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I. Introduction 

The function 𝐹  𝑎, 𝑏; 𝑐; 𝑧  in the study of second order linear differential equation with three regular 

singular points, there arise the function (see ref. [1], chapter 4, pp. 45) and ref. [2] defined by 

 1.1  𝐹  𝑎, b;  c;  z =   
 𝑎 𝑛  𝑏 𝑛
 𝑐 𝑛

∞

𝑛=0

𝑧𝑛

𝑛!
 , C ≠ 0,−1, −2, −3…, 

is called hypergeometric series. In term of the Pochhammmer symbol the infinite series (1.1) is evidently 
reduced to the elementary geometric series. 

 1.2  𝑧𝑛 = 1 + 𝑍 + 𝑍2 + 𝑍3 + ⋯

∞

𝑛=0

 

In its special case when 
(1.3)               𝑖)   𝑎 = 𝑐 𝑎𝑛𝑑 𝑏 = 1. 
                        𝑖𝑖)  𝑎 = 1 𝑎𝑛𝑑 𝑏 = 𝑐. 
Hence it is called the hypergeometric series or more precisely Gauss’s hypergeometric series after the famous 

German mathematical Carl Friedrich Gauss (1777-1855), who in the year 1812 introduced the series into 

analysis and gave F-function for it. Test shows that the hypergeometric series in (1.2) when  z = 1(that is on 
a unit circle) is:- 

i) Absolutely convergent if Re(c- 𝑎 -b)>0; 

ii)       Conditionally convergent if -1< Re(c- 𝑎 -b)≤ 0, Z≠0; 

iii) Divergent if Re(c- 𝑎 -b) ≤ -1. 

 A simple integral representation of the hypergeometric function (see ref. [3]) can be obtained by using the 

definition of the Beta function as follow we know that if ‘𝑛’ is a non-negative integer. 

(1.4)         
 𝑏 𝑛
(𝑐)𝑛

 =
𝛤 𝑏 + 𝑛 𝛤 𝑐 

𝛤 𝑏 𝛤 𝑐 + 𝑛 
by using (1.4.2) (λ)𝑛   =

𝛤 λ + n 

𝛤 λ 
 .  1.5 

 𝑏 𝑛
(𝑐)𝑛

=
𝛤(𝑐)

𝛤(𝑏)𝛤(𝑐 − 𝑏)

𝛤(𝑏 + 𝑛)𝛤(𝑐 − 𝑏)

𝛤(𝑐 + 𝑛)
. 

 1.6    using B  α, β =  
𝛤 𝛼 𝛤(𝛽)

𝛤(𝛼 + 𝛽)
. 

 1.7 
 b n

(c)n

=
Γ c 

Γ b Γ c − b 
B b + n, c − n . 

 1.8 
(𝑏)𝑛
(𝑐)𝑛

=   
𝛤 𝑐 

𝛤 𝑏 𝛤 𝑐 − 𝑏 
 𝑡𝑏+𝑛−1

1

0

 (1 − 𝑡)c−𝑏−1𝑑𝑡. 

Where  𝑅𝑒 (𝑐)  >  𝑅𝑒 (𝑏)  >  0. We also know by the binomial theorem that if  |𝑍| < 1, then 

(1.9)             (1 − z)−𝑎 =   1 + 𝑎z +
𝑎(𝑎 + 1)

2!
· 𝑧2 +

𝑎 𝑎 + 1 (𝑎 + 2)

3!
· 𝑧3 + ⋯ 

 1.10                                 (1 − z)−𝑎 =  
 𝑎 𝑛𝑧

𝑛

𝑛!

𝑛

𝑖=0      

. 

Hence using (1.8) and (1.10), we may write 
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 1.11 𝐹 𝑎, b;  c;  z =  
 𝛼  𝑛  𝑏  𝑛
 𝑐  𝑛      𝑛!

∞

𝑛=0

𝑧𝑛 . 

 1.12                        𝐹 (𝑎, 𝑏;  𝑐;  𝑧) =  
𝛤 𝑐 

𝛤 𝑏 𝛤 𝑐 − 𝑏 
 

 𝑎 𝑛
𝑛!

∞

𝑛=0   

𝑧𝑛  𝑡b+n−1
1

0

(1 − 𝑡)c−𝑏−1𝑑𝑡 . 

 1.13    𝐹  𝑎, 𝑏;  𝑐;  𝑧 

=
𝛤 𝑐 

𝛤 𝑏 𝛤 𝑐 − 𝑏 
 𝑡b−1

1

0

(1 − 𝑡)c−𝑏−1 .   
 𝑎 𝑛

𝑛!

∞

𝑛=0    

 𝑧𝑡 𝑛 𝑑𝑡. (1.14)       𝐹 𝑎, 𝑏;  𝑐;  𝑧 

=  
𝛤 𝑐 

𝛤 𝑏 𝛤 𝑐 − 𝑏 
 𝑡b−1

1

0

(1 − 𝑡)c−𝑏−1(1 − zt)−𝑎𝑑𝑡. 

𝑇𝑕𝑢𝑠 𝑖𝑓  𝑧 < 1 𝑎𝑛𝑑 𝑅𝑒(𝑐) >  𝑅𝑒(𝑏) > 0 𝑡𝑕𝑒𝑛 
 

(1.15)                    𝐹 𝑎, b;  c;  z =  
𝛤 𝑐 

𝛤 𝑏 𝛤 𝑐 − 𝑏 
 𝑡b−1

1

0

(1 − 𝑡)c−𝑏−1(1 − zt)−𝑎𝑑t. 

        We have seen (ref. [3]) that the hypergeometric series 𝑤𝑖𝑡𝑕 𝑧 = 1 𝑎𝑛𝑑 𝐶 neither zero nor a negative integer 

is absolutely convergent 𝑖𝑓 𝑅𝑒 (𝑐 − 𝑎 − 𝑏) > 0 𝑡𝑎𝑘𝑖𝑛𝑔 𝑅𝑒(𝑐 − 𝑎 − 𝑏)  ≥  2 𝛿 > 0 and comparing with the 

series of positive constant (1 + 𝑛 1+𝛿 ). We conclude in the same manner as in previous definition and using 

the Weierstrass M-test, that the series 𝐹(𝑎, 𝑏; 𝑐; 1) is uniformly convergent in the region 𝑅𝑒(𝑐 −  𝑎 − 𝑏) >  0. 
Hence the function 𝐹(𝑎, 𝑏; 𝑐; 1) is an analytic function of 𝑎, 𝑐, 𝑧 if 𝑐 is neither zero nor a negative integer and 

𝑅𝑒 (𝑐 −  𝑎 − 𝑏) > 0.We then have (see ref. [3]) 

 1.16  𝐹 𝑎, b; c; 1 =  
(𝛼 )𝑛 (𝑏 )𝑛 

(𝑐 )𝑛     

𝑧𝑛

𝑛!

∞

𝑛=0

. 

Let us also impose the condition that 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0. Then using (1.15) we have 

 1.17           𝐹 (𝑎, 𝑏; 𝑐; 1)  =
𝛤 𝑐 

𝛤 𝑏 𝛤 𝑐 − 𝑏 
 𝑡b−1

1

0

(1 − 𝑡)c−𝑏−𝑎−1𝑑t.  1.18  𝐹 𝑎, 𝑏; 𝑐; 1 

=
𝛤 𝑐 

𝛤 𝑏 𝛤 𝑐 − 𝑏 
·
𝛤 𝑏 𝛤 c − 𝑏 − 𝑎 

𝛤 𝑐 − 𝑏 
.  1.19               𝐹 𝑎, 𝑏; 𝑐; 1 =

𝛤 𝑐 

𝛤 𝑐 − 𝑎 

𝛤 c − 𝑏 − 𝑎 

𝛤 𝑐 − 𝑏 
. 

    Thus we have proved that if   𝑅𝑒(𝑐 −  𝑎 − 𝑏) > 0,   𝑅𝑒(𝑐) > 𝑅𝑒 (𝑏) > 0 𝑎𝑛𝑑 𝐶is neither zero nor a 
negative integer, then  

 1.20  𝐹 𝑎, 𝑏; 𝑐; 1 =
𝛤 𝑐 

𝛤 𝑐 − 𝑎 

𝛤 c − 𝑏 − 𝑎 

𝛤 𝑐 − 𝑏 
. 

  By analytic continuation of members of (1.20). We further conclude that theresult holds even without the 

condition 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0.  The result (1.20) is often called Gauss’s theorem if we take 𝑎 = −𝑛 in (1.20) 

i.e. make ‘𝑎’ is a negative integer; we get the following result which is known as Vandermonde’s theorem. 

 1.21 𝐹  −𝑛, 𝑏;  𝑐;  1 =
𝛤 𝑐 

𝛤 𝑐 + 𝑛 

𝛤 c − 𝑏 + 𝑛 

𝛤 𝑐 − 𝑏 
=

(𝑐 − 𝑏)𝑛
(𝑐)𝑛

. 

Again if we put 𝑧 = −1 𝑎𝑛𝑑 𝑐 = 𝑏 −  𝑎 + 1 in (1.15) we get 
(1.22)                  F (𝑎, b;  b − 𝑎 + 1;−1)    

                                                           =  
𝛤 b − 𝑎 + 1 

𝛤 𝑏 𝛤 1 − 𝑎 
 𝑡b−1

1

0

(1 − t)−𝑎(1 + t)−𝑎𝑑t 

                                                           =
𝛤 b − 𝑎 + 1 

𝛤 𝑏 𝛤 1 − 𝑎 
 𝑡b−1

1

0

(1 − 𝑡2)−𝑎𝑑𝑡, 

Lastly in the theory of Hypergeometric functions of a single variable has stimulated the development of 

a corresponding theory in two and more variables. In 1880 p. Appell considered the product of two Gauss 

functions viz. 
 

 1.23 12 F  𝑎, 𝑏; 𝑐; 𝑥 12 F  𝑎′ , 𝑏′ ; 𝑐′ ; 𝑦 =  
 𝑎 𝑚  𝑎′ 𝑛  𝑏 𝑚  𝑏′ 𝑛

 𝑐 𝑚  𝑐′ 𝑛

∞

𝑚,𝑛=0

𝑥𝑚

𝑚!

𝑦𝑛

𝑛!
 

We are led to five distinct possibilities of getting new functions .One such possibility is 

 1.24  
 𝑎 𝑚+𝑛  𝑏 𝑚+𝑛

 𝑐 𝑚+𝑛

∞

𝑚,𝑛=0

𝑥𝑚

𝑚!

𝑦𝑛

𝑛!
 . 
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            Thus the reaming four possibility lead to the four Appell function of two variables which are defined 

as     𝐹1 ,   𝐹2 ,   𝐹3 ,    𝐹4see ref. [1].  Also we noticed one of additional complete triple hypergeometric function out 

of three complete functions that is 𝐻𝐴which is defined as follows see ref. [4, p. 43, eq. 1.5 (11) to 1.5 (1)] 

 

(1.25)𝐻𝐴(𝑎1,𝑎2 , 𝑎3; 𝑐1 , 𝑐2;  𝑥, 𝑦, 𝑧) 

=  
 𝑎1 m+p 𝑎2 m+n 𝑎3 n+p

 c1 m c2 n+p

∞

𝑚,𝑛 ,𝑝=0

𝑥𝑚

𝑚!
.
𝑦𝑛

𝑛!
.
𝑧𝑝

𝑝!
, 

 |𝑥| =: 𝑡 < 1;  𝑦 =:𝑠 < 1; 𝑧 =:𝑡 <  1 − 𝑡  1 − 𝑠 ); 
Where with ℂ and 𝕫0

− denoting the set of complex numbers and the set of non -positive integers respectively 

(𝜆)𝑛 is the Pochhammmer symbol defined (for 𝜆𝜀𝑐 )  

 1.26  𝜆 𝑛 : =
Г 𝜆 + 𝑛 

Г 𝜆 
=  

1                                                 , 𝑖𝑓 𝑛 = 0 .

𝜆 𝜆 + 1 …  𝜆 + 𝑛 − 1  , 𝑖𝑓 𝑛𝜀𝑁 ≔  1,2,3…   .
  

𝛤(𝑧)being the well known Gamma function, systematically by Srivastava’s Karlsson [5,chapter 3]. The above 

stated three dimensional regions of convergence of the triple hypergeometric series (1.25) for  𝐻𝐴 respt. Were 

given by Srivastava [6] (see also Srivastava and Karlsson [4, section 3.4]). 

(1.27)  𝐻𝐴(𝛼, 𝛽1,𝛽2;𝛾1 , 𝛾2 ;  𝑥, 𝑦, 𝑧)   =
𝛤(𝛾1 )𝛤(𝛾2)

𝛤(𝛾1)𝛤(𝛾2 )𝛤(𝛾1−𝛽1)𝛤(𝛾2−𝛽2)
 

       .   𝜉𝛽1−1𝑛𝛽2−1 1 − 𝜉 𝛾1−𝛽1−1 1 − 𝑛 𝛾2−𝛽2−1 1 − 𝑦𝑛 −𝛽1 1 − 𝑥𝜉 − 𝑧𝑛 −𝛼

1

0

1

0

 

                                        .  1 −
𝑥𝑦𝜉𝜂

 1 − 𝑦𝜂 (1 − 𝑥𝜉 − 𝑧𝜂)
 𝑑𝜉𝑑𝜂, 

                                                                             (ℜ (𝛾1)> ℜ (𝛽1)> 0; (ℜ (𝛾2)> ℜ (𝛽2)> 0); 

     Here in this chapter, our aim is to investigate some further integral representation for triple hypergeometric 

functions of 𝐻𝐴 

 

II. Main Results 
See (ref. [1]),Each of the following results on triple hypergeometric functions involving integral 

representation for 𝐻𝐴  holds true 

 2.1 𝑹𝒆𝒔𝒖𝒍𝒕𝒔𝟏:𝐻𝐴 (𝑎1 , 𝑎2 , 𝑎3;  𝑐1 , 𝑐2;  𝑥, 𝑦, 𝑧) 

                       =
𝛤 𝑐2 

𝛤 𝑎3 𝛤 𝑐2 − 𝑎3 
 𝜉𝑎3−1

1

0

 1 − 𝜉 𝑐2−𝑎3−1 1 − 𝑦𝜉 −𝑎2  

 .(1 − 𝑧𝜉)−𝑎1 .2𝐹1  𝑎1 , 𝑎2; 𝑐1;
𝑥

 1−𝑦𝜉  (1−𝑧𝜉 )
 𝑑𝜉, 

   (ℜ(𝑐2)>ℜ(𝑎3) > 0); 
 2.2 𝑹𝒆𝒔𝒖𝒍𝒕𝒔𝟐:𝐻𝐴 (𝑎1 , 𝑎2 , 𝑎3; 𝑐1 , 𝑐2;  𝑥, 𝑦, 𝑧) 

=
𝛤(𝑐2)𝛤(1 + 𝜆)𝑎3

𝛤(𝑎3)𝛤(𝑐2 − 𝑎3)
 𝜉𝑎3−1

1

0

(1 − 𝜉)𝑐2−𝑎3−1(1 + 𝜆𝜉)𝑎1 +𝑎2−𝑐2  

.[1 + 𝜆𝜉 −  1 + λ ξ𝑦]−𝒂𝟐[1 + 𝜆𝜉 −  1 + λ ξ𝑧]−𝒂𝟏  

                                      . 12 F  𝑎1 , 𝑎2; 𝑐1;
𝑥(1 + 𝜆𝜉)2

[1 + 𝜆𝜉 −  1 + λ ξ𝑦][1 + 𝜆𝜉 −  1 + λ ξ𝑧]
 𝑑𝜉, 

   (ℜ(𝑐2)>ℜ(𝑎3) > 0; λ> −1); 
(2.3)𝑹𝒆𝒔𝒖𝒍𝒕𝒔𝟑:𝐻𝐴 (𝑎1 , 𝑎2 , 𝑎3; 𝑐1 , 𝑐2;  𝑥, 𝑦, 𝑧) 

  =  
𝛤(𝑐2)

𝛤(𝑎3)𝛤(𝑐2 − 𝑎3)

(𝛽 − 𝛾)𝑎3 (𝛼 − 𝛾)𝑐2−𝑎3

(𝛽 − 𝛼)𝑐2−𝑎1−𝑎2−1
                                                  .  (𝛽 − 𝜉)𝑐2−𝑎3−1(𝜉 − 𝛼)𝑎3−1(𝜉

𝛽

𝛼

− 𝛾)𝑎1+𝑎2−𝑐2  

 .[(𝛽 − 𝛼)(𝜉 − 𝛾)- (𝛽 − 𝛾)(𝜉 − 𝛼)𝑦]−𝑎2  

 .  (𝛽 − 𝛼)(𝜉 − 𝛾) − (𝛽 − 𝛾)(𝜉 − 𝛼)𝑧 −𝑎1  

      .2𝐹1 𝑎1 , 𝑎2; 𝑐1; 𝜎𝑥 𝑑𝜉, 
   (ℜ(𝑐2)>ℜ(𝑎3) > 0;𝛾 < 𝛼 < 𝛽). 
Where 

𝜎: =  
(𝛽 − 𝛼)2(𝜉 − 𝛾)2

[ 𝛽 − 𝛼  𝜉 − 𝛾 −  𝛽 − 𝛾  𝜉 − 𝛼 𝑦][(𝛽 − 𝛼)(𝜉 − 𝛾) − (𝛽 − 𝛾)(𝜉 − 𝛼)𝑧]
 ; 

 
 2.4 𝑹𝒆𝒔𝒖𝒍𝒕𝒔𝟒:  𝐻𝐴 (𝑎1 , 𝑎2 , 𝑎3; 𝑐1 , 𝑐2;  𝑥, 𝑦, 𝑧) 
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    =
𝛤(𝑐2)

𝛤(𝑎3)𝛤(𝑐2 − 𝑎3)
 𝜉𝑎3−1

∞

0

(1 + 𝜉)𝑎1+𝑎2−𝑐2 

 .2𝐹1  𝑎1 , 𝑎2; 𝑐1;
𝒙(𝟏+𝝃)𝟐

 𝟏+𝝃−𝐲𝛏  𝟏+𝝃−𝐳𝛏 
 𝑑𝜉, 

  . (1 + 𝜉 − 𝑦𝜉)−𝑎2 (1 + 𝜉 − 𝑧𝜉)−𝑎1  

(ℜ(𝑐2)>ℜ(𝑎3) > 0); 

 

 

 (2.5)   𝑹𝒆𝒔𝒖𝒍𝒕𝒔𝟓:𝐻𝐴 (𝑎1 , 𝑎2 , 𝑎3; 𝑐1 , 𝑐2;  𝑥, 𝑦, 𝑧)        
 

=
2𝛤(𝑐2)

𝛤(𝑎3)𝛤(𝑐2 − 𝑎3)
 (sin2 𝜉)𝑎3−

1

2

𝜋

2

0

(cos2 𝜉)𝑐2−𝑎3−
1

2 

. (1 − ysin2 𝜉)−𝑎2 . (1 − 𝑧sin2 𝜉)−𝑎1
 

                    . 12 F  𝑎1 , 𝑎2; c1;
𝑥

(1 − 𝑦sin2𝜉)(1 − zsin2𝜉)
 𝑑𝜉,            

     (ℜ(𝑐2)>ℜ(𝑎3) > 0). 

Here 2F1 denotes the well- known gauss hypergeometric function defined by
 

 (2.6) 12 F  a, b, c; z  

                 =  
 𝑎 𝑛  𝑏 𝑛
 𝑐 𝑛

∞

𝑛=0

𝑧𝑛

𝑛!
  ;    c ∈ 𝕔\𝕫0

−:  z < 1;  z = 1 z ≠ −1  

 and ℜ c − 𝑎 − b > 0; 𝑧 = −1 𝑎𝑛𝑑  ℜ c − 𝑎 − b > −1 
 

III. Proof Of Main Results 

PROOF: The integral representation (2.1) was derived by Srivastavas himself [7, p. 100] as an intermediate 

result in his demonstration of the integral representation (1.5) [7, p. 100, eq.(3.3)]. In fact Srivastavas derivation 

of (2.1) involved writing the triple hypergeometric series in (1.15) as a single series of the Appell function 𝐹1 as 

follows: 

 3.1 𝐻𝐴1
(𝑎1,𝑎2 , 𝑎3; 𝑐1 , 𝑐2;  𝑥, 𝑦, 𝑧) 

=  
 𝑎1 m 𝑎2 m

 c1 m

∞

𝑚=0

F1[𝑎3, 𝑎2 + m, 𝑎1 + m; 𝑐2; y, z]
𝑥𝑚

𝑚!
, 

And then applying Picard’s integral formula [4, p.29, eq.(4)] 

(3.2)  𝐹1[𝛼, 𝛽,  𝛽′  ;  γ ;  𝑥 , y]  

                                          =
𝛤(𝛾)

Г 𝛼 Г(𝛶 − 𝛼)
 𝜏𝛼−1(1 − 𝜏)𝛾−𝛼−1

1

0

(1 − 𝑥𝑡)−𝛽 (1 − 𝑦𝑡)𝛽
′
𝑑τ,  

 R γ > 𝑅 𝛼 > 0; 𝛾𝜖ℂ\ℤ0
− . 

To each term on the right-hand side of (3.1). The transition from (2.1) to Srivastavas 

Final result (1.5) was made by appealing to the following classical result (see, for Details, 

 [7, pp.99-100]) 

 

(3.3)  2 F1(α, β; γ; z) 

                                           =
𝛤(𝛾)

Г 𝛼 Г(𝛶 − 𝛼)
 𝜏𝛼−1(1 − 𝜏)𝛾−𝛼−1

1

0

(1 − 𝑧𝑡)−𝛽𝑑τ, 

       R γ > 𝑅 𝛼 > 0; 𝛾𝜖ℂ\ℤ0
−  

The assertions (2.1) to (2.5) of main results would follow from Srivastava’s result uponSetting of each 

 
 3.4           𝑖)   𝜏 = 𝜉 𝑎𝑛𝑑 (0, 1)  →  (0, 1) 

                   𝑖𝑖)   𝑡 = ((𝛽 − 𝛾)(𝜉 − 𝛼))/((𝛽 − 𝛼)(𝜉 − 𝛾))    𝑎𝑛𝑑 (0, 1) (𝛼, 𝛽)   

                  𝑖𝑖𝑖)   𝑡 =
 1 + λ ξ

1 + λξ
;  (0, 1) (0, 1) 

                  𝑖𝑣)       𝜉 →
𝜉

1 − 𝜉
     𝑑𝜉 →

𝑑𝜉

(1 − 𝜉)2
      𝑎𝑛𝑑      0,1 → (0,∞) 

                𝑣)        𝜉 → 𝑠𝑖𝑛2𝜉 , 𝑑𝜉 → 2𝑠𝑖𝑛𝜉𝑐𝑜𝑠𝜉𝑑𝜉 ;  0,1 →  0,
𝜋

2
 ,respectively. 



Some results on Triple Hypergeometric functions involving Integral representations 

www.iosrjournals.org      57 | Page 

Each of the integral representations (2.1) to (2.5) can also be proved directly by expressing the series definition 

of the involved hypergeometric functions2F1 in each integrand and changing the order of the integral sign and 

the summation, and finally using one or the other of the following well- known relationships between the Beta 

functions B(𝛼, 𝛽), the gamma function𝛤(𝑧) and their various associated Eulerian integral (see, for example [8, 

p.26 and pp. 86, problem]) 

(3.5)        B(α, β)  =

 
 
 

 
  𝑡α−1

1

0

 (1 − 𝑡)β−1  dt ,     ( min{ℜ(α) > 0 , ℜ(β)} > 0);

𝛤 𝛼 𝛤(𝛽)

𝛤(𝛼 + 𝛽)
,          (α, βϵ𝕔\𝕫0

−)                     

  

(3.6)     B (α, β) = 2  (sinθ⁡)2α−1
π

2 

0
(cosθ)2β−1𝑑𝜃 =  

𝑟 α−1

 1+𝑟 α+β

∞

0  
𝑑𝑟, 

  ( min{ℜ(α) > 0 , ℜ(β)} > 0) 

 3.7         B 𝛼, 𝛽 =
 𝑏 − 𝑐 𝛼 𝑎 − 𝑐 𝛽

 𝑏 − 𝑎 𝛼+𝛽−1
 
 𝑡 − 𝑎 𝛼−1 𝑏 − 𝑡 𝛽−1

 𝑡 − 𝑐 𝛼+𝛽

b

a

dt                                   

=  1 + 𝜆 𝛼  
tα−1 1 − 𝑡 𝛽−1

 1 + λt α+β

1

0

dt, 𝜆 > −1,  

( min{ℜ(α) > 0 , ℜ(β)} > 0) 

 

IV. Special Cases 
Some functions, which believed to be new, can be established as special cases as follows. 

In (2.1) to (2.5) choosing 𝑎3 = 0, we get following results  

 

 4.1          𝐻𝐴  𝑎1 , 𝑎2  ;  𝑐1 , 𝑐2;  𝑥, 𝑦, 𝑧  =  𝜉−1
1

0

 1 − 𝜉 𝑐2−−1 1 − 𝑦𝜉 −𝑎2 (1 − 𝑧𝜉)−𝑎1  

 .2𝐹1  𝑎1 , 𝑎2; 𝑐1;
𝑥

 1−𝑦𝜉  (1−𝑧𝜉 )
 𝑑𝜉, 

(ℜ(𝑐2)>  0); 

 4.2           𝐻𝐴 (𝑎1 , 𝑎2  ;  𝑐1 , 𝑐2;  𝑥, 𝑦, 𝑧)  =  𝜉−1
1

0

(1 − 𝜉)𝑐2−−1(1 + 𝜆𝜉)𝑎1+𝑎2−𝑐2  

  .[1 + 𝜆𝜉 −  1 + λ ξ𝑦]−𝒂𝟐[1 + 𝜆𝜉 −  1 + λ ξ𝑧]−𝒂𝟏  

                                               . 12 F  𝑎1 , 𝑎2; 𝑐1;
𝑥(1 + 𝜆𝜉)2

[1 + 𝜆𝜉 −  1 + λ ξ𝑦][1 + 𝜆𝜉 −  1 + λ ξ𝑧]
 𝑑𝜉, 

  (ℜ(𝑐2)> 0; λ> −1); 

(4.3)    𝐻𝐴 (𝑎1 , 𝑎2  ; 𝑐1 , 𝑐2;  𝑥, 𝑦, 𝑧) =  
(𝛼 − 𝛾)𝑐2

(𝛽 − 𝛼)𝑐2−𝑎1−𝑎2
 (𝛽 − 𝜉)𝑐2−1(𝜉 − 𝛼)−1(𝜉 − 𝛾)𝑎1+𝑎2−𝑐2

𝛽

𝛼

 

 .[(𝛽 − 𝛼)(𝜉 − 𝛾)- (𝛽 − 𝛾)(𝜉 − 𝛼)𝑦]−𝑎2  

 .  (𝛽 − 𝛼)(𝜉 − 𝛾) − (𝛽 − 𝛾)(𝜉 − 𝛼)𝑧 −𝑎1  

.2𝐹1 𝑎1 , 𝑎2; 𝑐1; 𝜎𝑥 𝑑𝜉, 
   (ℜ(𝑐2)> 0; 𝛾 < 𝛼 < 𝛽). 
Where 

𝜎: =  
(𝛽 − 𝛼)2(𝜉 − 𝛾)2

[ 𝛽 − 𝛼  𝜉 − 𝛾 −  𝛽 − 𝛾  𝜉 − 𝛼 𝑦][(𝛽 − 𝛼)(𝜉 − 𝛾) − (𝛽 − 𝛾)(𝜉 − 𝛼)𝑧]
 ; 

 

(4.4)             𝐻𝐴 (𝑎1 , 𝑎2  ;  𝑐1 , 𝑐2;  𝑥, 𝑦, 𝑧) =  𝜉−1
∞

0

(1 + 𝜉)𝑎1 +𝑎2−𝑐2 

  .2𝐹1  𝑎1 , 𝑎2; 𝑐1;
𝒙(𝟏+𝝃)𝟐

 𝟏+𝝃−𝐲𝛏  𝟏+𝝃−𝐳𝛏 
 𝑑𝜉, 

  . (1 + 𝜉 − 𝑦𝜉)−𝑎2 (1 + 𝜉 − 𝑧𝜉)−𝑎1  

 (ℜ(𝑐2)> 0); 

 

 (4.5)            𝐻𝐴 (𝑎1 , 𝑎2; 𝑐1 , 𝑐2;  𝑥, 𝑦, 𝑧) = 2 (sin2 𝜉)−
1

2

𝜋

2

0

(cos2 𝜉)𝑐2−−
1

2 

. (1 − ysin2 𝜉)−𝑎2 . (1 − 𝑧sin2 𝜉)−𝑎1
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                                               . 12 F  𝑎1 , 𝑎2; c1;
𝑥

(1 − 𝑦sin2𝜉)(1 − zsin2𝜉)
 𝑑𝜉,            

(ℜ(𝑐2)> 0). 

Our motive is to obtain other special cases from the main results 

 

V. Proof Of Special Cases 
 Proof of (4.1) to (4.5) is much akin to that of main results (2.1) to (2.5), which we have already 

presented in a reasonably detailed manner. 
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