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The Best Growth and Approximation of Entire Functions of Two
Complex Variables in Banach Spaces
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Abstract: In this Paper we are studding the polynomial approximation of entire functions of two complex
variables in Banach spaces; concept is depend on index-pair. The characterizations of (p, g) —order of entire
functions of two complex variables have been studied in terms of approximation errors. The results can be
extended to m-variables but to reduce the mechanical labour we have considered only two variables.
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I.  Introduction:
Let 9(21.25) = X, mp=o@m, m, (21,22 )} be a function of the complex variables z, and z,, regular
for |z;| <mn, n=1,2.If , and r,can be taken arbitrarily large, then ¢(z; z,) represents an entire function of

complex variables z, and z, . Following Bose and Sharma [1] we define the maximum modulus of ¢(z, z,) as
M(rl' TZ) = maX|Zn|STn|(p(Zl.ZZ)| n= 112

The order p of the entire function ¢(z, z,) is defined as [1];

. loglog M (rq,13)
= lim Sup—————
p 1,200 SUP log(r1,72)

Bose and Sharma [1], obtained the following characterizations for order of entire functions of two complex
variables.

Theorem 1.1. The entire function ¢ (z,.z,) = Y m,=o{@m, m, (21 " 23 )} is of finite order if and only if

log(m;™1,m,™M2)

u = lim,, Ly se SUP -7
log |am1'm2|

is finite and then the order p of ¢(z,z,) isequal to u .

Let Hy,9 > 0 denote the space of functions f(z, z,) analytic in the unit bi-disc
U= {ZLZL € |z;] < 1,|z,] < 1} Such that ||(p||T19 = limn,rz Mﬁ((p, rl’rz) < oo,

Where

. _ 1/9
My(p,11y) = {ﬁffn f_”n|<p(r1e191,r2e192)|19d91d92} , and let Hy 9 >0 denote the space of
functions f(z; z,) analytic in U and satisfying the condition

1 1/9
loll,, = {1, 11 f il 0z Pdxidys dxydy,} < oo
Set
llolle = SUP“(P(ZLZZN: 71,7, € U}
Hy and Hy are Banach spaces for ¥ > 1 In analogy with spaces of functions of one variable, we
callHy and Hy the Hardy and Bergman spaces respectively.
Following the Vakarchuk and Zhir [4] we say that the function ¢(z, z,) analytic in U belongs to the
spaceB(u,v,k) where0 <u <v<oand0 < k < oo if
1,1 (11 -1 %
Il = { [ [ra=-ma-mn 6 mienr dndrz} <o
0 Y0
-1

1 1
19l = Sup {{(1 — ) =T My (1, 1):0 <117, < 1} <o

The space B(u, v, k) is a Banach space for u > 0 and v, k > 1 otherwise it is a Frechet space. Further, we have
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HﬁEHélzB(g,v,v),1Sv<oo. (1.1)

Let Y is a Banach space and let Ep,,, (o) be the best approximation of a function ¢(z,.2,) €Y by elements of
the space Q that consists of algebraic polynomials of degree < m; + m, in two complex variables.
Eml,m2(<p,Y) = lnf{”(p - q”Y iq € Q}

Recently, Ganti and Srivastava [2] characterized the order and type in terms of the approximation errors
Eny my(p.B(uviy) and Eny o, (o T9)- But their results leave to study a big class of entire functions such as slow

growth and fast growth. To bridge this gap in this chapter we pick up the concept of (p, q) — order introduced
by Juneja et al. [3] and consider it for entire functions of two variables. Roughly speaking, this concept is a
modification of the classical definition of order obtained by replacing logarithms by iterated logarithms, where
the degrees of iteration are determined by p and g.

To the best of our knowledge, characterizations for the (p,q) —order of entire functions of two

complex variables in Banach spaces have not been obtained so far. We define the (p,()—order of an

entire function ¢(z, z,) by
IOQPM(TI'TZ) (l 3)

(p' q) = hmﬁﬂ”z—’“’ sup log9(ry,r2)

Where p and q are integers such that p = g > 1.

Notations: We are using the following notations in this paper.
(i) log™x = expl™™x = log(log™Yx) = exp(exp!=™Vlx),m =0,£1. 42 ...
Provided that0 < log!™1x < oo with logl®x = expl®lx = x.

@) g+ Dk+ Lk(2-2)] = pmu2k)
Be[m+ Dk + 1k (3-2)] = BOmw 2, k)
,Bl/k [(n +Dk+ 1,k (% —i)] =B, u,vk)
,Bl/k [(m +Dk+ 1k G—i)] = B(m,u,v, k)

II. Basicresults:
In this section we have given some lemmas as basic results, which have been used in the sequel.

Lemma 2.1. If ¢(212,) = S5, my=o{@m, m, (27,2, %)} be an entire function and for a pair of integers
(»,9),p=2,9=1p(p,q) be defined by (1.3) then
p(0,q) = P(L(p,9))

Where
log?~M(m; + my)a
L(p,q) = lim sup { ! 2 ml'mz} (2.1)
m1+my 00 l [q-1] 1 l -1
0914 {10 |,y |}
4,
[ L(p,q) ifp>q
1+L(pq) ifp=q=2
P(L(p, @) = . _
max(1+ L(p,q)) if3<p=q<ow
© if p=q=o
And
1
(my™1, m,M2)mitm; s mymy =1 for (p,q) = (2,1)
Amym, = 1 ;mam, 21 for2<q<p<o
0 ; at least onemym, =0
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I11.  Main Results: In this section we prove our main results.

Theorem3.1: If ¢(21,2,) = X5, m,=o{@m, m, (2, 2, *)} be an entire function and for a pair of integers

(®».q),p =2,q =1, be defined by (1.3) then
p(p, @) = P(L'(p, q)) where

1ogP~1{(my+m2)am, m, |

logla-1l {mlimz log [Eml'mz (%B(uﬂ"k))]_l}

L' (P, q) = liMyy 4,00 SUP (3.1)

Proof. We prove the above result in two steps, first we consider the space B(u,v, k),

v=20<v<2and k=1 .Let ¢(z,2,) € B(u,v, k) be of (p,q)order p(p,q) From (2.1), for any &>

0 there exists a natural number m, = m,(¢) such that
1 ]—(mr"mz)

|am1,m2| = [exp[q—l] {log[p_Z]{(ml + mz)aml'mz}}L'(p,qu , MMy >mg 3.2

Now first we show that p(p,q) = P (L'(p, q)).lf L'(p,q) = o then p(p,q) = oo or else ¢(z, z,) is not an

entire function. If L'(p,q) = 0,p(p,q) = P (L'(p, q)) since p(p, q) is nonnegative then we have 0 < € <

L(pq) <.
We denote the partial sum of the Taylor series of a function ¢(z; z,) by
mp mp
m1 my (‘P 21, ZZ) - z z all iz Zilx Zziz
i1=01i=

and

Eml,mz ((p’ B(ul 21 k)) = ||(p - Hm1,m2 (‘p)”uz,k

1

— { IR =) -y (S0 Ze 2 17 ag i |°)? drldrz} . (33)
Where

211 212 2 I o 2iq 212 2
le iy nn |ai1,i2| - Rl + RZ + Zi1=m1+1 Zi2=m2+1 n |a11 12|

L
_ 2iy 212 211 212 2
Rl - le 0212 =my+1 T1 |a11 lzl and RZ le =mq+1 le_o |a11 12|

Since R;, R, are bounded and r, 1, < 1 therefore (3.3) becomes

Em, m, (p.B(w,2,k)) <C Ul{(l — r)k(%‘%)-l} r(S+1)de] i i |ai1’i2|z
0

i1=mq+1liz=my+1
Where

[ fa -]
- | = B ||

1

{(1 - rz)"(%‘%)‘l} Tz(m2+1)kd1'2]

Therefore

1
(o] 2z
By m, (9,81, 2,10) < € B(ma 0,2, k)B(msu, 2, ) (B Zmlan F @4
where C'is a constant and 8(a, b)(a, b) > 0 denotes the beta function.
In view of (3.2), we have

5 ® * 1 =2(i1+i3)
Z Z |ai1'i2| < Z Z {exp[q'l]{log[p'z](il+i2)}L'+£}

i1=mq+1liz=my+1 i1=mq+1liz=my+1
1 ]—2(m1+1+m2+1)

= 0(1) [expl"HlogP=2(m; + 1+ m, + D} war+e
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Using the above inequality in (3.4) we get
Eml_mz ((p' ﬂ(u! 21 k)) S C ﬁ(mlyu; 2; k)ﬁ(mzyu, 2, k)
1 ]—(m1+m2+2)

X [exp[q‘”{log[”‘zl(m1 +my + 2)JL ar+e (3.5)

The result for has been obtained by Ganti and Srivastava [2].
Now consider for (p,q) = (2,2)

Enmymy (0,8, 2,K)) < €7 B(my 1, 2,k)B(msu, 2, k) X
[ 1 ]—(m1+1+m2+1)

exp{(m; + 1+ m, + 1}t @2+

Or
log Ev, m, ((p,[s’(u, 2, k)) —log [)’(ml‘u, 2, k) - log,B(mz_u, 2, k)
1 —(mq+1+my+1)
< log [exp{(m1 +1+m,+ 1)}5(2'2)“]
7.
Or
log Emym, ((p,ﬁ(u, 2, k)) —log ,B(ml‘u, 2, k) - logﬁ(mz_u, 2, k)
1
< —(my +my, + 2)log {exp{(m1 +m, + 2)}L'(2'2)+8}
Or

1 2 1
10g Emy my(@.8w,2,k))~log B(my,u,2,k) ~log B(mz,u,2,k)

1
—(mq+m, +2)log{exp{(m1 +m, +2)}L'(2'2)+€}

Or
L22) +¢> log(m, +m,)
£
! - 1
log [—m{log Em,m, ((p,,B(u, 2,k)) —log ,B(ml,u, 2, k) —logﬁ(mz’u, 2, k)}]
Since

1 1\]) /e
{/3 [(n + 1Dk + 15k (Z - E)]} =1, (3.6)
Now proceeding to limits, we get
log(m; + m,)

1
loglog[log Ep, m, (@, B(u,2,k))] Gratms)

L'(22)> lim sup

mq+my—

Or
P(L@n)-12 lim_sup log(m, +m,) 1
T loglog[log Ep, m, (@, B(u, 2,k))] Gratma)

Or

P(L22)-12L@22)

8.

Or
p(2,2) = P (L’(2,2)) >L(22)+1 (3.7)

Now for (p,q) # (2,1) and (2,2) we have from (3.5) that
Em,m, (0,8, 2,k)) < C" B(myu,2,k)B(mau, 2,k)

X

1 —(my+my+2)
expl?Ylog®=2I(m; +m, + 2)}L'(p.q)+£]

Or
log Ev, m, ((p,,B(u, 2, k)) —log ,B(mllu, 2, k) —log ,B(mz_u, 2, k)

1
< —(m; + m, + 2)log [exp[q‘ll{log[r"z](m1 +m, + 2)}5(1"‘1)”]
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Taking (3.6) into account, we get

-1 ] 1
[Eml'm2 ((p, Bu,2, k))](m1+m2) > exp [q—1]{log[p—2] (my + mz)}L ®.q)+e

Or
-1

10g' 9 [Epn, m, (¢, B, 2,10) |77 = (logP =2 (my + my)Jr @d+e i

Or

, log"~"(m, + m,)
Lpg+e= =3

109"V [Epn, m, (0, B(w, 2, k) ) [0 ¥7m2)
Proceeding to limits, we obtain

logP~1(m, +m,)

L'(p,q) = iy 4,00 SUP = (3.8)
loglal [EmLmz ((p,ﬁ(u,z,k))](ml"'mz)

9.

Combining other results for (p , g) = (2,1) and (2,2) with (3.8) we get
P, 9) = P(L(p.0) (3.9)

To prove reverse inequality consider (eq.2.4 [2]) which gives

|G+t mpia |B(Mitt, 2, k) B(Mo 0, 2,k) < Epyy oy (0, 8w, 2,k))
Or

10g|am, 41 myy, | + l0gB(m1u, 2,k) + logB(myu, 2,k) < l0gEp, m, (0, B(w,2,k))

Again (3.6) taking into account in above inequality, we obtain

: log'?="(m; +m,) . log"?~"(m; +m,)
lim  sup —— = lim sup -1

mq+my—oo0 T T mq+myow -
! 2 log[‘ﬂ [E.ml'.m2 ((p’ IB(u’ 2’ k))](m1+m2) ' 2 log[‘ﬂ [amljmz](m1+m2)

Now using Lemma (2.1), since p(p,q) = 1 for p = q the inequality for p = q > 3 gives
p@,q) < max (1,L(p,q))
and for p > q it gives
p(p,q) <L(pq) (3.10)
Hence combining above results we get p(p,q) < P (L'(p, q))

This is the proof of first step.
Now we consider the space B (u, v, k) # 2 we have

Em1,m2 ((P, ,B(u, v, k)) < ”(P - Hm1,m2 ((P) ”u,v,k

=l

A

v

drydr, % (3.11)

)

(
<f f{(l_rl)(l_rz)} ) ZZ 20 212 mz|2
\

Where

211 2L2 _ o0 2iy 212 v
211 le |a11 l2| - Rl + Rz +Zi1:m1+1 Ziz =my+1 r1 |a11 L2|

2iq 20 2L 2i v
R, Z LoLip=my+1 Ty T 2|a11 lz| and R, =%~ M1+1ZLZ 2ol T 2|a11 lz|
Since Rl,R2 are bounded and 1,1, < 1 therefore (3.11) becomes

Enym, ((p,ﬁ(u, v, k)) <c’ [fl {(1 B T)k(%_%)_l}r(s+1)kdr] i i |ai1'i2|v

i1=mq+1liz=my+1
Where

1
v
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{fl {(1 - r)k(%_%)_l}r(s”)"dr}

{f: {(1 - rl)k(%_%)‘l}r1(m1+1)kdr1} {J: {(1 3 Tz)k(%_%)_l}rz(m2+1)kd'f'2}

By (08,0, 00) < € B(my w0, )B(mou v ) > Y ey l't (312)

i1=mq+1liz=my+1

Where C " is constant and 8(m, u, v, k) is Euler’s integral of the first kind. By using (3.2) we have

Therefore

> 2 d hd 1 —v(ig+iz)
Z Z |ai11i2|" < z z {exp[q—l]{log[p—Z](il + iz)}L (p,q)+£}

i1=my+1i=my+1 i1=my+1i=my+1

1 —v(mq+my+2)
= 0(1) [exp[q—l]{log[P—Z](ml +m, + 2)}L'(p,q)+s]

using this inequality in (3.12), we get
Eml_mz ((p’ ﬁ(u! 17, k)) S C ﬁ(ml,ur 17, k)ﬁ(mz‘u, 17, k) X
[ 1 ]—v(m1+m2 +2)

explWlogP=2(m; + m, + 2)JL P)+e (3.13)

For (p,q) = (2,1) the result has been proved by Ganti and Srivastava [2] .

Now (p, q) = (2,2)we have from (3.13) that
1 }_(m1+m2+2)

Enym, ((p,ﬁ(u, v, k)) < C”,B(ml‘u, v, k),B(mz‘u, v, k) X {exp(m1 +m, + 2)L'(2.2)+s

Or
log Em, m, ((p,,B(u, v, k)) —log ,B(ml,u, v, k) —log ,B(mz‘u, v, k)

1 —(my+my+2)
< log {exp(m1 +m, + 2)L'(2.2)+8}

Or
1
log Ev,m, (¢, Bw,v,k)) —log B(myu, v, k) — log B(m,u, v, k)
1
- i 1
—(my +m, + 2)log {exp(m1 +m, +2)L (2'2)”}
Since

1

1 _F(n+1)(k+1)l“(k(%—;))
_)] B F((n+1)(k+1)+k(%—%))

ﬂ[(n+1)k+1,k(§—

v

and
1

{/3 [(n + Dk + 1,k G = %>]}m =1, (3.14)

Therefore from above inequality, we get
1 1

>
= 1
log Emym, ((ﬂ, Bu,v, k)) —(m, +my) log {exp(ml + mz)L'(2,2)+s}

Or
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1 —(my+my)
10g Em, m, (0, B(w, v, k)) < log {exp(m1 + mz)L'(2.2)+8}
Or
-1 —r
109 Enny my (@, B, v, 1))] Tr¥m2) > (my + my)E @2+
Or

, log(m; + m
L(22) +e> glms + m,)

1
109" Epy, m, (9, B(u, v, k)] Tratma)
Proceeding to limits, we get
log(m, + m,)

L'(222)> lim sup I
10" Epp, m, (0, B, v, k)] Gmatma)

mq,My—>00

Or

, loglm; + m

P(L@22)-12 lim _sup glmy +my) .
mq,my—0c0 I [2][E ( ( k))]_(m1+mz)

og mqm; ‘P:ﬁ u,v,

Or
P (L'(2,2)) ~1>1(22)

Or

P (L’(2,2)) >L(22)+1 .  (3.15)
Now consider the case (p, q) # (2,1) and (2,2) from (3.13) we get
log Enym, ((p,ﬁ(u, v, k)) —log ﬁ(ml_u, v, k) —log ﬁ(mz‘u, v, k) - logC”

1 —(my+ma+2)
< log [exp[q'l]{log[”'z] (my +my + 2)}L'(p,q)+£]

Using (3.14), we obtain
1

>
= 1
fog Eml'mz ((p’ v k)) —(m; + my)log [exp[q—ﬂ{log[p—z] (m, + mz)}Ll(p'q”s

14.
Or

1 1
[l0g Em, m, (0. B(u,v,k))| atma) > expla=t{ioglP=2I(m, + my)}t war+e
Or
lOg[p_l](ml +m;)

1
log[‘ﬂ [ Eml'm2 ((p, 'B(u, v, k))]_(m1+m2)

Lpq)+e=

Proceeding to limits, immediately we get
P =P (L) (316

To prove reverse inequality taking (3.12) into account this gives

|, +1.my41|B(ma e, v, k) B (Mo, 0,k) < Egny m, (0, 8w, v, k)
Or

—log En, m, ((p,,[?(u, v, k)) < —log|am1+1‘m2+1| - log,B(mLu, v, k) - log,B(mz,u, v, k)

Again using (3.14), we get
log(m; + m,) > log(m, + m;)

1 = 1
1092)] Eny my (90, Bt 2, 10)] T 10g12 41y T2
In view of lemma (2.1), we obtain
L'(22)=p22) -1
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Or
L'(2,2)+1=p(22) (3.17)

Since p(p,q) = 1 for p = q the inequality for p = q > 3 gives p(p,p) < max (1, L (p, p)) and forp > q it
gives
p(p,q) <L(p,q) (3.18)

Combining (3.15), (3.16), (3.17) and (3.18) the proof of second step is immediate.
Now consider the third step. Let0 < u <v <2and k,v = 1.
Since
1 1 1 1 (i_i)
2 U, V1,
Ennym, ((p,[»’(ulyvlykl)) < z(ul, vl,) [k <<a — ;))] Enim, ((p,ﬁ(u, v, k))
where u; = u,v; = 2 and k; = k and the condition (3.1) is already proved for the space B (u, 2, k) hence

log?=U{(m, + my)a
lim  sup g {( 1 2) m11,m2}1

my+my—oo log[Q] [Eml'mz ((p, [)’(u, v, k))] (mq+my)

logP=U{(m, + m,)a
> lim sup g7 {om 2) mll'ngl (3.19)

mq+my—oo log[q] [Em1’m2 ((P. E(u, 2, k))](m1+m2)

Now let 0 < u < 2 < v.Since
My(@,rr) < My(@,mir,),0<m <1, <1.

Therefore
1 1 k(l_l)_l
Eml_mz ((P:ﬁ(ul,v1,k1)) = j j {A-r)A-r)} W v/ Sdrdr,
0 Jo
= [|am1‘m2|ﬁ(m1‘u, v, k),B(m2 u,v, k)]
16.
where

S = inf[M¥(¢ —u,r,,1,): p € P].Hence we get

. loy[p_l]{(ml + mz)amll,mz}
lim  sup =

+m,—co mi+my)
mq+my log[q] [Eml'm2 ((p,,B(u, v, k))](m1+mZ)
log[p—l]{(m1+m2)am11,mz} (3 20)

= limpy, 4m,—0 SUP =
log[q] [|am1'm2 |](m1+m2)

In view of (3.19), (3.20) and Lemma 2.1, we get the required result. This is complete proof of the theorem.
Theorem 3.2. If ¢(z,2,) = X, my=o{@m, m,(21",2,"%)} be an entire function, then for a pair of
integers (p,q),p = 2,q = 1 the function ¢(z,z,) € H is of (p, q) —order p(p, q) if and only if p(p,q) =

P(L*(p, )
where

log®?={(m; + my)a
L*(p,q) = lim sup g - {( 1 2) ml,mz} 1
mq+my—0 _ -
1+my logla-1] {—(ml ) 10gEp, m, (9, Hy)] }

Proof. Let ¢(z;2,) = Yo, my=o{@m,m, (21,2, *)} € Hy be an entire transcendental function. Since ¢ is

entire, we have

(3.21)

1
lim  |ay, m,|mtm) =0,  (3.22)
my, my—w

and ¢ € Hy ,therefore
Mﬁ((p:rl: TZ) < ©,
and ¢(z,.z,) € B(u,v,k),0 <u<v <00,k >1.By(1.1) we have
Epmym, (p,B(w/2,v,v)) <K Epnym, (9, Hp), 1 < v < oo, (3.23)

where K is a constant independent of m; m, and ¢ In the case of space H,
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Emymy (0, B(,00,00)) < Epy i, (@, Hg),0 <u <o,  (3.24)
From (3.23) we have

lOg (p-1] {(ml + mz)aml,mz}

(@)= lim sup

mq+my—oo

1 -1
logla-1l {m 10g[Epy m, (9, Ho)| }

log?M(m, + m,)a
2 llm sup g {( 1 2) ml,mz}

—00 1 -1
my+my logla—1] {m 10g[Em, m, (0, B(v/2,v,v))] }

>L*(p,q) 1<v <00, (3.25)

using (3.24) we prove inequality (3.25) for the case v = co.
For the reverse inequality, we have

Enma @, H) SO Y > ag g

i1=mq+1i,=my+1
using (3.2) we have

® ® 1 =2(i1+i3)
Enymy (0 Hp) O > Y {exp[q'”{log“’-”(il+i2)ai1,iz}“pﬂ>+6}

i1=mq+1i,=my+1

Or

1 —-2(my+1+my+1)
Epn, m, (9, Hg) < 0(1) [exp[q‘”{log[p‘”(il +ip)a;, i, }* @'q)”]

18.
which gives

, log[Z"‘l]{(m1 + My) A, m }
Lp,q) +e> 2

log[q] [ Eml,mz (90' Hﬁ)] (mq+m3)

Proceeding to limits we get
L(p,q) =$(9) (3.26)

In the consequence of Theorem 3.1 with (3.25) and (3.26) we obtain the result immediately.
Now to prove sufficiency, assume that the condition (3.21) is satisfied. Then it follows that

1
I [ 1 ](m1+m2)
og|\—=—"""——F"""7=< — 00 as my; +m, — oo,
Em1,m2 ((P, Hﬁ) ! ?
It gives
1
i [ 1 ](m1+m2) 0
im —_ =
my +my—c0 Eml,mz((p: Hﬁ)

This relation and the estimate|am1_m2 ()] < Em, m, (@, Hy) yield the relation (3.22). It follows that ¢(z, z,) €

Hy is an entire transcendental function.
Hence the proof is completed.
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