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Abstract: let G be a Lie group, and IT* is a dual representation of G, In this paper we will present and study the
concepts of co-action of Lie group on Hom space, we recall the definition of tensor product of two
representations of lie groups and construct the definition of co-action of Lie group, and also study the properties
of this action. we use the co-action of Lie group on Hom space (Hom(W,, W3))*combining with another Hom
space having the same structure with different vector space, (Hom(W,, W;"))*.so we have new co-action which
called double co-action of Lie group G, denoted by Co-AAC_Lie group which acting on

(Hom(Hom((W,, W3), Hom(W,, W;")))".
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I Introduction:

Throughout this paper, in 2004 Hall B. C. [1] wrote a book of Lie group for manifold theory and the
relationship between Lie groups and Lie algebras. The reason of studying the representation is that a
representation can be thought of as an action of group on some vector space. Such actions (representations) arise
naturally in many branches of both mathematics and physics [2], [3], and it is important to understand them.

In [1], the Schur's lemma introduced the concept of action of Lie algebra on the space of linear maps from W,
into W;, which denoted by Hom (W,, W;), also introduce the concept of action on tensor product of two
representation of Lie algebra. Schur's lemma state: Suppose that m;and m, are representation of lie algebra
acting on finite —dimensional space W; and W,, respectively. Define an action of g on Hom (W,, W, ), such that
n: g— gl(Hom (W,, Wp)),
n(x)=m,f — fr,, for all xeg and f € Hom (W,,W;). and Hom (W,, W;)= W; ® W;, as equivalence of
representation.

In this paper we will present and study the concept of co-action on (Hom(W,, W;)) *and the equivalent
relation with the tensor product space. since Hom(W,, Wy") is a vector space of all linear functional from W,
into Wy, so (Hom(Hom(W,, W3), Hom(W,, W;)))* is dual vector space of all linear functional from

(Hom(W,, W;))* into (Hom(W,, W3))*, then the representation of G acting on this dual vector space is co-
action of G on this Hom space. Also we give an equivalent relation between CO-AC_Lie group and
CO-AAC_Lie group on Hom and AC_Lie group with AAC_Lie group on Tensor products, and explain the
actions structure by using diagram.

Il.  Basic Concept:
In this section, we give the main definitions and some examples of group action, group representation,
and tensor product, for more details, see[9,10].

(2.1) Definition, [8]:
Let A be a non empty set and let G be a group with neutral element e €G, a left action of G on A is a map
¢ : GXA — A such that satisfies the following ¢(e, x) = x and (p(g, o, x)) = o(gk,x), forall x € A and g,
# € G. By definition of an action, for g € G with inverse g~*, we get:
o(g7% 9(g,%)) = o(e, x) = x, for any x € A. Thus for any g € G the map x — ¢(e, x) is a bijection from
A — A, so we may also view ¢ as a mapping of G to the group of bijections of A.

(2.1) Definition, [4]:
A Lie group G is a finite dimensional smooth manifold G together with a group structure on G, such that the
multiplication GxG—G and the attaching of an inverse g— g~1: G — G are smooth maps.

(2.2) Definition, [7]:
A matrix Lie group is any subgroup G of GL(n,C)with the following property. If A, is any sequence of
matrices in G and A, converges to some matrix A then A e G, or A is not invertible.

(2.3) Definition, [6]:
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A finite-dimensional real (complex) representation of G is a Lie group homomorphism
I1: G—— GL(n, R), (n > 1). Generally, a Lie group homomorphism IT : G —— GL(V), where V is a finite
dimensional real (complex) vector space with dim V > 1.

(2.4) Definition, [6]:
Let G and H be two Lie groups. A map f from G to H is called a Lie group homomorphism if fis a group
homomorphism and ¢ -map on H.

(2.5) Definition, [1]:

If U and V are finite dimensional real or complex vector spaces, then a tensor product of U and V is a vector
space W, together with a bilinear map ¢ : UxV —— W(U ® V) with the following property: If y is any bilinear
map of UxV into a vector space W;, then there exists a unique linear map y of W into Wi, such that the

following diagram commutes:
¢

UxV————>W
y Iy

W1
(2.6) Definition, [1]:

Suppose G is a Lie group and IT is representation of G acting on a finite dimensional vector space V. Then
the dual representation IT* to IT is the representation of G acting on V* given byIT*(g) = [T1(g™")]" The dual
representation is also called contragredient representation.

(2.7) Example:

1 .
Let IT: S'— SI(2, €), where S' = {(cos 8, sin8), 0 <6 < 2n}, S = €' = cosh + isind

sl(2,©)=J (€0sO —sinB) g<g<2n
sin® cosoO

Such that:
() - cos® —sin ej,OSOSZn
sin® cos6
() = cosO sin 9]
—sin® cos6
(g = €059 ~sin 9} =11+(g
sin@ cosO

1. The Co-Action Of Lie Group On Hom And Tensor Product
In this section we study the co-action of G on the Hom space and on the tensor product.

(3. 1) Proposition:

LetIT;": G —»GL(W;"), for i=1,2 be a dual representation of II; ,then the co-action of G on
(Hom (W,, W;"))*is given by a dual representation of G, such that: IT*(a)= IT; (a) ~1.F*,I1; (a), for all aeG.
Proof:

since  T*(a)= (T1(a))"= (13 (a)oFul, (a)~1)* PR
=11, (2) " 6F o115 (a) Wil E aw
= HZ*(a)_loF*onl(a) i
Where F*: W, **—W,*, and IT*(ab) =(I1(ab))* Ha)= : =)
:(H*(b)on(*a))* A
= 11" (a),I1" (b). W ="

Thus, the co-action of G is a group homomorphismm
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(3.2) Corollary:
Let IT;: G — GL(n,k)=GL(W;), i= 1,2 be a matrix representation ,then the co-action of G on GL(n,k) is a
matrix representation defined by:
(a) = (Ily(a)" ) FoIl,(a)~t, with duality IT*: G —GL(Hom (W,, W;*))*
, such that IT*(a)= (I1, (a))"F*.I1, (a), for all aeG.
Proof:
Since IT*(a)= (M(a)~Hr
=((} (@)oFol(@)™H)™H
= (1 (2)) " oF "ol (2)
And IT*(ab)= ((M(ab)) " H*r
=(T(a) %, M(b) )™
=(M(@)~H)",(M(b) ™
=I1*(a) ,[1*(b) m
(3.4) proposition:
Let G be a lie group, W; "and W, are two finite vector spaces, the following assertion are equivalent:
(1)  (Hom (W,, W, ™))"
(2) Hom (W™, W3)
(3) Hom (W, W;)
(4) Hom (W;, Hom(W,, k))
(5) Hom (Hom(Hom(W;, k), Hom(W,, k))
(6) (Hom (W, W;*)) <> = [ Hom (W, W;) ifnis odd
{ Hom (W,, W;™) ifniseven
Proof:
(1) To show (Hom (W,,W;"))*= Hom (W;*,W;), let Fe Hom (W,,W;"),F:W, — W;" |
F*e(Hom (W,, W;"))*, thus
F*: W*—W;, F*e Hom (W;™*, W;), and there exist intertwining map
2 (Hom (W, W, )" — Hom (W;*, W) , (IT*(2)) (v)= IT* () $(v)
For all veW; and  is invertible map.
(2) Toshow (Hom (W,, W;"))*= Hom (W;, Hom(W,, k))
Since W;can be written as Hom(W,, k), by proof of (1), thus:
Hom (W;, W;)= Hom (W;, Hom(W,, k)), by the same method we have the other parts m

(3.5) Example:

io

Let I, : G — SU(2),such that H1(9)=(e(1, 919)
e

cosO —sinB

And T1,: R—SO(2), such that nz(e):(Sine 03

by : I*(a)= (1T, (a))"oF "I, (a)

=( cosf sinG) P (eie 0 )
—sin® cosB/° °\ g i

) be matrix representation of G, then the co-action is given

el®cosd  ei®sind 0 0

_[ —€'®sin® e¥cos 0 0
0 0 e %cosf  e%ind
0 0 —e7%ine e ®cosO

(3. 6) proposition:
If IT is an action of G on (W, ® W;), such that: (a)=I1;(a)"! ® II;(a) ,for all aG. then the co-action of G
on (W; ® W;)* is a dual representation of G, IT*, such that IT*:G — GL(W,; & W;)*defined by:
*(a)=113*(a) ! ® II;*(a), for all acG.
Proof:
Since (a)=IT3(a) ! ® II; (a), then IT*(a)=( [I(a))*
=(;(a)™! @ M3 (a))*
=M1;*(a)~! ® II;*(a), for all acG.
And IT*(ab) = I;*(ab) ™! ® I1;*(ab)
=13 (b) 71 (113" () ™! @ My* (@) 17" (b).....(1)
11" (a) 1" (b)= " (b)o(115* () ™* @ 13" (a))
=15 (b) "' (13" ()~ @ M (@) (b) ... )
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Thus (1) & (2) are equal then the co-action is a dual representation of G on W; @ W;)* m

(3.7)Corollary:
If the AC-lie group of G on GL(nm,K)=GL(W; ® Wy),is a matrix representation, then the AC-lie group of
Gon (W; ® W;)* is a matrix representation defined by:
*(a)=T,(a)~! ® I, (a), for all acG.
Proof:
~I;" ()=, (a)
Then IM*(a)=I13*(a) ! @ M;*(a)
=M, (a)"! ® I, (a), for all acG.
And IT*(ab)= ((TI(ab)) " H*r
=(f(b)~HM(a) )™
=((@) M () H™
=(M@) ™) o (M(b) ™)™
=I*(a) ,[1*(b) m

(3.8) Proposition:
Let W;and W, are two finite vector spaces and W;*, W; " is the dual space of Wj,i-=1,2 then the following
assertions are equivalent:
1) (W3 ® Wy)*
(2) W3" @ Wy~
B W, @ W,
@) (W; @ W)<i = Wy ® Wy, if nis even integer number
W3 @ Wy, if n is odd integer number.
Proof:
1) (Wy @ Wy)*=W,* ® W;* , we must show that
P Wy X Wi — W3 @ Wi is a bilinear map, by:
(w3", wi)=wy"(v)wi™, for all veW,, wy*e W™, wi*eW™ .
(awy™+Bws™, wi) = (awy +Aw; ) (V) wi™ = (awy (V) wi+Bws™ (v) wi') =a (ws', wi')+B p(ws™, wi").
Other for all w*, wi* eW;*, w3"eW;*.
Y(wy', awy +ﬁW**') =w; (V)( awi +pwi™)
=wy" (V) (@wi)+ w3 (v)(Bwi™
= (W3 (V)W) +HB(w3 (v) wi*’
=a (W3, wi*)+B (w3, wi*'), forall a , fek.

Wrrxwyr , (W @Wr)*

\ ‘/I' Linear map

WZ** ® Wl**

So P Wy x Wy — (W; Q Wi)* is a bilinear map, thus we use the tensor product and universal
property of this tensor product , we get a unique linear map Q2. So by universal property of tensor product there
exist a unique linear map 2: (W; ® W;)* — W,;* x W;* | defined by:

N(w; @ wy)=w3"(v)ws, and this make the above diagram commutative.
Define & W;* @ W™ — (W5 & W;)*, defined by:
EwWr(Mwr) = (w; ® wy)*, for all veW,, wi*e W™, wi*eW™,
Since £~=0is a linear map and £ is an intertwining map and invertible,
where: (w3 ® wi)=w3"(v)w;”
The representation of (W3 @ W)~ is:
" (@)= (M3 ()™ @ Mi(a))*
=13 (a)' @ ;*(a),
(M* (@) (v)= 1" (a)2(Vv) , for all veW,.
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F*y .'W; \ F*y
W; T F = "'aW;”
> ' %
Hom (WZ,WZJ%_,_ 27 B ..(:W{'- .
L= - -7 ,-,.:""’. Tt
E Wi B W ~wy
w, a” T F' _,:":"""-;W; -

' " =Hom (W,",W,*)
."':‘. ___,--"' W‘l. S
W,  m@len;ia W3

(@)1f n=2

(W5 ® Wy)™*=(Ws* @ W)’
=Wy @ W™ =W @ Wy, (W™ = Wy, W™ = Wy).
In general, if nisodd (W3 ® W) <i =W @ W;.
All parts are equivalence representation in the same way of (1) m

(3.9)Example:
cos286 —sin20 0
let I1,:G -»S0O(3), l'[l(g):<sin29 cos260 0) ,and I1,:G-SUT, (R),
0 0 1
l'[z(g):((l] ?),ne z.be matrix representation of lie group G then the co-action is given by:

*(9)= T (g) ™ ® M, (g),
1 m-! cos20 —sin20 0 1 —n cos20 —sin20 0
:(0 1) ® | sin20  cos26 0 =(0 1 )® sin20  cos26 0
0 0o 1 0 0o 1

cos20 —sin20 0 —ncos20 nsin20 0
sin20 cos20 0 —nsin26 —ncos20 0

- 0 0 1 0 0 —n
0 0 0 cos20  —sin26 0
0 0 0 sin20 cos20 0
0 0 0 0 0 1

IV. The Co-Action Of Lie Group On Hom Space And Tensor Product:

(4.1) Proposition:
Let IT; ,i=1,2,3,4,be a matrix representation of W;, i=1,2,3,4 and the AAC_L.ie group of commutative G on
Hom (Hom(W,, W2), Hom(W,, W})), given by: T(a) = <((H4(a)‘1F3 15 (2))F, 1, (a) ) Fln;(a)>, for all
a€G. Then the co-action of AAC_L.ie group is a dual representationII*(a), given by:
*(a) =((I1,(@)F, "3 (@) "Y)F, M5 (a))F5;*1,"(a) %, for all acG.
Proof:
Let [T*(a):G— GL(Hom(Hom(W,, W3), Hom(W,, W;))) *, thus:
'@ = (M@ 7Fs M @)FaM @ BT @)
=((I;"(@)F; T3(2)"H)F, 15" (2))F3 T, ()
=((I;(@)F; " M5 (a)"HF, M3 (a)F3 M, (@) 7,
Where
Fl*:WZ* d Wl y F;:W—S b Wz* y F;.Wj d W3,
To show that co_action is homo. Of Lie group:
1" (ab) = (Tl(ab))”
=(T(a)I1(b))*, since II is a representation of G
=[1*(a)I1*(b), since G is commutative Lie gp.

www.iosrjournals.org 52 | Page



The Co-action of Lie group On Hom Space

Hence the co-action is a dual representation of G.

(4.2) Proposition:
Let W;,i=1,2,3,4 be a finite dimensional vector space having duality Wy ,i=1,2,3,4 then we have the
following assertions are equivalent :
1)  (Hom(Hom(W,, W3), Hom(W,, W;)))*
2)  Hom(Hom(W,, W;)*, Hom(W,, W3)*)
3) Hom(Hom(W;"*,W;), Hom(W5"*, W;))
4)  Hom(Hom(Wy, W;), Hom(W5, W;))
5) Hom(Hom(Wl, Hom(W,, k)), Hom (W5, Hom(W,, k)))
6) Hom(Hom(W;, W;), Hom(W;, Hom(W,, k)))
7)  (Hom(Hom(W,, W;)Hom(W,, Wy)))<i= =
Hom(Hom(W,, W;), Hom(W,, W;)) if n even
{ Hom(Hom(Wl,Wz*), Hom(Wg,W;‘)) ifn odd.
Proof:
1) Toprove (1) = (2), let
¥ (Hom(Hom(W4,W§),Hom(Wz,Wl*))) — Hom(Hom(W,, W;)*, Hom(W,, W2)*)
Y (IT* (a))(v)=IT" (a) P(v), for all ve Hom(Hom(W,, W;)*, Hom(W,, W3)*)
Y is an isomorphism map.
2) To prove (4) =(5)
Since W; = Hom(W,, k) and W; = Hom(W,, k), hence Hom(W,;, W;)= Hom(W;, Hom(W,,k) ) .......... 1)
And Hom(W;, W;)= Hom(W;, Hom(W,,Kk)) ............ 2)
Then from (1)&(2)
Hom(Hom (W;, W3), Hom(W;, W;) )= Hom(Hom(W;, Hom(W,, k)), Hom (W3, Hom(W,, k))).
** The other parts proving by the same method.

(4.3) Proposition:
Let I1: G — GL((W, @ W3) & (W; @ W;)) be a representation of comm. G acting on (W, ® W;) ®
(W5 @ Wy)), then the co-action is a dual representation of G, acting on (W,” ® W;*) & (W, ® W;)), such
that :fH*(a)=(((H4*(a)‘1 ® I1;"(@) @ () ™) @ I1;(a)), aG.
Proof:
Since (2)= ((I4(2) ™' @ M3(a)) ® 1;(a)™") ® 113 (a)),
Then IT"(a) =(((M, () @ I13(2)) @ M3 () ™) ® M1 (a)"*
=(((," (@) @ 11;"(2) @ I3 (a) ™) ® 1117 (a))
=((I," (@)™ @ 115" ()) ® I,(a)™) ® I (a)), for all acG.
Which is a representation of G acting on (W,* ® W;™) ® (W, ® W,)).

(W," X W) x (W, X W) (W @ W3™) @ (W, @ Wr)

N, T

(k x W) x (k x W3) x (W, x W)

Dim (W, ® W3) ® (W5 ® W)))=n;.n,.nz.n,
=dim (W," @ W5") @ (W, ® Wy)).
Here dim WW, = n,, dim W; = n,, dim W, = ng, dim W, = n,,
11" (ab) = (((M,"(ab)™* ® ;" (ab)) ® M,(ab)™") & M, (ab)
=(I,"(b)™'1," () ™) ® (15" (@)1137 (b)) & (M (b) 'MMx(a)™") & (M1 (a)T1; (b))
=(((1," (M7 ® M3"(0) ® M,(1)™) @ My(b) ) ((MN," (@7 ® M5"()) @ M(a)™) @ My(a) ) since G

is commutative lie group,for all a,b €G.

(4.4) Corollary:

Let G be a matrix representation acting on GL((W, ® W3) & (W5 @ W;)), then the co-AAC _lie group of
Gon (W,” @ W) @ (W, ® Wp))is:
M (@=(((M, ()" ® (M3 H" @ M(@)™") ® M;(a)), a<G.
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Proof:
M"(a) = (M@™H"
=((M4(@) 7" @ M3(2)) @ M;(a)™") ® My(@)) ™)™
=((M, ()" ® (M3(@) ™M) ® M (a)™) @ M, (a)), for all aeG.
And IT*(ab)=(II(ab) ~1)*
=(I(b) ' (a)~H)*™
= (M@ H(Mb)™HT
=M"(2)11"(b)
Hence the co-action is a matrix dual representation.

V. Conclusion:

The main aim in this study is to look for an interesting action with new properties from a lemma of
Schure, which states that the action of the tensor product of Lie algebras representations has interesting property.

Putting in mind that one of the two representations is usual and the other is dual to obtain results by
relating the tensor product of dual representations with usual representations.
Our main work here is to study the concept of co-action on (Hom(W,, W;"))*and the equivalent relation with the
tensor product space combining these co-actions (dual representations) and to give a dual representation which
acting on (Hom(Hom(W,, W3"), Hom(W,, W;")))" and then generalize them.

Reference:

[1] Hall, B. C., "Lie Groups, Lie Algebras and Representations, An Elementary Introduction", Springer, USA, May, 2004.

[2] Usenko, V. and Lev, I. B., "Spinor Representation of Lie Algebra for Complete Linear Group”, Uktaine, 46, Nauky. Ave, NAS,
Vol.50, Part 3, pp.1202-1206.

[3] Wan, Z. X., "Lie Algebras", Translated by Lee, Che-Young, ISBN, Volume 104, 1975.

[4] Keith Jones,"Notes on Lie Groups",December 25, 2007, kjones@math.binghamton.edu

[5] Wolfgang Ziller," Lie Groups. Representation Theory and

[6] Symmetric Spaces" University of Pennsylvania, Fall 2010.

[7] STILLWELL, JOHN, Naive Lie theory. Undergraduate Texts inMathematics. Springer, New York, 2008.

[8] Carrel, J., Group Actions And Vector Field, Lecture Notes in Mathematics 956, Vol.6, Springer-Verlag, New York, Canada,1982.

[9] Greub, W. H., Linear Algebra, Graduate Texts in Mathematics, 23 ,Fourth Edition, Springer-verlag, New York, 1975. page [144 —
147]

www.iosrjournals.org 54 | Page


mailto:kjones@math.binghamton.edu

