —
Ac, <h, < fc, (1.9)
A positive sequence (}/n) is said to be quasi-B-power increasing sequence if there exist a constant
k =Kk(,) <1 such that-
knfy. =mfy. (1.10)
Hold for all N > mM+1. It should be noted the every almost increasing sequence is a quasi-p-power increasing

sequence for any non-negative  and converse is not true.

I1.  Known Results:
BOR [2] has proved the following theorem for | N, p,, |, -summability factors.

Theorem 2.1: Let (X,,) be a positive non-decreasing sequence and let there be sequences (/) and (A4,,)

such that
| ALy < By (22)
B, —>0asn—>wo (2.2)
D n[AB | X, <o (2.3)
)
|4 [ X, = OQ) (24)
If
n |tv |k
> - =0(X,)asn—w (2.5)
v=1
where (t,) is the n-th (C,1) mean of the sequence (Na,) and (P,,) is the sequence such that
P, =0(np,) (2.6)
PAP, = O( Pn pn+1) (2.7)

—070 s summable | N, p,, [, K >1.
n1 NPy

Later BOR [4] has generalized Theorem 2.1 for the | N, Pn, o |k summability factors.

0]
a.P.A
then the series z n

Theorem 2.2: Let (X,) be a positive non-decreasing sequence and the sequence (/f3,) and (A4,) are such
that the condition (2.1) — (2.7) of Theorem (2.1) are satisfied with condition (2.5) replaced by

n P ok |t |k
Z[—Vj - =0(X,)asn—> o, (2.8)
v=1 pv v
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m+1 ok-1 ok
2[5] L:o[i] Llasmon e
n=v+1\ Pn I:’—1 Pn v

|

Then the series Z—”Z“ is summable | N, p,, 5], K>1and 0<6 < Pa
n-1 NPq

Recently BOR [5] has proved the following theorem.

Theorem 2.3: Let (Xn) be an almost increasing sequence. If the condition (2.1)-(2.4) and (2.6)-(2.9) are
< P4 — 1

satisfied then the series Zan —1 s summable | N, p,, 0 |,k >1and 0< 6 < E
n=1 n

I11.  Main Results:
The aim of this paper is to prove the Theorem 2.3 under more weaker conditions for this we use the
concepts of quasi-p-power increasing sequence. Now we shall prove the following theorem.

Theorem 3.1: Let (Xn) be quasi-B-power increasing sequence if the condition (2.1)-(2.4) and (2.6)-(2.9) are

o0 P _ 1
satisfied, then the series Zan Ay is summable | N, p,,0 |,k >1and 0 < 5<E.
n=1 n

V. Lemma:
We need the following lemma for the proof of Theorem 3.1.

Lemma 4.1: (LEINDER [9]) Under the condition on (X,,),(4,) and (/) where (X,,) is quasi-B-power
increasing sequence as taken in the statement of the theorem the following condition holds
ng, X, =0() as n — oo. (4.1)

and

D BiX, <. (4.2)

Lemma 4.2: (BOR [2]) If condition (2.6) and (2.7) are satisfied then we have

P, 1
Abﬁ; J=O(Egj (4.3)

Lemma 4.3: (BOR [2]) If the condition (2.1)-(2.4) are satisfied, then we have

4 =0Q) (4.4)
AL, = O(%) (4.5)

2.5 PROOF OF THE THEOREM:

o0
- a,P
Let (rn) be the sequence of (N, pn) means of the series Zn_nﬂ'n Then we have

=1 NPq
1< “aPA
T=2 > p Y A
anl nl rpr
P
:_Z(P P_1)aVVﬂV
nv—l v (5.1)

then, for N >1
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pn i I3\/—1Pv"5'vv/1\/

n n-1=
Pn Pn—l v=1 va

n
— Pn z v—1 vavVAv
2
Pn Pn—1 v=l vVopy
Using Abel’s transformation, we get
n

T, ~Toy= oo ZAL - pﬂ"}Zra +ﬁ2vaV

I:)nl:)—lv—l
Pn R Ry A, Py
v+t p 2t epT ZPp
PP—le;‘ v ! I:)F)nlvl ! %

At (n+1)
P P_lvz_;,pvﬂv-rl(v"i'l)t ( pVJ n2

=1 +Tn T 3 +Tn 4 (Say)

To complete the proof of the theorem by Minkowski’s inequality, it is sufficient to show that

o (p YL
Z(—”j T, F<oo, forr=1,2,34 (5.2)
Pn '

Now, applying Holder’s inequality, we have that

mal Pn Sk+k-1 )
Z p_ |Tn,1 |
n

n=2

md P ok-1 1 n—i P k
=0 | | = Z—pvlt Ilﬂvl—

n=2 pn P—l v=l Fv

m+1 P ok-1 n=1 1 1 n—1 k-1
=0() —”J — oIt A [ | =—2p

; pn I:)n—lé V k Pn—l v=1 !

k ok-1

(R 1 (PR 1
=01, ) p It 1A, [ = Z(p_j B

v=1 v =v+1 n n-1

m (P, 1 1(R o
=O(1)ZF A, T A Ry T, 0

v=1 v v \

m( p k-1 1(p ok
=0, p—v |4 11t [ V—k(p—VJ

v=1 Y Y

m P\ 1
=0 | VAl [

v=1 pv

It, ¥

0 5 Sk
—0(1 v
()élﬂvl(pvj y
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o] oo {2

= 0(1)2| A2, | X, | +O@) [ A | X,y
v=l

m-1
—0®)Y X, +O0W) | 4| X
=1

=00 asm—>

Next
ml ok+k-1
ZF) IToo I
n=2 P
m-+1 ok-1 1 n-1 P
‘0(1)2( J — {Z —[ A4, |
pn P -1 Lv=1l Fv

m+l k-1 n-1
-o<1)2(] ! (%J A% It I pv{ Y

R n-1v=1

It [

|t I}

—1v1

m P m+1 P ok-1 1
=0 | = | n It A4, [ Z[ j 5
v=1 pv n=v+l n-1
m k-1 ok
P P
=o)X | == | A4 pylt, ¢ (—J
v=1 pv pV

k-1
P

m ok
oY | |a4 Mt I [H

=1 pV

v

m P ok P k-1
=0(1)) |+ (—Vj | AZ, [ A4 I,
v=1 pv pv
m P ok 1
=0()Y| | vt —=IA4 It ¢
v=1 pv

m ok
:0(1>Zﬁv(ij It |
v=1 pv

m o) Sk It |k
=03 & | 1t
v=1 pv

v

m-1 v P 5k|t |k n o) 5k|t |k
:O(l)ZA(vﬁV)Z(p—V] fT+O(1)mﬂmz(p_vj v

-

v=1 v

—O(l)ZVIAﬂVIX +0(1)Zﬂvxv+0(1)mﬂm m

v=12
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=0(1) asm—>oo

Next,
Ok+k-1
m+1 Pn T K
z - | n,3|
n=2 pn
m+1 P n
=0m, || o {Z R
n=2 pn n v=l
m+l( B 1 {n—l P
=0M> || —3>
; pn I:)nk—l ; pV
m+1 ok-1 n-1
P 1 P
=0 || 2|
é pn I:)n -1 ; pV

k

At 1 [V”j}k

k
pv|ﬂv+1| |t |}

1 ) ) 1 n-1 k-1
j vv_k|2v+1| |tv| {P_va}

n-1 v=1

n=v+1

(P k-1 S "
=O(1)z - pv k |ﬂ\/+1| |Z'v+1||t | Z ( j
v=l

m k-1 1
oMY | Sl Aullt]
v=1 v

sk

ok
( V ]
IOV

B (P, k11
=0M> |+ o A It
v=1

ok

—0WY| 2| 1Al
v=1 pv

k
6|

- v (p VK |
=0(1)ZAMM|Z(—rj
v=l r=1 pr

tlk m P ok
f7+0(1>|ﬁm+1|2[;“j

v=1

m-1
=0 | Ak | Xy +O@) | A | X
v=l

m-1
=0 | A4y | X, +OM) | Ayt | X,
v=1

= O(l)zm:ﬂvxv + O(l) | ﬁ“m+1 | Xm+1
=1

=0(@) asm—> oo
Finally

m Pn Ok+k-1 )
Z - |Tn,4 |
Pn

n=1

1

5 Lk g
Ky |k
_O(l)Z(pnj [pnj (Tj n7|%| |ty |
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|
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m ok
P a1 -
=0 | | T A T [ A

k
n=1 pn n

S P) It [
=0y || | [

n=1 n n
=0(1) as m — oo.
Therefore, we get that

m(p Sk+k-1

n=1 pn

This completes the proof of the theorem.

V.  Corollary:
Our theorem has following results as a corollary.
Corollary 6.1: Taking 6 =0 in theorem 4.1, we get Theorem 2.1 as a corollary. Since for

5=0,IN,p,,|, summability reduces to | N, p,, | -summability.

VI. Conclusion:
Our theorem have the more general result rather than any previous known results. So our theorem
enrich the literature of summability theory.
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