IOSR Journal of Mathematics (IOSR-JM)
e-1SSN: 2278-5728, p-1ISSN:2319-765X. Volume 10, Issue 2 Ver. 1l (Mar-Apr. 2014), PP 86-96
www.iosrjournals.org

Periodic Solutions of abstract neutral functional differential
equations

Bahloul Rachid®,Sidki Omar*

! Faculty of sciences and Technology, Fes-Saiss Fes, Morocco

Abstract

We charaterize the existence of periodic solutions for a class of
abstract neutral functional differential equations described 1n

the form :

%I@) — Alz(t) — Ba(t — r)] + L(z) + f(t),t € B (1)

Keywords : functional differential equations

1. Introduction :

Let X be a Banach space endowed with a norm |.| and r be non negative
real number.

The main objective of this paper is to study the existence of periodic
solutions for the class of linear abstract neutral differential equations (1) :

C = C( [-r,0]; X') be the Banach space of continuous functions mapping
the interval [-r,0] into X. the function x; given by z,(f) = x(t+#) for # in
appropriate domain,denotes the segment or the "history” of the function x(.)
at t.

L, is a bounded linear map defined on an appropriate space, and f :R —
X is a locally p-integrable and 2m-periodic function for 1 < p < 400

we assume that A : D(A) € X — X and BC X — X are closed linear
operator

We denote

H'(T:X)={ue [»(T: X):3v e LP(T; X),(k) = iki(k) forallk € Z}
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2. Preliminaries :

We denote by T' the group defined as the quotient R/27Z. There is an
obvious identification between functions on T and 27-periodic functions on
R. We consider the interval [0,27) as a model for T

For a function fe L(T;X), we denote by f (k), keZ the k-th Fourier co-
efficient of f :

— f e~ f(t)dt for keZ and teR.

~ Denote f.(t) :=f(t+7), T€Z; then it the follows from the definition that
f(k) = &% f(k), 7eT.

Let feL?(T X). Then by Fefer’s theorem, one has

f=lim,_ . .on(f)
in L7(T,X) where
on(f) =7 o Zhe e S (K)

with ey (t) :=e™*

A Banach space X is said to be UMD, if the Hilbert transform is bounded
on LP(R.X) for all p €(1,00).

Definition 1 : Let X and Y be a Banach spaces. A family of eperators
TcB(X,Y) is called R-bounded, if there is a constant C' =0 and pe [1,00) such
that for each NeN T,€T, ;€ X and for all independent, symmetrie, {—1,1}-
valued random variables r; on a probability space (Q,M,u) the inegquality
HZ;‘;ITJ-TJ-IJ {C”ZJ_ T is valid. The smallest such C is

called R-bounded of T', we denot it by R, (T ).

LP(0LY) LP(0LY)
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Definition 2 : For 1<poc we say that a sequence {My},.., CB(X,Y) is an
LP-multiplier if, for each fe LP(T,X), there exists ue LP(T,Y) such that

i(k) = Mif (k) for all k € Z.

Theorem 1 :[3,theoreml.3]

Let X, Y be UMD space and let {My},_, CB(X,Y). If the sets {M,},_,, and
{k(Myt1 — My)},cp are R-bounded, then {My},_, is an LP-multiplier for 1
<P<00.

3. A Criterion for Periodic Solutions :
We consider : Ay = ikl - ikBy - A(I-By) - Ly . for all k € Z.

Denote by By :=e "B Li(x) := L(e*?x) and e,(t) :=e' for all k € Z
and oz(A) = {k € Z: Ay has no inverse}
And we define : Dy = (ikl — A(] — Bi) — Li)™?

3.1. Existence of Strong Solution :

Definition 3 Let A be a closed linear operator on X. A function z(. ) solution
of the problem (1) if x¢ HY?(T:X)NLP(T:X) and (1) holds for almost all

te[0,2m]
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Theorem 2 : Let X be a Banach space and 1< p < + oo .Suppose that for

every f €LP(T,X) there erists a unique strong solution of Eq (1). Then
1. for every k € Z the operator ( ikl-A(I-By )-Ly. ) has bounded inverse

2. The set is R-bounded and {ikDy},_, is R-bounded.

Lemma 1 :/2, Lemma 4.2/

Let u e C(T.X). Then

L(X.(k) = Li (k).

proof of theorem 2 :
1) Let keZ, yeX

for f(t) = e y , 3z € H"(T, X) such that :
%(t) =A(x(t)-Bx(t-r))+ L(z,) +f(t)

Taking fourier transform . L is linear and bounded, we obtain

ikz(k) = A(I-By )2(k) + Lpz(k) + f(k}

(ikI-A(I- By )-Ly)z(k)= f{k)= v =) (ikI-A(I-By)-Ly.) is surjective.

Let x € Ker((ik - A(I-By)-Lg)), that is A(1-By )x + Lpx=ikx, then u(t)=exx
defines a periodic solution of (1) corresponding to the the function f{t)=0.Consequently,
u(t)=0 and x=0.

2) let f € LP(T,X). By hypothesis, there exists a unique x€ H'?(T.X) such
that (1) equation is valid. Taking X

Fourier transforms, we deduce that (ikI-A(I-By)-Lg)z(k)= f(k) for all

k € Z. Hence

ikz(k)= ik (ikl — A(I — By) — L)™! f(k} for all keZ

On the other hand, since x€ H**(T ,X), there exists v€ L?(T,X) such that

U(k)=ikz(k).This proves claim.
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3.2. Existence of weak solution :

Definition 4 : Let A be a closed linear operator on X. A function x(.) is
called a weak solution of the problem (1) if f; (z(s)-Bx(s-r))dse D(A) and

z(t) - =(0) = A[; (x(s)-Bz(s-r))ds + [;(Lz, + f(s))ds, 0 <t<2m.

Theorem 3 : Let f el?(T,X), Assume that D(A)=X ; if z(.) is said to be a

weak solution of Eq (1) then (ikI -A(I-By)- Ly )i (k)= f (k) for all keZ

proof : x(.) is a weak solution of Eq (1) then

x(t) x(0) =A [y Dx(s)ds + [ (Gzs + f(s))d

t=2m

x(2m) - f x(s)-Bx(s-1r))ds + f (Lz, + f(s))ds; or x(2m) = x(0)
then

A 77 (x(s)-Bx(sr))ds + [T (Lz, + f(s))ds=0

(AT — Bo+ Lo)2(0)+ f(0) =

(0-AI— By Lo)2(0)= f(0) which shows that the assertion holds for k = 0.
Define v(t) = [*(x(s)-Bx(s-r))ds

And g(t) = x(t) - x(0) - [y (L, + f(s))ds

by lemma 3.1 [2]

We have (k)=4(2(0)- B(0)) - %{:f:{k}—B:i:{k}} (remark 2.3 [2])

-

§(k)=2(K)-[£Lo#(0) - £ Led(K)-[££(0) - £F (k)]

§(k)=2(k)-+Lo2(0) + £Li(k)-£f(0)+ £f(k)
AD(k)=LA(I-By)2(0) - LA(I-Byi(k)
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Then

ikz(k) + Loz(0) - Lki“(k)+f(0)— f(k)z -A(I-By)z(0)+A(I-Bg )z (k)
& [ ike(k) -A(FB)2(k)- L (K)-f(K)]-[A(-Bo)#(0)+ Loz (0)+ (0] =0
& ika(k)-A (1B (k)-Led (k)-f(K) = 0

& iki(k)-A(I-By)z(k)-Lii(k) = f(k).

Theorem 4 Let f eL?(T,X), Assume that D(A)=X; if z(.) is said to be a
weak solution of Eq (2) and (ikDy. - ADy. - Gy )has a bounded inverse. Then
(ikl — A(I — Bi) — Lg)™! is an LP-multiplier.

proof ; from theorem (1) we have (k) = (ikl — A(] — By) — f{ )
for all f € L?(T.X)

Main result :

Our main result in this paper, establish that the converse of theorem (2)
and the give the definition of Mild solution

Theorem 5
Let X be a UMD space and let A : D(A)cX —X be a closed linear opera-
tor. The following assertions are equivalent for 1<p=<oc.

1. for every f €eLP(T,X) there exists a unique strong solution of Eq (1)

2. for every k € Z the operator ( ikl-A(I-By, )-L;. ) has bounded inverse and

the set is R-bounded and {ikDy},_, is R-bounded.
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proof :
1<=2) Let f € LP(T X) . Define Dy= (ikI — A(I — By) — L;)™?, the family
{ikDy}yc is an LP-multiplier it is equivalent to the family { Dy},
is an LP-multiplier that maps L?(T,X) into H'*(T,X),| i.e. there exists
xe H'?(T x) such that
(L1)  2(0)=Dyf(k)= (kI — A(I — By) — L)' f (k)
In particular, xe (T ,X) and there exists ve L*('T,X) such that
(1.2) (k) = o(k) = ik 2(k)
By Fejer’s theorem one has in LP([-rax,0],.X)
i (0) = x(t46) = lim, ooz > 0 S e*e*i(k)
Hence in LP(T,X) we obtain
T = iMoo 2 om0 e € e (k)
Then, since L is linear and bounded
Ly = liMns ooy om0 e L(ex2(K))
=limn_,+_xn+r12?n=c,zkm=_m€mLki’(k}
By (1.1) and (1.2) we have
r'(k) = iki(k) = A(I-By,)2(k) + Liz(k) + f(k). for all k €Z.
Then using that A and B are closed we conclude tat (x(t)-Bx(t-r))eD(A),

and from the uniqueness theorem of Fourier coefficients, that equation (2) is
valid for t € T.[3. lemma 3.1]
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Definition 5 : of Mild solution about convert of weak solution

Introduction :

Assume that A generates a Cp-semigroup T(.) on X; and x(.) is a weak
solution, then we have

x(t) x Afo{x -Bx(sr))ds + fn Gz + f(s))ds

Sy T(ts) (x(s)-x(0))ds —
.Jr[]tT{t-—S}A J&S(x(f)—BX(S—I‘}}deS + .Jr[]tT{t"S}fus(Ll:m{) n f{:&'}}d(ﬁ'ds

=[5 (T(t-s)-1)(x(s)-Bx(s-1) )ds+ [y T(t-s) [ (L(z¢) + £(£))déds
Then
JoT(t8) (Bx(s1)-x(0))ds = - [ (x(s)-Bx(s1))ds+ [, T(t-s) [y (L(ze) +(£))deds

J"D (s)-Bx(s-r))ds+ [, T (t-s) (Bx(s-r)-x )ds-fu (t-s) f; (L(ze) + f(£))déds

A [ (x(s)-Bx(s-r))ds+A [ T(t-s) (Bx(s-r)-x(0))ds=A [ T(t-s) [ (L(z¢)+£(£))déds
Aﬁ] (x(s)-Bx(s-r))ds+A [ T(t-s)(Bx(s-r)-x (0})d5=f[;(T{th]—[)ﬁ] (L )+£(£))dEds
A [o(x(s)-Bx(sr))ds+ [ (L(z, +f( ))ds=

f;T(tFS](L(;rs)—l-f(s)}ds-l—AfD (x(0)-Bx(s-1r))ds

or x(.) is a weak solution then
x(t) - x(0) Afu (x(0)-Bx(s-r))ds + fn (t-s)(L(zs)+f(s))ds

Our object, establish the convese of this result

Definition 6 : Assume that A generates a Cy-semigroup T(.) on X. A fune-
tion z(.) is called a mild solution of the problem (1) if :
f; T(t-s)(x(0)-Bx(s-r))ds € D(A) and

z(t) - z(0) =AfcfT(t—s)(&:(ﬂ)—B:::{s—r))ds + fc:T(t—S)(L{:ES)+f(s))ds 0 <t<2r.
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Corollary 1 Assume that A generates a Cy-semigroup T(.) on X; let f €
Lr(TX)

r(.) is a weak solution < x(.) is a mild solution
proof :
=) by introduction
<) suppc-bc that 1([ ) 15 a mild solution of Eq (2) then
x(t) - x(0) =A [[T(t-s)(x(0)-Bx(s-r))ds + [, T(t-s)(L(zs)+£(s))ds
Jo ((3)x(0))ds=Jo A Jy T(t-6) (x(0)-Bx(gv))déds+ fo [T (6-6) (L(we) + F(€))déds
f;(x(s)—x{[l))ds=£(T(t—s}—I)(X(O}—Bx(s—r})der J%IDST{FE)(L[E(} + f(£))déds
Aﬁ] x(s)-x(0))ds= AfD (t-s)-1)(x(0)-Bx(s-r))ds+A f;fUST(t—{}{L(r£)+f(§))d£ds

Aﬁ] x(s)-x(0))ds= AJ”G (t-5)-1)(x(0 }—Bx(s—r})d3+£(T(t—s)—I)(L(:t:s)+f(s)}ds

A [ (x(s)-x(0))ds+ [ (L(zs)+£(s))ds+A [, (x(0)-Bx(sr))ds=A [ T(t-s)(x(0)-
Bx(s-1))ds+ [ (T(t-s)(L(zs) +f(s))ds

A /E T(t—s)(z(0) — Bzx(s —r))ds + /t(T(t —8)(L(zs) + f(s)}ds=Af;(x(s)—
0 0

=z(t)—z(0)

Bx(s-1))ds+ [y (L(x,)+£(s) )ds

x(t)-x(0) = Afu s)-Bx(s-1)) d&m—Ffu{L{Ig)—l-f{b);ldS then x(.) is a weak
solution.
Proposition 1 : Assume that A generates a Cy-semigroup T(.) on X. if
(ikI — A(I — By) — L)™' is an LP-multiplier Then there exists a unique

weak(mild) solution of Eq (1).
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proof : let f € LP(T,X), then f(t) =limn—too iy S om0 on—me™ f(k)
or (ikl — A(J — B;)— L;) 'is an Lp—mult-ipligr then there exists x € L?(T,X)
such that #(k) = (ikl — A(I — By) — L)1 f(k)

put z,(t) = Ennn_,+mn+lzm o> ekl — A(] — By) — )71f (k)
then z,(t) — x(t) and =, is strong L¥-solution of Eq (1) and =, \,crlﬁcd

Tp(t) - IH(D:]=J'3LJ:((IR{E—S}}— Bx,(t-s))ds + fJ{G((zrﬂ}s) + fn(s))ds

we put y, = x,(0) then

Tn(t) = yn“‘AJr;({In{t'S)}_ Bz, (t-s))ds + IJ{L{(xn)s} + fu(s))ds

t =2

Tn(27) = Ynt AfT((Zn(t-s))- Bzn(2m-s))ds + [0 (L((Zn)s) + fu(s))ds
=2 (0)
(n—oc)

¥y =¥y + Af x(s)- Bx(27-1))ds+ f L(x,) + f(s))ds

x(t) = }-'+A_f[;(x(s}— Bx(t-s))ds + J:;(L(xs) + f(s))ds :=g(t)

x(2m) = g(2m)=y + A [Z7((x(s)- Bx(2m-r))ds+ [ZT(L(z,) + f(s))ds =

= x(2mw) = x(0), we conclude that x(.} is a 27 periodic weak (mild) so-
Iution of Eq (1).

4 Exemple :
4x(t) = A(x(t) - Bx(t-1)) + Lz, + f(t)

let A be a closed linear operator and X be a UMD space, and

supe||(ikl — A(I — By))7 Y| = : M < oo and ||L]| < l,pthcn Eq (1) has
a unique weak solution. e
we have ikl - A(I - By) - Ly = [ikl - A(I-By)]|[I - Lyp(ikl — A(I — By))™ 1]
it follows that ikl - A(I - By) - L; is invertible whenever
| Li(ikl — A(I — By))™ 1|| <1 [7.Theorem 1.1.7]
observe that ||Lg|| < ra/®||L|]
Hence ||Li(ikl — A(I — By))~ 1||<}“1’:'}||L||I\r-'[ =

1

Therefore, under the condition |[L]| < —7—
f‘,—, L

(ikl — A(I — Bi) — L) Y=[ikl — A(By)] I — Li(ikl — A(T — Bg)™ 1)1
=ikl — A{Bk]]_jzf:u[[,k(-ikf — A(I — B) "

it follows that :

lik(ikI — A(T — By) — L)t < [lik(ikI — A(I — By) |25, @

< F;’f_j;] then ik, is R-bounded.
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