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Abstract:We study the steady state Magnetohydrodynamic (MHD) equations in the whole space R,
Following the work of C. Bjorland and M. Schonbek [4] onNavier -Stokes equations in the whole

space, we prove the existence of atleast one  solution with finite Dirichlet Integral

(IVU, vB)Il < =) 14 steady state Magnetohydrodynamic equations in the whole space. Further,
we show that these solutions are unique among all solutions with finite energy and finite
Dirichletintegral .

I. Introduction
Magnetohydrodynamics (MHD) is the study of flows of fluids which are electrically
conducting and move in a magnetic field. The simplest example of an electrically conducting fluid is a
liquid metal like mercury or liquid sodium. MHD treats, in particular, conducting fluids either in
liquid form or gaseous form.The equations describing the motion of a viscous incompressible
conducting fluid moving in a magnetic field are derived by coupling Navier-Stokes equations with
Maxwell’s equations together with expression for the Lorentz force. The domain Q in which the fluid

is moving is either a bounded subset of R* or the whole space R* In this paper we restrict our

considerations to a domain Q which is the whole space £ . .During past four or five decades, there
have been an extensive study of qualitativeproperties such as existence, uniqueness, regularity and
stability of solutions of theMHD equations. This is evident from the work of Duvaut and Lions [1], E.
SanchezPalencia [2], Sermange and Temam [3] and other researchers working in the field.
Themethods from nonlinear functional analysis such as Galerkin approximation, fixed pointtheorems,
monotone and coercive operators, semigroup theory etc have been applied toestablish many a
qualitative properties for compressible as well as incompressible MHDflows. The function spaces
used are either Holder spaces or Sobolev spaces which are theappropriate function spaces for using
these methods and the theory of elliptic operators.

In spite of these works, there are very few qualitative results available in the case where the
domain is the full space. In the case when domain is a bounded subset of R® it is easy to obtain
qualitative results by using Poincare type inequality. But for unbounded domain, one has to use other
techniques as were developed by C. Bjorland and M. Schonbek [4]. As for MHD flows for
incompressible conducting fluids, there are other works where regularity results for MHD flows have
been proved ( see references [5-7] ). However, as in the case of Navier-Stokes equations for
incompressible fluids, the proof of global regularity remains illusive in this case also. In the present
paper, we show that the techniques used in [4] can be extended to prove similar results for steady state
Magnetohydrodynamic (MHD) flows.

Thus, we consider viscous incompressible Magnetohydrodynamic (MHD) flow governed by the
following equations:
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describing the motion of a conducting fluid in an electromagnetic field, where

u= uEx)=ultix,x2,x3) s the velocity vector , b=b(t,x) is the magnetic field vector, vis the
kinematic co-efficient of viscosity, 1 is the co-efficient of magnetic diffusivity,

p=p(t,X) is the pressure, f=f (t,x) is the external force, (a, bo)(x) = R¥is the initial condition , Q is

a domain which is a bounded subset of R and 8Q denotes the boundary of ¢. In the present paper
,we are interested in steady state solution for the MHD equations. For this we consider the following
system of partial differential equations :

[«1UiDiU-XEL 1 BDU + gradp =vAU+f )\

.12

I UiDB-3L BDU= MB o (1.2)
vV-U=0, v7-B=0

Such  partial  differential  equations are  satisfied by  those  solutions  for
which 8:U = 0and 6.8 =0 \\hich means the solution is constant with respect to time. Thus, the
solution(U, B)is the steady state solution of the MHD equations satisfying
.U = 0and ;B =10 regpectively .
As we are working with functions with compact support we can say that (U, B) tends to zero as |x|
becomes large.

We denote by L () the space of square integrable functions and all integrals in this paper are

3 m
taken over the whole space R unless otherwise stated , Co" denotes the space of smooth functions
with compact support .Moreover we have:

<f.g=[rg v={occy |v-0=0}
=(l1 P_ - , —_—
=Nl = (S 1IP)ve L —{mmpr’ermn of V under the norm | _::-}

al

.= {mmpfenan of V under the norm ||- l, }
]

“ ' "HL = ” \VE

~
&

Hi=L20 i1, (i1, ) ={dual of .

.1’=L,:|"|(;;I; ) { ':=““"‘{ e Ty }}

A

f(g) =] f(x)e > =dx
fx)=[f(g) e *ac

Furthermore , we denote by C all general constants, and C(a) represents the dependence of
constant C on a some parameter « . We use ¢ to work in a Fourier space.
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The main aim of this paper is to use the techniques of [4] to construct solutions for the steady state
MHD equations in the whole space with finite energy by imposing certain restrictions on f. Thus, in
Section I, we give preliminary concepts and develop the machinery which will be used to prove our

. . 2 . . .
main theorem. We also discuss about L“(£2) bounds for stationary solutions of MHD.In Section I,
we prove themain existence theorem and decay of solutions. Finally, in Section IV we give

concluding remarks commenting on probable future work.
1

L)
We now state our main theorem. For this ,as discussed above, Hg s the completion of the
smooth divergence free functions of compact support. Moreover the condition f € Ximplies the

classical assumptions [ € L? and [|(VU,VB)I| < % j ¢ it s a finite Dirichlet Integral. This is used in
the statement of our Theorem.

Theorem 1. Let M >0and f € X satisfies the following assumption.
(A) There exists a p,, such that f(¢) = 0 for almost every |&| < Py

Then there exists a constant C(p,,,v,M) so that if [|f|lx < C(p,,v,M) the following hold :
i) The PDE (1.2) has a weak solution (U, B) € H: x H! . It is a weak solution in the sense that for
any divergence free functions of compact support ¢ ,y

<UV U,p>—-<B-VUp>+v<VU,V ¢>=<f, ¢>
<UVB,y>—<BVU y>+AL<VB,Vy>=0
(ii) This solution satisfies ||(U,B)||, < M and

I(VU, VB)Il, < v " [Ifllx
(iii) This solution is unique among all solutions which have a finite norm & satisfies
I(VU, VB)Il< v " lIfllx
Remark : The behavior of the constant C(p,,v, M) allows large f when the Magnetic Reynold
Number is small. In this work, we assume that the Fourier transform of f is zero in some
neighbourhood of the origin. This corresponds to exponential decay for the heat flow starting with
initial data f.

I1.Preliminaries
For Navier-Stokes equations, existence of weak solutions in a steady state case is well known,
see for example [8-13]. Approximations with the Galerkin method & a priori bounds along with the
Banach-Alaoglu theorem helps us to construct weak solutions by finding a subsequence of
approximations converging weakly to a possible solution . Then we use stronger compactness
property to find the limit which is a solution of steady state equation.
For this approach we use a priori bound given by :

I(VU, VB)IIZ < v lIflI -(2.1)

This is the assumptions that (U,B) has a finite Dirichlet Integral but we derive it from our assumption
f € X using the estimate

[KCEUNI < Ifllx [I(VU, VB)]|

The bound (2.1) is proved by multiplying formally (1.2A) by U & (1.2B) by B respectively as
follows :

(UVU-BVB+VP-vAU-fU)=0
& (UVB-B-VU-AAB,B) =0
This implies after integration by parts
<U-VU, U>-<B.VB, U> +v [V U - <f,U>=0 .. (2.2A)
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& <U-VB,B>-<B-VU,B>+\|VBF =0 ...(2.2B)

By using specific form of non-linearity <w -VU,U> = 0 when V- w =0 & using <B -VB,U> = — <B
-VU,B> and then adding (3.4A) & (3.4B) we get

v|VUP + 1 |VBf=<f U> ..(2.3)

Without loss of generality we assume v < A and henceforth we work with this condition in this
chapter unless otherwise stated.

Equation (2.3) becomes
v|VUP+v|VBf =<f,U> .. (2.4)

On integrating (3.6) and using Poincare inequality alongwith definition of product norm, we get:
v [I(VU, VB) |13 < C lIfllx II(VU, VB)II;

So, finally we get:
[|(VU,VB)||>< C v |Ifl|2 ... (2.5)

We shall use this bound throughout our discussion. Now fix f and (U,B) as a solution to (1.2A)and
(2.2B). ((U,B) does not depend on time). We would like to find conditions on f which guarantee
|(U, B)||, <. For this, we establish “fast decay” of solution to the system:

si+U-Vs—B:-Vw+ Vp = vAs .. (26 A)
wi+ U-Vw — B-Vs = AAw ... (2.6 B) ...(2.6)
s(0)=f,w(0)=0,V-s=0,V-w=0

Normally if f(s,w) is a solution of (2.6) and then
U= [ s(Ddt

& B= fgow(t)dt solves
U-VU-B-VB+Vp=vAU +f ..(27A)
U.-VB-B-VU=1LAB ..(2.7B) .(2.7)
v-U=0,v-B=0

We have fixed (U,B) earlier & it is also a solution for this PDE since it satisfies (1.2). As this PDE
is linear & V- U =0, V - B =0 ,solution is unique and thus we conclude that U=U, & B=B

Using Minkowsky inequality for integrals, L? decay of s is related to the L? norm of (U,B) as follows
U112 = [|fy"s dt]], < f; Is(Dl2dt
BIlz = ||y wdt]], < fIw(®ll2dt

Thus, if ||(s,w)(®)]|, < c(1 +t) = with k > 1, then we can expect
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(U,B) e 12 x 12,
Using a standard Fourier Splitting argument we can only get
(U, B)llz < c(2+1)**

To resolve this problem we will estimate the difference:

¢ =s—® where @ = e"Af
& m=w ..(2.8)

Here @ is the solution to the heat equation with initial data f. The function (£, m) satisfies a parabolic
equation with zero initial data & a forcing term which can be controlled by restricting f .

Thus using (2.8), we get our new set of equations as:
L +U-V€£+U-VO—-B-Vm+ VP =vALl
m;+U-Vm—B-V{—B-V® =AAm
=04+U-V0—B-Vm+ VP =vAl — U-VO ...(2.9A
m,+U-Vm—B-Vl=XAm+B- VO (2.9 ..(2.9)
V-£=0, V:m=0,
(¢,m) (0,0) =0

Using the argument as in [4] ,we now make the following assumption on f .
Assumption 1: f e X & there exists a p, > 0 such that f(&) = 0 forevery |¢| < Py

We now prove the following

Lemma 1 : If f satisfies Assumption 3.2 & ® = eVt f,

then, (@] < e 2" |[f|” .(2.10)
Proof: This inequality can be easily proved by using the bound
|B] = [eIlE

= [B] < e 20t [f

and calculating the L® norm by applying Plancherel theorem

I11. Existence theorems and decay of solutions
Throughout this section we will assume f satisfies assumption 1 & thus ® = e tf satisfies (2.10). We
give attention to the study of solutions for the two auxiliary PDEs.

U .vU* - B".VB™ + vp = vAU™*+f ..(3.1A)

U .vB" -B'. vU"! = AAB™ ..(3.1B) ..(3.1)
V‘Ui+l - O, V'Bi+1 = 0,
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And
et 4yt vt — Bi.vmitl + vp= VAUt —U.VO ...(3.2A)

mit! + Ul-vmi*!t — Bl vt = AAmit 4B.VO  ..(3.2B) ...(3.2)
v-tl=0, v-mitl=0,
(Ei+1, mi+1) (O, O) =0

To deal with these partial differential equations, we take the function (U',B") eHZ x H! fixed before
hand. Then we use these PDE’s recursively to find approximate solution for (1.2) and (2.9)
respectively. In what follows, we recall existence theorems for these equations and estimate the decay
rate for (¢'**, m"*?) furthermore, we make precise the meaning of

U'= [, s'(Ddt and B'= [" wi(Ddt

then combine it with decay calculations to find uniform bounds on
(U', BY). Finally, we show that it is a

Cauchy sequence in HL x HZ whose limit is a solution of (1.2)
We now state and prove the following existence theorems:

Theorem 2.: Let (U, BYe H: x H! and f € X and v <1 . Then there exists a unique weak
solution(U'*1, B*1) to the PDE (3.1) in the sense that for any ¢,y € V

<U'.VU™, ¢>—<B'-VB™ ¢>+ v < VU™ V> = <f, > ..(3.3A)
<U'.VB™ V> <B.VU™ V> + ) <VB"VV>=0 ...(3.3B) ...(3.3)

Moreover, this solution satisfies
[(vU+1, vBH1)||” < v 2 |1f|2 .. (3.4)
Remark: The term Vp does not appear in (3.3A)  because V¢ = 0.

Proof :The procedure of the proof is by using Galerkin approximations and is well-known in the
literature, see for example references [1-3]. Also, the proof can be generalized to MHD case by
following the proof for Navier-Stokes equations as available in the literature ( see for example the
references [8-13].

Theorem 3.: : Let (U', B')e H! x H! satisfy
1(vU’, vBY)||> < v |I£I12 .. (35)

& f satisfy the Assumption 1 with @ = " f also we assume v < 2 Then there exists a unique weak
solution
(¢, m*1) e (L7 (R, 12) n L* (R, HY) )x (L™ (R*, L2) n L? (R*, HY))

to the PDE (3.2) in the sense that for any ¢, y € C* (R*, V)
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<t ¢> + <U' v (' > — <B .vmth > =—v <Vt V> — <U' VO, 9> ..(3.6A)
<mitl, y> + <U'.vm™, y > —<B .Vt > =h<vm™ vV y >+ <B VO, y >...(3.6B)
vttt =0 vm*t=0

(€', m*1) (0, 0) = (0,0)
Moreover this solution satisfies

SPI m @) + v et vm )l ds < Cog v Il ..(37)

Proof:-The partial differential equations here are closely related to MHD equations. As mentioned in
the proof of previous theorem, the procedure is to construct Galerkinapproximations which satisfies a
uniform estimate similar to (3.7) and then use compactness argument to pass through the limit. We
now give a formal proof of (3.7) which can be used as an a priori estimate in this approach.
Multiplying (2.9A) by ¢ ** & (2.9B) by m™* | integrating by parts & adding and then using the bilinear
relations we get:-

. 2 . 2
S e+ v 70 P S e 1 7|
= <U1 . El+1, O> + <B1 .V m1+1, o>

<[[Ullg Ve, Nelis + [l [vm™]l, ol

in2 ; 2 02 . 2
< S[Ullg N0l +3{IVETH 5 BT ol +5[lvn'*| ..(3.8)

S IE I+ mi oy [[ve ) 2 flvm)

2
<2 ||’ BY|; llol3 +5||V£'“||2+5||Vm'+1||2 .(3.9)
Now, using the assumption v < A and the fact that
IV, <[V Y, .

I8'[l, < lI(V", BYI,
: ) 2 :
And using the product norm || (€'**, m'+1)||2 = ||E'+1||2 + ||m'+1||§ , our equation (3.9) becomes

”(E|+1 m|+1)” +Y ”(VE|+1 Vm|+1)”

2dt
< [E el ||cD||3]
L2
<<, B')||6 |13 ..(3.10)

Here, we have used Holder’s inequality and Cauchy’s Inequality. Now using the Gagliardo-Nirenberg
C 2
Inequality & the assumed bound on||(VU', VB)||, we get:

d i, o i 2 i i 2
o ||(E'+1,m'+1)||2 + v [[(verL vm L < S ol ..(3.11)
Using Lemma 3.3, we get

[llo@)l13ds < Il e 2% ds <
Together with the Gagliardo-Nirenberg Inequality & the heat property

[Lilk
2vp,
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2v [ZIVOS) 12 ds < IIfI% we get
[10©13ds < [IlO®Il; IV0E)]l, ds
< (fllem13ds)* (Lo ds)

1

<Cp, 2vIIflI% ..(3.12)
Now integrating (3.11) in time & then applying (3.12),we get (3.7).This completes the proof.

1
2

Remarks 3.1: In the theorem above the assumption (U,B') e HlxH! s enough to
ensure U-vU'* € (HL)', BL.VB*! € (HL) and

Ulvett e (HY) BL.vmitt e (HD) ae.

That is,|<U"-VU *%,¢ >|< C [|V§]|3

<B'-VB ™. ¢ >|< C [|VolI3
[<U'V 0™y >I< C [[Vll3
and|<B' -vm™, y >< C [|Vy|[3

Thus multiplying the PDESs by Ut B+t & ¢t mitl respectively & integrating in space is justified.
To see this, we choose a test function approximating either (U'*%,B"*1) & pass the limit through the
weak formulation (3.6). We shall use this technique in the following work.

Decay of [ ,[M} : Here, by using the bootstrapping method & Fourier splitting method we calculate

the energy decay for [ ‘frm} .Mohgaonkar and Saraykar [14 ] have derived L* decay estimates for
incompressible MHD flows. Our aim here is to find faster decay rates.For this we apply the Fourier
splitting method and use the bound (3.7) to find a preliminary decay rate . This is then used to deduce
a faster decay rate. We have to repeat this procedure until the lower rate is not affected by the
recursion. Thus, we begin with an estimate for 2| and |M] .

Lemma 2 : Let (¢'**, m'*1) be the solution of (3.2) given by Theorem 3 with (U', B') and f satisfying
assumptions of the same theorem. Then,

i+ i TIPS} -1 -
e <Clell| A, Golle L, () ds + v Il ...(3.13A)
T i T -1 -
mi*+1 < C[g|||B'[l, (S lIm"l, (s) ds +v2p t IIflly) ..(3.13B)
Proof :- Taking the Fourier Transform of differential equations in (3.2) and noting that the initial data

is zero, we have
(= - fleEle-s) (g- Uttt +ep+ - B m+l + ¢- uiAqa) (s) ds ..(3.14A)
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i+l = — [le 19 (- UTmit + ¢ BT + (- BiD) (5) ds ..(3.1B)
Now using Young’s Inequality along with the Plancherel Theorem,we get
‘( Uizi”)‘ + (BT mi )|+ |(U'e)| <

I’ B, (1, + el +|e )

(U™ + |87 )|+ |(5'9)| <
[l B, (™2, + e, + )
Now, taking the divergence of (3.14A), and then the Fourier Transform ,we obtain

pl<C (|( uiz”1)| + | (BT )|+ ()
Using above in equation (3.14A) we get
¢ <clelluBY|L, f (116, + Im2l, + loll;) s) ds

<Clell|u', B, (fcj||13i+l||2 +{mL] (5) ds + v=pgt IIFlly)
And
mi+ < Clel[| U BY, f (Im™H ], + 1€+, + llollz) ) ds
<Clglf|u, B, (f0t||mi+1||2 +[|€*H], () ds + v=2pgt [Ifll,)
The last inequalities in the above estimates follow from Lemma 1

This completes the proof.
We now state a Lemma which can be proved on similar basis as Lemma 3.5 in [4].

Lemma 3 : Let (¢'**, m"™) be the solution of (3.2) given by Theorem 3 with (U', BY) & f satisfying
the assumptions of the same theorem.

Then, forany o, B = 4, (€' "%, m™) satisfies the differential inequality
d Y o+l ity |2
S (@+ o[l m*H],)

< C(y, pp VIV, BHIZ A + B (L™, m*y(s)||)ds + [If)? + CV2IIFIXIONE (L + by
..(3.15)

Where y = miniiio, B)

Proof : Multiply (3.2A) by I"& (3.2B) by m'™ then integrate by parts & then apply the bilinear

relation & the assumed bound (3.5) we get. =< [[€FY2  + v(IVOTYE - (B.vmi*L, ¢ith)=

. ) 2dt
(U.ve'tt ey &

1d

>t IM+L13 + 4| vmitt|3 - (B V(L mi+ly= (Bl ymi+, o)

Applying same argument as in previous lemma we get from (3.11)
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o1 [ I e

12
<< NI ol + e (3.16A)

% ||m|+1|| +v ||Vm|+l||

<C 12
< =5 NfI ol + 5 [|[vm™[; ....(3.16B)
Now we split the viscous term in Fourier space around the ball B(R) using the Plancherel Theorem
. 2 —
v [V, <V gyl |£I+l| 2dg

E i+1

<-VR? [ RS de

< VR [[H) + vR? o | O
Combining this with (3.16A) we get
GV EESSE

< VR [y |7 de + CV IFI 0l
Similarly our (3.16B) becomes
Gl D+ R4 2 < v

Jo I dC + Cv? IfIX N3

Then using (3.13), we bound

Jago | TP de < U (Il € ) lodst vp5 M g gy 161702 )

< CIUIE (]l ¢ lods +v* pgIfllOR®

Similarly,

Jow /ML dg < CIB'IE (flm™1©)[|2ds+ vipg Ifll)( fogelCId0)

< CIB'IE (flm™+{lods +v* pgtlifil) R®

then

SN E+ R 2 < C vRIUTE @iyl | (s)ds+IFlL)?

+ CVIIflIX l@]13 ...(3.16C)
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d i 2 i 2
and = [| m+2| 5 + vR?|mi+|| 5
< CWRIBIE (+v oy 2SI *[(s)ds + [Ifllx)*

+ CV|IflI% 1113 ...(3.16D)

Here we take R? = © (1+t)™* then use (1+t)« as an integrating factor of (3.16C) and (1+t)# as an
A%

integrating factor of (3.16D) and subsequently adding them and using product we establish the
lemma.

Theorem 4 : Let (£ ", m"™) be the solution of (2.9) given by theorem 3 with (U'B') and f satisfying
the assumptions of the same theorem. Then (£ ™! m™?) satisfies the decay bound

1 M), <l pg, ) (@ + U BYIZ) 2A+IAIR) IFIZAD) ™ .(317)

Where p = maxio, )
Proof : Combining the bound on ||(¢'*%)]|, given by (3.7) with (3.16) we write.

3@+ 0o <C @ pg W) IUIE) @+ D™ @I + IFI% )+ C ) [IF13 11113
1+ t)°

< C (e pg: v) (L + ICUDIE) (A+IFIZ) 1% @+ ©**2 +C W)IIFI% IOl (1 +
Similarly we have

S(@+ DM <C B poe v) ICBYIB) @+ B2 NI + IF1% )+ C ) [IFI3 1113
1+ b

< C (B, pg v) (1 + I B'IE) (LHIFIS) FIR (L + ©F2 +C M)IIfIk 10115 (L + )P
The next step is to integrate in time. The first term on the RHS of above equations can be integrated
directly and the second term is estimated similar to (3.12) in each above equations. Now,

CMIfIZ fy 1013 @+ vedt<C WX f; 1ol IVOMIQ+ H*dt

< C MR, (@ + DU Ie®I3ds) (S, IVe® 13)dt

Similarly we have,

CMIfI% f; 1013 @+ HPdt<C WL, @+ DPILMIBds) ([, IVOD)[3)dt

This gives an initial decay bound.
. 2 .
1€ DI, < C (o, pev)(@+ V13 AHIFIBOIIFI (1+T)™ ...(3.18A)

. 2 - R
(MM, < C B po A+ 1 BIZ) A+IFIBIAIL 1+T) Y ...(3.18B)
We now use (3.15) and (3.18) instead of (3.7) and integrate in time to obtain
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()DL < Cla, prv) @+ 1U'13) 2AHIFIRIAIK(ELT)

I(M*) DI < CB. po. v) (@ + 1B 13) 20+ IFIRIIFIZ(+T)

Adding above inequalities and using product norm and then following the iteration procedure six
times ,which gives the best decay rate, we get finally our results.

We now proceed to derive a relation between (U',B") & (¢',m') .
Relation between (U'B) & (¢',m) :

We have U'= [”s' ()dt and B' = [ w! ()dt. We show that approximations of these integrals are

bounded uniformly in L? & form Cauchy sequences whose limit will be a solution of (3.1). We then
apply the decay results showed above to find a uniform bound in L? for (U',B"). For this we use & =
e'f. We first prove the following Lemma.

Lemma 4: Let (¢, m"™) be the solution of (2.9) given by Theorem 3 with (U',B) & f satisfying the
assumption of the same theorem. Then the functions

Si+1= E i+1+(D & Wi+l - mi+1

satisfy : [“s*L(tdt e L2 & [ witi(t)dt €L ]

Proof : For each fixed i, define the sequences {S"},cn © L2 & {W'13, o © L2 given by
ShH= [ s dtand Wi= [ witi(h) dt

Since, s*1(Hel2, wtl(t) cL? ae. the sequences {S/"'} & {W'™} are well defined. Using
Minkowski’s inequality for integral with assumption 1 (through (2.10) & (3.17) the following bounds
show how the sequences {S'"'} & {W'} are bounded uniformally (for n) in L2 respectively.

Iss1l, < Jolls™* ol dtand Wil < Flw" o gt
= i, < Llle ol dt+ Fllomlldt  and Wi, < f;lIm™ @] dt

= [[SH, < C (ppev) (L + IQUDIBY A+IFIR Il

and [[Wi|, < C (pg.v) (L + [IB'113)° (L+1IFII) ¥IIllx

”(SiH,WLH)”Z < f0n||(3i+l;mi+l)(t)”2dt+fon”CD(t)”Zdt

n
< C (povi ) (1 + [1(U', BYII3)° (A+IF1R) 1l
Similarly, we can have:

ISk — i, < M, dt ..(3.29A)
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n+1

WS -Wi |, < |, ot ...(3.198)

Observing (3.17) & the decay of ® implied by assumption 2.1 we know that integrals
J; || dt and f7[|w'+ || dt are finite. Hence the R.H.S of (3.19A) and (3.19B) tends to zero as n

— oo. Following a well known argument to prove a contraction lemma we conclude that {SL“},]EN and
{(W:fl)}nd\,are Cauchy sequences in Lf, & have a limit which we denote by fow s*1 (1) dt and

Jy Wit (t) dt respectively

Remark 2: The above lemma also implies that fow s'*1 (1) dt and fow wtL (t) dt are both finite a.e. in
R3

Furthermore we prove the following .

Lemma 5 : Let (€%, mi*1) be the solution of (2.9) given by the Theorem 3 with (U',B) & f satisfying
the assumption of the theorem. The functions s = ¢ + @& & wit! = mi*! satisfy

Jy st @®dt =U"t and f"wt () dt =B™

Proof : : To prove this lemma we show ( f;"s"* (t) dt, ["wi™ () dt) s a weak solution for (3.1) to

conclude the desired result. Let {(SL“)}n(N and {(WL“)}n(Nbe as in the previous proof.

In (3.6) choose ¢ and y to be any member of V/(so that it is constant in time) use the relation s'*1 =
4+ @ & witl = m*! then integrate in time.

TE (STD,0) + (U TS o) — (BT T, )

= —v [V (1), V o) & ...(3.20A)

" W y) + (U Tty — (B TS y)

= — L [{((Vw'*L, Vy)...(3.20B)

After changing the order of integration & evaluation the first integral the become
(1), ) + (U'- VS o) — (BT VWit g))= — v (VS Vo) + (f9) &
(WL, w) + (U - VW y) — (BT VSEH, )= — A (VWi V)

Observe the first term on the LHS tends to zero as n — oo of both the above equations. This follows
form the decay bound (3.16)

(U v st —s™,0)] < cfvul, || it - Si+1)||2 Vel

<c [[vu e, || ;= s™H]) 1wl

Similarly
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|( B ¥ (W - Wi+1),w)| < C ||VBi||2 || (W — Wi+1)||2 IVwlls

<clve'l, | ow ~w ™)), v

As n - oo this tends to zero for each test function ¢ belong to V', Hence (S"*,W"")is a weak solution
of (3.1). The unigueness implied by Theorem 2 finishes the proof of the lemma.

Lemma 6 : Let (U™, B"") be the solution of (1.2) given by Theorem 2 with (U',B') & f satisfying
Assumption of the theorem. Then the function (U™, B"?) satisfies

IU™L B, < Clppm)@HIU, BYIZPA+IFIBY2 N -..(3:21)

Remark 3: The constant C( p,, v) in the above Theorem tends to « as p, - 0 or v — 0 It tends to 0 as
v — oo (See Proof of Lemma3)

Proof : Define st =(¢*1+ @ & w*l=m*! Just as in the proof of Lemma 5 combine
Minkowski’s inequality for integral (2.5) & (3.13) but this time use the relation from Lemma 6

U™, < flls* ol gt
< HletolLdt + il emidt &
18],
< [ Wt oll,dt< f7]lm* o] dt
= U™, < Clpg@+IUIE Y’ A+IfIZO 2 IIfllx
and [[B||, < C(pov)(L+IIB'IIZ )’ (L+IflI50 21 fllx
Adding above inequalities and using product norm we get our final result.

Convergence of (U',B') : We now find the limit of the approximating sequence (U, B') and show
this is a solution of the steady state MHD equation. We first prove :

Lemma 7 Let (U',B') be the solution of (1.2) given by Theorem 2 with (U',B') & satisfies the
assumption of the theorem. There exists a constant C (p,,v) so that if Il < C (Py:v;M)  then

lU',BY], <M.

Proof : By setting the RHS of (3.21A) and (3.21B) equal to M? & considering Z = ||f||% as a variable
the proof is reduced to finding proof of the polynomial as below
MZ

Z’+Z=L= ———
C (pev) (1+M%)8

Here C (p,,v) is exactly as in (3.22) since L > 0. This Polynomial always has a strictly positive root,
in this case the root is exactly the constant in the statement of the lemma. Indeed,
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—1+VI+4L _ M
—= < VL = s G .(3.21)

Theorem 5: Let M > 0 and f satisfy Assumption 1.Then there exists a constant C(p o,v,M) such that if
[Ifllx < C(p o,v,M), the following hold:

()The PDE (1.2) has a weak solution (U, B) € H. x H!

(i) This solution satisfies ||(U,B)||, < M in addition to (2.1) and this solution is unique among all
solutions which satisfy (2.1) & have a finite Lf, norm.

Proof : Chose (U°,B%) eHg x Hg so that [|[(U°,BY)]|, < M & [|[(VU°,VBY)||, < v72 [Ifli%. To
construct such a function one could fix f and then take a solution (U,B) for (1.2). However a priori ,
the solution is not known to be unique or have finite L2 norm. Following the procedure as mentioned
in the proof of Theorem 3.17 in Bjorland and Schonbek [04] it is possible to limit L§ X Lf, norm

without increasing the Hi X Hinorm. Starting with (U° B%) we solve (3.1) recursively using
Theorem 2 to find a sequence {(Ui, Bi)};2,. which satisfies ||(VUi,VBi)||2 < v72||f||2.Then Lemma 6
gives the uniform bound [|(U', B)||, < M. Hence, its limit, if it exists must also satisfy this bound. We
now show that this sequence is Cauchy in H(l, X Hi & its limit exists.

The difference Y= U™*1- U’ and Z'*1= B"1- Bisatisfies the differential equation
U'.vY" +Ylv U' -B'.vZ"-Z'.VvB' = vAY" ..(3.23A)

& U'.vz* +Y.v B'-B' .vY" - 7' .vU =AAZ" ..(3.23B)
Multiply equation (3.36A) by Y"*and equation (3.36B) by Z"* respectively we get

Yoyt uh - (B'-vZt YT + (2 vyt B =y ||VYi+1||§ ..(3.24A)
& (Y'-vzZ*BYy (BT vZHL Yty (70 vzt Uy = ||vz‘+1||§ .(3.24B)
Then integrating & adding (3.24A) and (3.24B) and using bilinear relation (2.2) we get
VYR vz, s Y Y IV
+ 1206 VYL, 18]l +
+ Yl IV 1B
+

e 2 i e
12l V211, 1Vl

< VI I, vV,
V21, VYL Ve,

+ VYL V2L (e,
V2L V2 v,

< EeYival, flvu,vehll, vy,
+ oYLV, flevd’ veY, vy,
+ oYLV, evuvedll, vz,
+ ooyl v, (levd’, veh vz,
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< 2||(W‘,vz‘)||2 ||(vui,v5‘)||2 ||W‘+1||2
+ 2||(VYi,VZi)||2 ||(VUi,VBi)||2||VZi+1||2

IA

2c i H 2 ; . 2 v i+1 2
YLV, [(vuh, vBDIl, +5 [[VY™L,

i NG i 2 2
+ 2y, [|vu, veD|; + %”VZI+1”2 N

Hence,
. 2 - 2 - Y ; in2
2O 45 V2 < <[ ooy V2, VU, VB, -(3.25)

using v < A and standard product norm in (3.25)we get

g||(vvi+1, vzi+1)||zzs §||(vvi,vz‘)||§ ||(VUi,VBi)||§

| vy, vzi+1)||22 szcv—2||(vvi,vz‘)||§ ||(vu‘,v5‘)||§
s2Cv‘3M||f||X||(VYi,VZi)||§ ...(3.26)

We note that multiplication by Y'*! & Z'** is justified since all U', B' and hence all Y',Z' are
bounded in H..Using this bound recursively, we obtain
|OYHLVZEY|T < (Cv2M L) 2 v ]2
In the last step, we have used the uniform bound on
I(VU', VB[, < v Il

. o . :
If ||fll, < CV—M where C is the same as above then (Y',Z") tends to zero in Hcl, X Hcl, . This implies

that (U', B') is a Cauchy sequence. We denote its limit by(U, B ).This also ensures (U, B ) < M. Using
standard argument we can now show that (U, B )is a solution of (1.2 ).
To see that (U, B) is the unique solution of (1.2) among all solutions which satisfy (2.1) & have finite
L?x L? norms , let (U,B) be any other solution which satisfies (2.1) & has a finite L§ X L§ norm.
The difference (Y, Z) = (U, B) — (U, B) solves

UVY+Y VU-BVZ-Z-VB+Vp=vVY. ..(3.27A)

Uvz+Y.VB-BVY-Z-VU =AVZ. ...(3.27B)
Multiplying the equation (3.27A) by Y & (3.27B) by Z and then proceeding in the same manner as in
the above proof ,we get

1(VY, V2|5 < Cv> Mllfllx [1(VY, V2) 15
The assumption on f guarantees that if

3
Ifllx < CV—M then (Y,Z) must vanish
this implies that the solution is unique.

V. Conclusion:
By using Fourier splitting technique developed by M. Schonbek, and a bootstrap argument,
we have proved the existence of at least one solution with finite Dirichlet Integral to steady state
Magnetohydrodynamic equations in the whole space. Further, we have shown that these solutions are
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unique among all solutions with finite energy and finite Dirichlet Integral. In future, building up upon
these techniques, we intend to prove similar results for non-steady incompressible MHD flows. The
question of global regularity of MHD flows still remains to be settled. We hope that our results
proved here will throw some light on this problem, at least in the steady case.
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