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I.  Introduction
A generalized Sasakian space form was defined by Carriazo et al. in [1], as an almost contact metric

manifold (M, @, &,77,9) whose curvature tensor R is given by
R=fR + f,R, + f;R;, (2)
where f,, f,, f, are some differentiable functionson M and
Ri(X,Y)Z =9g(Y,Z)X -g(X,Z)Y
R, (X, Y)Z = g(X,gZ)pY —g (Y, ¢Z)PX +29(X, §Y )pZ
R (X, Y)Z =n(X)n(Z)Y —n(Y)n(Z)X +9(X,Z)n(Y)S —9g(Y,Z)n(X)S,
®)

for any vector fields X,Y,Z on M . In [2], the authors defined a generalized (K, zz) space form as an
almost contact metric manifold (M ,¢,§,77,g) whose curvature tensor can be written as
R=fR +f,R,+f,R,+ f,R, + f.R + f,Rs, (4)

where f,,f,,f,,f,, f;, f, are differentiable functionson M and R;,R,,R; are tensors defined above and

R,(X,Y)Z =g(Y,Z)hX —g(X,Z)hY +g(hY,Z)X —g(hX,Z)Y

R.(X,Y)Z =g(hY,Z)hX —g(hX,Z)hY +g(¢hX,Z)ghY —g(¢hY,Z)ghX

Re(X,Y)Z =n(X)n(Z)hY —n(Y)n(Z)hX +g(hX,Z)n(Y)S —g(hY,Z)n(X)S,
for any vector fields X,Y,Z, where 2h = L§¢ and L is the usual Lie derivative.This manifold was denoted
by M(f,f,, f;,f,,f,f).

Natural examples of generalized (K, ) space forms are (K, z) space forms and generalized
Sasakian space forms. The authors in[1] proved that contact metric generalized (K, z) space forms are
generalized (K, ££) spaces and if dimension is greater than or equal to 5, then they are (K, z£) spaces with
constant ¢ — sectional curvature 2f6 —1. They gave a method of constructing examples of generalized
(k, 1) space forms and proved that generalized (K, z£) space forms with trans-Sasakian structure reduces to
generalized Sasakian space forms. Further in [3], it is proved that under D, —homothetic deformation

generalized (K, £¢) space form structure is preserved for dimension 3, but not in general. Another interesting

and important class of manifolds is a class of manifolds of constant curvature. As the generalization of this class
of manifolds the notion of symmetric Riemannian manifolds was introduced. The notion of symmetric
manifolds has been weakened by many authors in several ways such as pseudo-symmetric manifolds introduced

www.iosrjournals.org 70 | Page



Weakly quasi-conformally symmetries of generalized (k, ) space forms

by Chaki [4] and their generalization of weakly symmetric manifolds and weakly projectively symmetric
Riemannian manifolds introduced by Tamassy and Binh [5]. In analogy the authors Jaiswal and Ojha [6]
introduced weakly pseudo-projectively symmetric manifolds.The notion of the Quasi-conformal curvature
tensor was given by Yano and Sawaki[7] and also studied by Amur and Maralabhavi[8]. Motivated by the above

studies, in this paper we study symmetries and weak symmetries of generalized (K, ££) space forms with
respect to Quasi-conformal curvature tensor.

Il.  Preliminaries
A (2n+1)-dimensional Riemannian manifold (M, g) is said to be an almost contact metric manifold

if it admits a tensor field ¢ of type (1,1), a vector field £, and a 1-form 77 satisfying
¢2=_|+77®§;77(§):11¢§=0177°¢:O, ©)

9(#X, ) = g(X,Y)=n(X)n(Y), (6
g(X,¢Y)=—g(¢X,Y),g(X,¢X)=O,g(X,§)=77(X) (7

Such a manifold is said to be a contact metric manifold if d77 = @,

where @(X,Y) = g(X,dY) is the fundamental 2-form of M .

It is well known that on a contact metric manifold (M ,$,&,77,0), the tensor h is defined by
2h= L§¢ which is symmetric and satisfies the following relations.

h&é=0,hg=—¢h,trh=0,70h=0, (&)

Vg ==X —=hX, (Vim)Y = g(X +hX, 4Y). )

Ina (2n+1)-dimensional (K, £) -contact metric manifold, we have [9]
h? = (k-1)¢* k<1, (10)
(Vx#)(Y) = g(X +hX,Y)&—n(Y)(X +hX), (1)

(Vih)(¥) = [(A-k)g(X,gY)+g(X,hg¥)Ig +n(Y)h(gX +¢hX)
—un(X)ghy.

Definition 1: A contact metric manifold M is said to be
(i) Einstein if S(X,Y)=A4g(X,Y), where A isaconstantand S is the Ricci tensor,

(i) r7-Einstein if S(X,Y) =ag(X,Y)+ n(X)n(Y), where & and S are smooth functionson M .
Ina (2n+1)-dimensional generalized (K, £) space-form, the following relations hold.

R(X,Y)S = (f,— £)[n(Y)X =n(X)Y]+(f, — f)[n(Y)hX —n(X)hY],  (13)
QX = [2nf,+3f,— f,]X +[(2n—-1)f, — f,]nX
—[3f,+(2n-1) f;]n(X)<,

(12)

(14)

S(X,Y)= [2nf,+3f,- f,]9(X,Y)+[@n-1)f, - f,]Jg(hX,Y)
—[3f, +(2n-1) f,]n(X)n(Y),

S(X, &) =2n(f, - f)n(X), (1)

(15)

r=2n[(2n+1)f, +3f, —21,], a7)
for any vector fields X,Y,Z where Q is the Ricci operator, S is the Ricci tensor and I is the scalar
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curvature of M (f,,..., fg).

The relation between the associated functions f;,i =1,...,6 of M(f,,..., fs) was recently discussed
by Carriazo et al. [2].
Il.  Quasi-conformal curvature tensor in Generalized (K, 1) -space forms

For a (2n+1) dimensional Riemannian manifold , the Quasi-conformal curvature tensor field C s
given by

C(X,Y)Z= aR(X,Y)Z+b[S(Y,Z)X —=S(X,Z)Y +g(Y,Z)QX —g(X,Z)QY]

r a
- 2n+1(%+2bj[g(Y,Z)X -g9(X,2Z)Y],

where @ and b are constants such that a,b = 0 and r is the scalar curvature.

(18)

Taking Z = & in (18), then making use of (7), (13) and(16) we have
CX,Y)E= al(f,— F)(m(Y)X =n(X)Y)+(f, = fo) (Y )hX —(X)hY)]
+b[2n(f, — £)((Y) X =n(X)Y)+QXn(Y)-QYn(X)] (19)

r a
~ 2n+1(%+2bj[77(Y)X -n(X)Y].

Contracting the above with respectto £ and by using (7), we deduce that

n(C(X,Y)§)=0. (20
Let e,1 =1,2,3,...2n+1 be an orthonormal basis of the tangent space at any point of the manifold.
Then from (18), we have the following

C(v.2)= [a+(2n—1)b]S(Y,z)+{

m}g(\(,z), (21)
+1

where
i=2n+1 __

C(Y,Z)= >.CleY.Ze).

From (21), it follows that

Q.Y =[a+(2n-1)b]QY + r{ (22)

+1

where Q. and Q, respectively are called Quasi-conformal Ricci and Ricci operators.

(1-2n)b— a}Y'
2n

3.1 Weakly Quasi-conformally-symmetric Generalized (K, £) -space forms

Aspace M is said to be weakly Quasi-conformally-symmetric if the Quasi-conformal curvature tensor C of
type (0,4) is not identically zero and satisfies the condition

(V,.C)(Y,Z,UV)= A(X)C(Y,Z,UV)+B(Y)C(X,Z,U,V)+C(Z)C(Y,X,U,V)
+D(U)C(Y,Z, X,V)+EN)C(Y,Z,U, X),
for all vector fields X,Y,Z,U,V on M . Such a manifold will be denoted by (WQCS), .
It is shown that in a (WQCS), the associated 1-forms B=C and D=E, and hence the defining
condition of (WQCS),, reduces to the following form,

(23)
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(V,.C)(Y,Z,UV)= A(X)C(Y,Z,UV)+B(Y)C(X,Z,U,V)+B(Z)C(Y,X,U,V)

- ~ 24
+D(U)C(Y,Z,X,V)+DV)C(Y,Z,U, X), 24
where A,_B and D are one forms.
1e.,
(V,C)(Y,Z)U = A(X)C(Y,Z)U +B(Y)C(X,Z)U + B(Z)C(Y, X)U 5)

+DWU)C(Y,Z)X +g(C(Y,Z)U, X)p,
where p is the vector field such that g(X, p) = D(X).
Contracting with respect V and setting Y =V =g, in (24) and taking summation over i,
1<i<2n+1, we get
[a+(2n—1)b](VXS)(Z,U)+dr(X)(W
2n+1

= A(X){(a+(2n—1)b)S(Z,U)+ r[(l_;”ﬁjg(z,m}
n+1

jg(z,U)

+B(Z){(a+(2n—1)b)S(X,U)+r((1_22n¢jg(x,U)} (26)
n+1

+ D(U){(a+ 2n-1)b)S(Z, X) + r(wjg(z, X)}
2n+1
+B(C(X,Z2)U)—-g(CU, X)Z)p.
Taking X =Z =U =& in (26) and then using (5),(16) and (18),we obtain

[AE)+B(&) + D(g)]{(m (2n-1)b)2n(f, ~ f,)+ r(wﬂ =0 (@)

2n+1
and hence
A()+B(&)+D(£) =0, (28)
rovided T = ((a+ (2n-1)b)2n(f, - f,)(2n +1)] .
a—(1-2n)b

So we state the following

Theorem 1: In a weakly Quasi-conformally-symmetric Generalized (K, 4) -space form is of constant
curvature ,the associated 1-forms are related by the relation(28) provided

- ((@+@n-Db)n(f,- f,)@n+1))_
- a—(1-2n)b S

3.2 Weakly Quasi-conformally ¢ -symmetric Generalized (K, ££) -space forms
A space M s said to be weakly Quasi-conformally ¢ -symmetric if the Quasi-conformal curvature

tensor C satisfies

(#°(VuC)(X,Y)Z) = AW)¢*(C(X,Y)Z)+B(X)$*(CW,Y)Z)+B(Y)¢*(C(X,W)Z)
+D(@)¢*(C(X,YIW) +g(C(X,Y)Z,W)¢’p,

where p is the vector field associated to the 1-forms D such that D(Z) =g(Z,p) and AB,D are 1-

forms(not simultaneously zero). If in particular A=B=D=0, then the manifold is said to be Quasi-conformally

@ -symmetric.

(29)

Let M be a weakly Quasi-conformally ¢ -symmetric Generalized (K, £¢) -space form.
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By virtue of (5),it follows from (29) that

~(VWOX )2 +7((V,CYX.V)Z)E _
= AW)[-C(X,Y)Z+7(C(X,Y)Z)E]+B(X)[-CW,Y)Z +n(CW,Y)Z)¢]

+B(Y)[-C(X,W)Z +7(C(X,W)Z)&]+ D(Z)[-C (X, YW +71(C(X,YW)E] 30
+9(C(X,Y)Z,W)@?p.

Replacing Z by & in (30), we get
~(VWOX N +7((VuCYX VIEE )

= AW)[-C(X,Y)E+n(C(X,Y)E)E1+B(X)[-CW,Y)E+n(CW,Y)E)E] 51)

+BFCXW)E +7(C(X W)EET+D(E)[-C(X,YIW +7(C(X,YW)E]
+9(C(X.)EW)gp.
Contracting (31) with respect to &, we have

D(&)g(C(X, YW, &) = g(C(X,Y)EW)g(#2p, ). (32)
From (19) and (32) , we obtain

~ - ¢y _r(a+4nb)
D(&)C(X,Y)W = H(a+2bn)(f1 f,) 2n(2n+1)J
+a(f, — f)[9(hX,W)i(Y) - g(hY,W)n(X)] (33)
+b[S(X,W)n(Y)-S(Y,W)n(X)Ik*p.

Thus we have

Theorem 2: In a weakly Quasi-conformally ¢ -symmetric Generalized (K, £) -space form, the Quasi-
conformal curvature tensor is in the form (33).

Contracting (33) with respect to U and setting X =U =€, and summing up with respect to i , by using (5)
and (21) in (33), we have

D(é){(a+(2n—1)b)S(Y,W)+ r((l_:”ﬁjg(v,w%
n+1

;ﬁ;ff;ﬂ[ow)n(v)—nW)nON)n(p)] e

+b[SW, p)r(Y)-2n(f, ~ £.)n(Y )nW)n(p)]
Changing Y by @Y and W by @W and using (5) in (34), we have
a+(2n-1)b
D(E)+ (2n-DpIs (g1, ) = 2+ 2010
n+1
The above equation yields
S(gY, V) = r[
provided D(&)[a+(2n—-1)b]#0.
Again changing Y by @Y and W by @W in (36) and using (5) and (7), we obtain

S(Y,W) = r[w)g(Y’W)_'_[zn( f]__ f3) _1]r(a+(2n—1)b}
2n+1 2n+1

Setting Y =W =g, in (37) and taking summation over i =1,2,...,2n+1, we get

= {(a+ 2bn)(f, - f;) -

jg(¢Y L PW). (35)

a+(2n-1)b

onil )9(¢Y,¢9\N)1 (36)

(37)
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2n(f, - f,)(2n+1)
" [(2n+1)—(a+(2n-1)b)2n]’
In view of (37) and (38), we have
a 2n(f, - f;)(@+(2n-1)b)
(W)= ([(Zn+1)—(a+(2n—1)b)2n]Jg(Y’W)
+(2n(f1 — f,)(@n(f, - f,)-1)(@a+(2n-1)b)
[(2n+1)—(a+(2n—-1)b)2n]

(38)

(39)

jﬂ(Y)n(W)-

We state the following
Theorem 3: A weakly Quasi-conformally ¢ -symmetric Generalized (K, z) -space form is an 77 -Einstein
manifold provided D(&)[a+ (2n—1)b] = 0.

3.3 Weakly Quasi-conformally ¢ - Ricci symmetric Generalized (K, 1) -space forms
A Generalized (K, z) -space form M is said to be weakly Quasi-conformally ¢ - Ricci symmetric if the
Quasi-conformal- Ricci operator QC satisfies

#*(VxQc)Y) = A(X)¢*(QcY) +B(Y)$* (Qc X) +C(Y, X)p°p,  (40)
where é(X,Y) =g(Q.X,Y) .
By virtue of (5),(40) takes the form
—(Vx Q)Y +1((VxQc)Y)E = AXX)-QcY +17(QcY)<]
+B(Y)[-Qc X +7(Qc X)E1+C (Y, X)[-p+n(p)],

from which it follows that,
~9(V,QcY,2)+C(V,Y), 2) +7((V, Q)Y )n(2)
= AXCY, 2) +n(QcY)n(2)]+B(Y)[-C(X,Z) (42
+7(Qc X)n(2)]+C (Y, X)[-D(Z) +n(p)n(2)].

Taking Y = & in (42) and using (5),(9),(14),(21) and (22) we have

(41)

(a-+(@n-1b)[2n(f, - £,)(9(¢X,Z) + g(¢hX,Z)) - S(¢X,Z) - S(¢hX,Z)]

= B(g){— (a+(2n—1)b)3(x,2)—r((l_;”ﬁjg(x,m
n+1

+ ((a +(2n-1)b)2n(f, - f,) + r(%nn(X)n(Z)}

+ {(a+ (@2n-1)b)2n(f, — f,) + r(wﬂnm

2n+1
[-D(2) +n(p)n(2)].
(43)

Replace X by ¢#X in (43) and using (5), (10) and (15) we have

S(X,Z) =M,g(X,Z)+M,n(X)n(Z)+M,g(hX,Z)+M,g(#X, Z) + Msg(¢X, hZ), (44)

where

M, =2n(f, - f;)-M,, M, =(k-1)[(2n-1)f, - f]

M, =3f, +(@n-1)f,, M4=B(§)[ r 1+3f2—f3)}
2n+1

M = B f,—(@n-D)f,].
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Replace X by ¢X and Z by hZ in (44) and use (15) to obtain

2 2
M, (k—l)}g(x,z){Mz_MS (k-1)
M, +M, M, +M,

{Mﬁ M,[(1-K)M, +(2n-1) f, - fe]}g(@(’z) -

S(X,Z)= |:|\/|1+ }U(X)ﬂ(z)

M, +M,
M,M
+|:M3—ﬁ:|g(hx,2)

2+ 3

Again replace X by hX in (45) and use (15) to get
S(X,Z2)=Mgg(X,Z)+M;n(X)n(Z)+ Mg 9(#X, Z), (46)

2
M, = M1+M5 (k 1)+(|v|3_ M, M, J
M2+M3 MlO (M2+M3)M10

{MZ+(1—k)(M3+—(M9_M4)M5H
M, +M,

M. = M_MJ(k—n{Ms_ MM, J
! ’ M2+M3 MlO (M2+M3)M10

{(k_l)[MﬁMJ_MZ}
M, +M,

where

Ms_ Mg_(M3 _ M4M5 J
MlO (M2+M3)M10
[Mg((l—k)M3+(2n—l) f, - fB)J

M, +M,
M,= M,+ M. ((1-K)M;+(2n-1)f, - f,)
M, +M,
M. = (M2+M3)2_M52(k_1)_M4M9_
10 M, +M,

Now replace X by ¢#X in (46) and use (15) to get

S(X,Z) = 1, 9(X,Z) + ,n(X)n(2), (47)

where
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= M6+%{M_MB+[((ZH—1”4—fe)M4J

L2 M2+M3 (M2+M3)M10

o, b |
M, +M,

iy = M7+% MzMs +M8+ ((zn_l)f4_fe)M4
L, | M,+M, M, +M,

((k_l)(wj_mﬂ
M, +M,

L= 2nf +3f,- f3_M6+(M
M, +M,

- (@n-1)f, - f)IM,Mg | _ _
L, L1+( (M, MM, ][(l K)M, +(2n-1) f, — f,].

J[(l— KM, +(2n-1)f, — f;]

Thus we can state that
Theorem 4: A weakly Quasi-conformally ¢ - Ricci symmetric Generalized (K, ) -space form is an 7 -
Einstein manifold.

3.4 ¢ -Quasi-conformally flat Generalized (K, 1) -space form
An Generalized (K, £2) -space form M s said to be ¢ -Quasi-conformally flat if

#*(C (X, @Y )gZ) =0 (49)

holds for all vector fields X,Y,Z on M . We now prove the following theorem.

Theorem 5 : A ¢ -Quasi-conformally flat Generalized (K, £) -space form M is an 7 -Einstein manifold.
Proof: Suppose that M is a ¢ -Quasi-conformally flat Generalized (K, £) -space form. Then it is easy to see

that ¢ (6(¢X,¢Y)¢Z) =0 holds if and only if g(é(¢X Y )PZ, M) =0 for any vector fields X,Y,Z
on M . From (18), we have

—aR(¢X, @Y ,¢Z, W) = b[S(#Y ,4Z)g(#X, MW ) — S(¢X, 4Z) g (#Y , V)
+0(4Y, 4Z)g(QeX, M) — 9(¢X , 4Z) g (QeY , V)] (49)

‘(Mj[gw FZ)G(PX, PN ) —g(#X, 4Z)g(#Y . V)]
n(2n+1)

Let €,....,€,,,& be an orthonormal basis of the vector field on M . Then ¢e,,....,¢e,,,& is also local
orthonormal basis. We have the following

i=2n

ZQ(R(@“WWZ,@J =S(¢Y. 42) - [(f, - 1)a(4Y . ¢2) + (f, — To)g(heY . 42)],  (50)

i=2n i=2n

Zs(ei'ei) = ZS(@i’@i) =r-2n(f,—f;), (52)

i=2n

Zg(@i1¢z)3(¢Y,¢ei) =S(¢Y.42), (52)
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i=2n i=2n

Zg(ei’ei) = Zg(@i’@i) =2n, (53)

Y ade. )9 de) = 9V 42). (60

If we put X =W =g, in (49) and sum up with respect to i , then from (50)-(54) and (15), we have
—[a+(@2n-2)b]S(¢Y.¢Z) = a(f, - fs)g(hY,Z)

{a( f,— 1) +b(r—2n(f,  f,)) — @402 =1)

2n(2n+1)
Replace Y by @Y and Z by ¢Z in (55) and use (5), (17) to get
S(Y,2)=Ag(Y,Z2)+An(Y)n(Z)+ Ag(hY,Z),  (56)

(55)

}Q(Wﬁz)-

where
A= a(f,— f,)-b(@n’f, +6nf, —2nf,) (a+4nb)2n-1)[2n+1)f, +3f, -2f]
a+(2n-2)b 2n+1)(a+(2n—2)b)
_a(f,— f,)+b@n?f, +6nf,—2nf,) (a+4nb)@n-1)[(2n+1)f, +3f,—21,]
= a+(2n-2)b - (2n+1)(a+(2n-2)b)
- a( f4 — fe)
A= a+(2n-2)b’

Taking Y = hY in (56) and using (15), we obtain
S(Y.2) = 1, 9(Y, Z) + un(Y)n(Z), (57)

_ _[A+k-1)(@n-1)f, - f)]l(a+(2n-2)b)
#y= AT AB, B = (@nf, +3f,— f,)-a(f,- f,)

_ _[A+(1-k)((@2n-1)f, - f)]

o= Pt A8 Be = ot 3t — fy—a(f,— )

where

Hence the proof.
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