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On certain generalized difference sequence spaces with some of
their topological properties defined by a sequence of moduli
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Abstract: The idea of difference sequences X (A) ={x=(x,):Axe X }with X =I_,candc, was introduced by
kizmaz. In this paper, using the sequence of moduli we define some generalized sequence spaces and give
various topological properties of these spaces with some of their inclusion relations. Furthermore, we study
some of their properties, such as solidity, symmetricity, convergence free and so on.
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l. Introduction
Let @ be the set of all sequences of real or complex numbers (scalar). It is not difficult to see that any

arbitrary sequence space X can be shown to be a vector space by defining its vector addition and
multiplication as follows:
Let

X= (%, %, %5,-) Y= (Y1, Y2, Y3 --)
be two arbitrary elements of X i.e X,y € X and o e K then
@i.) X+y=0X+Y, % +Y,,...) X
(ii.) ax=a(X,Xy,Xs,..)
=(aX, Xy, aXs,...) € X
In view of this, a sequence space is any linear subspace of @ . The spaces | ,C and C, are of particular
interest in this research work.
In 1981, Kizmaz [1] introduces the notion of difference sequence spaces as follows:
X(A) :{X:(Xk) ew:(Ax)e X}
X =l,, C and Cy X(A) ={x=(x)ew: (A% )e X}
where
AX =A% = (X —X11)
They are Banach spaces with the norm
Ox04=]x|+0A, O, .
Later on, this notion was generalized in the following way:
X(A"‘)={x=(xk) cw:(A"X)e x}
for X =1_,, C and C,, where mell, where
A™x=A"x, = (A" A" X, L)
Axe = (% = Xii1)

and A% = (x,).

0 (m
A" = Z:(—l)I ( i ]Xkﬂ
i=0
They are also Banach spaces with norm defined by

m
DXDA:Z:|Xi FOA™XD,
] (Et and Colak, [2])

such that
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Worthy it is to mention that recently, the sequence spaces X (A™) were generalized by Et and Esi [3] to the
following sequence spaces

X(A\’,"):{x:(xk)ea):(A{,“xk)e x}
for X =1_, C and c,, where
0
AX = (VX )y A = (VX = Vi i)
and
ATX = ATX = (AT % = AT %41)

A% = Z(—l)' ( i ]Vk+lxk+i

i=0

such that

and Vv = (v, ) # O is any fixed sequence of non-zero numbers for all k e/, (Etand Esi, [3])

Subsequently, difference sequence spaces have been studied by Asma and Et [4], Bektas et al [5], Colak [6], Isik
[7] and Mursaleen [8].

Definition (See Nakano [9]): A function f :[0, ) —>[0, o) is called a modulus if

i.) f()=0ifandonlyif t=0

ii.) f+u)<ft)+ f(u) forall t,u=>0
iii.) f s increasing, and

iv.) f is continuous from the right of 0.

Let X be a sequence space. Then the sequence space X (f) is defined by
X(f)={x:(xk)ea):(f (|xk|))ex}.
Kolk [10] gave an extension of X ( f) by considering a sequence of moduli F = (f,) i.e
X (F) :{x:(xk);:;l eo:(fi (%)) < x} ,
where X =1, C or c,.
Later, Gaur and Mursaleen [11] defined the following sequence spaces
L, (F,A) ={x=(X) € @:(x ) €l.(F)}

6 (F,A) = {x= (%) €@ (%) eco(F)}
Recently Khan [12] defined the following sequence spaces

X(F,p) = {x= ()i € o2 (%)) € X (P}

In particular,

L. (F, p)={x=(xk)‘f(°_l cw: Sllip fi | %, |pk<oo}
o . Py .
Co(F,p)={X=(Xk)kzlea).fk (|Xk| )—)0,(k_>oo)},

L (F, p,A™) :{x: (% )ia € :(A™x ) el (F, p)},

¢ (F, p,A™) = {x: (% )k € a):(Aka)e co (F, p)}.
For any sequence of moduli F =(f,)
Khan [12] used the following lemmas to prove few results on the inclusion of the above spaces.

su
Lemma 1: The condition kp f (t) <o, t >0 holds if and only if there exist a point t; >0 such that

Ssu
kp fi () <0,
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inf
Lemma 2: The condition Ik f,(t)>0,t>0 holds if and only if there exist a point t; >0 such that

f
T( . (t) > 0.

A modulus may be bounded or unbounded. Maddox [13]) and Ruckle [14] used a modulus function to construct
some sequence spaces.

Later on, modulus function was investigate by Bhardwaj [15], Bilgin 16], Connor [17], Esi [18] and many
others.

Let P=(p,)be a sequence of strictly positive real numbers ands>0. Let X be a seminormed space over the
field 0 of complex numbers with the seminorm gq. The symbol @(X)denotes the space of all sequences

defined over X. Let V =(v,) be any fixed sequences of non-zero complex numbers. We define the following
sequence spaces as follows.

c(A], f, p,q,s)={x=(xk)ea):klmk‘s[f (q(A\r?Xk_l))}pk ol Ex}
(Al f, p,q,s):{x=(xk)§°_0 ea):kli_r)T(]ok*S |:f (q(A\rlnXk)):|pk =0,}

L (AT, f, p,q,s)={x=(xk)‘f_0 ea):stpk_s [f (q(A{,“xk)ﬂpk <oo}

where f is a modulus function.

The following inequality will be used throughout this research.
Let P =(p,)be a sequence of positive real number with

0< Py gstp p =H, D=max(1,2H’l). then, for a, b, €C we have.
Ja +bi ™ <D{fa[™ +[o[™ } .
Some well known spaces as we shall see later, are obtained by specializing f,s,g,v and m.
i) If f(x)=x, m=0,V =(v)=@11..) and q(x) =|x|, then c(A] f, p,q,s) =c(p,s),
c (AT f, p,a,8)=co(p,s),and I (A f, p,a,s)=1,(p,s)....(See Basarir, [19])
ii.) If f(x)=x, m=0,V=(v)=@L1..), s=0 and q(x) =|x| then
c(AV T, p,a,s)=c(p), Co(AV T, p,a,5)=Co(p) and L, (A7 T, p,q,s) =1, (p) (See Maddox, [20])
Ifm=0and q(x) =|x|, V=()=(,1,1,...), then
c(A)' f, p,g,8)=c(p, f,s), (A f, p,0,8)=Co(p, f,s)andl (AT f, p,q,s)=1,(p, f,s) (Esi, [18]).

Definition (Gulcan and Cigdem, [21]): Let f = ( fy) be sequence of moduli X be a seminormed space over the
field [J of complex number with the seminorm g, p = (p.) be a sequence of strictly positive real numbers and
ueU . By w(X) we shall denote the space of all sequences defined over X. let V= (Vk) be any fixed sequence
of nonzero complex number. Now we define the following sequence spaces

I, (A7, F.p.q.u)= {Xewwp“k[ (ar%))]" :
c(AL”,F,p,q,U) {xea) limu, [ ( (Amxk—l))] }
I =

k
and G (A7, F,p,qu)= {Xea) I|muk[ Amxk
For p, =1 forall kel we write these spaces as | (AC‘,F,q,u), C(AL",F,q,u) and c, (AC‘,F,q,u)

For u, =1 forall k e[l , we write these spaces as |, (A'V",F, p,q), C(A'V”,F, p,q) and c, (AC",F, p,q).
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A sequence x el is said to be almost convergent (Lorentz. [22]) if all Banach limits of X coincide.
Lorentz [22] proved that

€= {x =(X)ew: Iig’n%zﬂ: X5, Uniformly in S}
k=1
Maddox ([23] and [24]) has defined X to be strongly almost convergent to | if
Iinm%kzn”xk+s —1|=0, uniformly in S, for some | >0
Let p=(p,) be asequence of stri_ctly positive real number. Nanda [25] defined.

[€, p]:={x= X )ew: Iim%zn]xk+s 1> =0, uniformly in S, for some 1> 0},
"Nk
[6.p], = {X:(xk)ea): Iim%Zn:|xk+s|pk = 0, uniformlyin S},
"N

[¢.p], = {X =(%)ew: SUp%anlxm —1|* =0, uniformly in s}
n k=1

It was extended by Khan and Ayaz [26] that if F = ( ;) is a sequence of moduli, u = ( u; ) be any sequence
such that u, =0forall kand p = (px) be any sequence space of strictly positive real number then w define
the following sequence spaces:

[¢.F, P](AT):: {X:(Xk)e . |im%zn:[fk (|UkAka+s —||)}pk =0, uniformlyin S} , for some 1 >0,
"G

[¢.F, p], (A7) :={x =(% ) e o: |im12n:[fk (JuA™,.,

" No

[¢.F.p], (A7)= {x=(xk )€ a):suplzn:[fk (|ukAmxk+s

sn N4

)Tk =0, uniformlyin S},

)Tk < oo, uniformly in S}
For if f, (x)=x for everyk, then [¢, F, p](AL”)z[é, p],

[¢,F. p], (A7) =[¢ p], and [&F, p], (A7 )=[¢ p], .
And for if p, =1 for all K it yields

and, [¢.F.p], (A7

. Main Results
Suppose that F =(f,) is asequence of moduli, p=(p,) be any sequence of strictly positive real numbers with

g, a seminorm and u=(u,)=0 be any sequence of all K. Let v=(v,) be any fixed sequence of nonzero
complex numbers. Then we define the following sequence spaces:

. pas] = e cotxmd S 1 fofare. 1)

P

=0, uniformlyin S}, for somel >0,

)
)]

P

[CAT F, p,q,ulo {x = (%) e w(X)i,!ijg%an;,Uk [fk (la(arxe.))| =0, uniformlyin s}

and

P

[%'F’ p,q,u}

{x:uk)ew(xysup%guk[fk (la(arx...)

s,n

< oo, uniformly in S} .

I

If q(x)=|x|, u, =1 then
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Co

and,
[éw F.p, q,ul z[% F p} (Khan and Ayaz, [26])

L
Butifm=0, v=(v)=@11..), f,(x)=x forallk, q(x)=|x|, u, =1 then,
e Fopau] =[epl.
[CAT ,F, p,q,ulo =[¢, p]CO

and [CAT F, p,q,u} =[¢ p]

I
I, o

Andifm=0, v=(v)=@@11..), f (x)=x, q(x)=|x|, p, =1 and u, =1 then

and [éAm ,F.p,q,u

If F=(f,) be a sequence of moduli then [% F, p,q,u}C C[CAVN F, p,q,U}c C[% F, p,q,u}

L,
are strict.
Proof. The first inclusion is clear. We shall only establish the second inclusion.

Suppose that X € [CAT ,F,p,q, u]c , by the definition of modulus function and lemmal, we obtain;
st )] <o s faarx. -]
=2l )] <o 3[4 (atars. )] +o [ (a0

We therefore now may choose an integer D such that q(I) <k . Hence, we have
1 0 m Py 1 n m Pk
E;uk |:fk (‘q(Av Xk+s))j| S Dﬁéuk |:fk (‘q(Av X _I)‘)] +max'|:1’((kl)fk (1))H}

Hence x e [% F.p,q, u}

L.

To show the inclusion are strict consider the following example:
Suppose f, (x) =X, p, =1, v, =1, u, =1 forall kell and g(x)=x. Then, the sequence x = (k™) belongs to

[CAVM,F,p,q,u}C but does not belong to [CAT,F,p,q,uL and sequence x:((_l)k) belongs to

[CAN JF.p, q,u} but does not belong to [ém F, p,q,u} . Therefore the inclusions are strict.
v v C

Lo

Theorem 2.2:  Let the sequence (p,) be bounded. Then [CAW,F,p,q,u} ,[CAm,F,p,q,u} and
v c v Co

[éw v F.p, q,u] are linear spaces over the complex field LI .
v L,

Proof:
We shall give the proof for [éAm ,F,p.q, u} only, the others can be treated similarly.

0

Let X,y e [éw JF. p, q,u] .For A,aell , there exit positive integers M, and N, , such that |1| <M, and
v c

la] <N, . Since f is subadditive, q is a seminorm, and A[' is
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+

: iuk |:fk (‘q (A\r/n (j’xlws +axk+s))
nia

)Tk <D max(1|m, | ))%;uk [fk (\q(AC‘Xk+s))]pk
D (max 1[N, |" ))%;uk [fk (Ja(ar..)

)T —>0k—>wx

Hence, [CM,F, p,q,u} is a linear space.

The space [ ns Fy P, 0, u} is a paranormed space, paranormed by

g(x) = Z fy (| |)+5Up Zuk |:fk (|q (A\TXms)

Py

)

where M :max(l,sup pkj; [éAm ,F, p,q,u} and [éAm F, p,q,u} are paranormed by g if irgf p, >0.
Kk v c v

Co

Proof:
Obviously, g(x)=g(-x) forall X€|: Am,F p.q, u]

Itis trivial that A]'x, =& for x=€, where & =(e,e,e,...) and e is the zero element of X.
Since q(€)=0 and f(0)=0,

We get g (¢) = 0, since t, = P, <1,

If

a, and b, are complex numbers then we have;

3 +b,[" <[a[* +[o, |

Since M >1, the above inequality implies that

Py

g fk (|q (ViXi +Vi Y, ) |)+Sldp%kzi;uk |:fk (|q (A‘r’n (Xk+s * ka)) |):|M

<

Py Py

)}ﬁ +g fi (|q(vi ¥i) |)+5ijp%kzn:1:uk [f" (|q (A7¥ses) 5

)

le f (ja(vx) |)+Sgp%k2il)uk [ (Ja(arx..)

Now, it follows that g is subadditive. Next, let 4 be a nonzero scalar. The continuity of scalar multiplication
follows from the inequality.
But note that 1g(x) = g(1x)

So, g(Ax) = kxi fi (Ja(vix )|)+Slip%2i)(kﬁquk [fk (la(ar..)

P

¥

< max [1, kl“'j'Jg(x)

Where k/l is an integer such that |/1| <k, and H =sup p,
k

This complete the proof of the theorem other cases will follow by applying similar technique.

Theorem 2.4: Let F =(f,) and G =(g,) be two sequences of moduli. For any two sequences p=(p,) and

= (tk) of strictly positive real seminorms q,q; ,and g, and u,u, and u, >0. Then

(i)
(ii) [CAVW,F,p,q,ulﬂ[ AM’G pqu] C[ Am,F+G pqu}
(i) &y Fopauu| N[e, . Fpgu] c[¢, Fpg+ou]

(iv) If g, isstronger than g, , then
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() [€g Fipauu] c[eq Fipgu]
| ,c

(vi) 1t % =Yz, then [¢,, F,p,a.u, | <[6, F.p.q,u; | where 2=1:C and &

Proof:
(i) We prove for Z =C and the rest cases will follow similarly.

Let XE[ ,F. p,q, u} so that u, =%§uk[fk (‘q(A;”ka_l)‘)T* —0,(n > o)

Let >0 and choose & with 0< & <1 suchthat f(t) <e
For 0<t <. Now we write

{keu f (Ja(arx., 1)) < 5}
{keu fk(‘q A% | ‘)> }
If xe[ F,p.q, u} then for f, (|a(A7x,,, —1)|)> &
f, (‘q A% —1) D< f, (‘q AC"ka—I)Dﬁ‘l <1+[fk (‘q(A;“xk+s —I)‘)&‘l]

Where k €s, and [n] denotes the integer part of n.
Given >0, by definition of modulus function we have, for

i (Ja(arxe. -1)))> o
o (o (Ja(ams. 1)) <2+ ] 6 (a(arxe, -1)) o [, @

<29, (1)( fi (‘q(A\r/n Xyrs _I)‘)é‘il)

and hence
%guk [gk (% (a(arx.. -|)\))T <[20,05" " 4, <e, (kes, k>k,) 1)
It XE[CAT,F, p,q,ul, f (ja(arx., 1)) <5 @)

Form (1) and (2) for every k > max {k;,k, } ,

liuk Lo (£ (Ja(arx.. —|)\))T <e

Hence, Xe[ F, pqu]
Thus,

[éw ,F, p,q,ul C[CAT ,FoG, p,q,ul :

(ii) It follows from the following inequality
Pk Pk

%;uk [, 00 ((a(arx. -1))] < D%guk [t (a(arx. 0] + o2 >u o (a(arx.. -1)])]

k=1

(iii) It follows from the following inequality
P« P

5l e (e -n))] <02 3u [ fa (a0 1)])] #0230 1 o (arx.. 1))

(iv.) and (v.) follows obviously.
Theorem 2.5: Let m=>1 thenforall O<i<m, [éAi , F, p,q,u} c[éAm,F, p,q,u] where z=1_,c orc,.

The inclusions are strict.
Proof: We shall prove that
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[CAL F, p,q,ul C[% ,F, p,q,ul

Forany O<i<m.
It follows from the following inequality

£ ECTEXN ] R Y A ] R S A T ESen

That (Xk)e[éA-v—u F, p,q,u} implies (xk)e[éAiv,F, p,q,ul

Lo B

0

On applying the principle of induction, it follows that

[éw F, p,q,u]lx c[éw F, p,q,ul for i=0,1,2,3...,m—1.

The proofs for the rest of the cases are similar.

To show that the inclusions are strict, consider the following example.

Let X =0, f(x)=x, p,=1, v, =@11..), u =1forall kel and q(x)=|x.

Then for Z = C, the sequence (x)¢e [éAm F,p, q,U}
v z
Under the above restrictions, consider the sequence
x=k" e[éAm F, p,q,u} but xe[éAm,F, p,q,u} for z=1_andc.

Therefore the inclusions are strict.
Theorem 2.6: for any two sequences p=(p,) and t=(t,) of strictly positive real numbers and for any two
seminorms g; and g, on X , we have

[CAm,F, D,ql,UJ C[CAm,F,t,qz,UJ #Q for z=C,C, and |_.
Proof: Since the zero element belong to each of the above classes of sequences, the intersection is nonempty.
Theorem 2.7: Let 0< p, <t  and (t,/p,) be bounded. Then [éAm , F,t,q,u} c[éAm . F, p,q,u} . Where

z=I,,c and C,.

Proof: We shall prove only [CAN ,F,t,q, u} c [CAM ,F,p,q, u} . The other inclusions can be proved similarly.
v Co v Co
Let XE[CAM,F,t,q,U} , Write
v c

W, = [ fy (‘q (AL“ X s )

We defined the sequence (r,) and (s,) as follows:

i
)] and g, =f—k,sothat 0<A< A <1 foreachk.
k

Let r, =w, and s, =0 if w<1. Thenitisclear that forall k el , we have w, =t +s,, W, =r* +sX.

Now it follows that r <r <w, and s} <s/.
y - - A
Now we are Iilfnwlfk gllkmwk +(I|km sk)

This implies that x € [CAN JF,p.q, u} and this completes the proof.

Theorem 2.8: The sequence spaces [CAW ,F, p,q,u} for z=1_,C and C, are not solid for m> 0.

Proof: Let X =00, f,(xX)=x, p, =1, u =1, v, =1forall kel and qg(x)=|x|. Then

(% )=k" e[éAm ,F, p,q,u] but (akxk)e[éAm ,F, p,q,u} when ¢, = (-1)* forallk e . Hence
v 1, v [

[éw ,F,p,q, u] is not solid. The other cases can be proved on considering similar examples.
v |X‘

Theorem 2.9: The sequence spaces [éAm ,F,p,q, UJ for z=1_,c and c,, are not symmetric for m > 0.
v z
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Proof: Let X =00, f,(x)=x, p, =1, u =1, v, =1forall kel and q(x)=|x|. Then consider the sequence
(xk):(k’“), then XG[CAVW,F, p,q,u]Z for z=1_,c and cq,

Let (, ) be a rearrangement of (x, ), which is defined as follows:

(%) = {X0 %00 X X X0 X6 X Xg Xas s X7 Ko X Xag s Xig oo}

Then (yk)e[éAvm,F, p,q,u]Z for z=1_,c and ¢,

Theorem 2.10: The sequence space [éAm . F,p,q, u} is not a sequence algebra.
v Co

Proof: Let X =00, f,(x)=x, p, =1, u =1, v, =1forall kel and q(x)=|x|. Then consider sequence
x:(km’z) and y = (k™?), then

x,ye[éAvm,F, p,q,u}CD but x-ye[éAvm,F, p,q,ul )

0

For other sequences consider x = (k™) and y=(k™)

Theorem 2.11: The sequence spaces for z=1_,c and c, are not convergence free.

Proof: Let X =[], f (x)=x, forall xe[0,00), m=1,p=1,u=1,v =1 forall kel .Then (x)ez(A),
for z=1_,c and c,. Consider the sequence (y, ) defined as (y, ) =k? forall k e[l . Then the sequence (%)
neither belongs to c,(A) nor c(A) nor to I, (A) . Hence the sequence spaces are not convergence free.

I11. Conclusion
The concept of difference sequence, however introduced recently, has attracted many researchers
because of its broad applications. The topological properties of the newly obtained difference sequence spaces
are significant in their own right, on one hand and give rise to many questions regarding the inclusion relation
among themselves.
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