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I.  Introduction
The function F (a, b; c; z) in the study of second order linear differential equation with three regular
singular points, there arise the function (see ref. [1], chapter 4, pp. 45) and ref. [2] defined by

A1) Flab; ¢ 7] = Z @n Bz 1 o3
= ©, n!

is called hypergeometric series. In term of the Pochhammmer symbol the infinite series (1.1) is evidently
reduced to the elementary geometric series.

(1.2)Zzn =1+Z+2Z*+73+ -
n=0
In its special case when
(1.3) i) a=candb=1.
ii) a =1landb =c.
Hence it is called the hypergeometric series or more precisely Gauss’s hypergeometric series after the famous
German mathematical Carl Friedrich Gauss (1777-1855), who in the year 1812 introduced the series into
analysis and gave F-function for it. Test shows that the hypergeometric series in (1.2) when |z| = 1(that is on
a unit circle) is:-
i) Absolutely convergent if Re(c- a -b)>0;
i) Conditionally convergent if -1< Re(c- a -b)< 0, Z#0;
iii) Divergent if Re(c- a -b) <-1.
A simple integral representation of the hypergeometric function (see ref. [3]) can be obtained by using the
definition of the Beta function as follow we know that if ‘n’ is a non-negative integer.
(b _Lo+mre@ . oo _TO+n ),
R R 5 T R R A A VI PO
r'(c) r'(b+n)'(c—Db)
“ I'(bIr(c—»b) I'(c+n)

re)r
(1.6) usingB (o, B) = %.
(b)n _ F(C)
(1.7) (©), T®I(c—Db) B(b+n,c—n).
1
(1.8) ®) _ re thn=1 (1 —t)cb-1d¢.

(©n  TBI(c—b)J,
Where Re (¢) > Re (b) > 0. We also know by the binomial theorem that if |Z| < 1, then

a(a+1 a(a+1)(a+2
(1.9) 1-2)%= 1+4az+ (2' )'ZZ+ ( 3)'( )-23+---
- (@), 2"

(1.10) (1-2)%= -
i=0

Hence using (1.8) and (1.10), we may write

www.iosrjournals.org 53 | Page



Some results on Triple Hypergeometric functions involving Integral representations

(L1DF(ab; ¢; ) = M o
(C ), n!
r() (a)n 1 . .

(1.13) F(a,b; c; 2)

r) L o [ (@, i -
=TI —b) fo (11 “-{n; (@0 }dt.(1.14) F(a,b; ¢; 2)

Ir(c) r . y
:mﬁtb 1(1—t) bl(l_zt) dt.

Thus if |z| < 1 and Re(c) > Re(b) > 0 then

1
(1.15) F(a,b; c; z) = I b)f " (1 =) (1 —zt)%dt.

rv)ric-— 0
We have seen (ref. [3]) that the hypergeometric series with z = 1 and C neither zero nor a negative integer
is absolutely convergent if Re (c —a — b) > 0 taking Re(c —a—b) = 25 >0 and comparing with the
series of positive constant),(1 +n  19). We conclude in the same manner as in previous definition and using
the Weierstrass M-test, that the series F(a, b; c; 1) is uniformly convergent in the region Re(c — a —b) > 0.
Hence the function F(a, b; c; 1) is an analytic function of a,c, z if c is neither zero nor a negative integer and
Re (c — a — b) > 0.We then have (see ref. [3])
a b z"
(1.16) F(a,b;c; 1) = Z m—.
i (€D  nl
=
Let us also impose the condition that Re(c) > Re(b) > 0. Then using (1.15) we have

(1.17) F(abCl)_mj tbl(l t)Cbaldt(].lS)F(abCl)

_ I'(c) ‘I"(b)l"(c a).(1.19) Flabic;1) = I'c) I'(c—=b—a)
I'(b)I'(c —b) I'(c—b) I'c—a) T'(c—b)
Thus we have proved that if Re(c — a —b) >0, Re(c) > Re (b) > 0 and Cis neither zero nor a
negative integer, then
I'c) I'(c—b—a)

A.20) Fla,b;; D) = 5 =5 e =)

By analytic continuation of members of (1.20). We further conclude that theresult holds even without the
condition Re(c) > Re(b) > 0. The result (1.20) is often called Gauss’s theorem if we take a = —n in (1.20)
i.e. make ‘a’ is a negative integer; we get the following result which is known as Vandermonde’s theorem.

I'c) I'c—=b+n c—b
(1.21)F (-=n,b; ¢; 1) = © I( ) _ ¢ n

r'c+n) rc—-b (o),
Againifweputz=—-1andc=b— a + 1in (1.15) we get
(1.22) F(a,b;b—a+1;-1)

r'b—a+1)

1
= Fora-w ), m0Ta+ g

B r'b—a+1)
T rra-al,
Lastly in the theory of Hypergeometric functions of a single variable has stimulated the development of
a corresponding theory in two and more variables. In 1880 p. Appell considered the product of two Gauss
functions viz.

1
tb=1 (1 —t?)dt,

(125),F (b, R by = 3 Q@@ "y

s O, mint
m,n=
We are Ied to five distinct possibilities of getting new functions .One such possibility is

(1 24) Z (a)m+n(b)m+nx y )

(C)m+n m! nl
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Thus the reaming four possibility lead to the four Appell function of two variables which are defined
as F, F,, F;, E,seeref. [1]. Also we noticed one of additional complete triple hypergeometric function out
of three complete functions that is Hywhich is defined as follows see ref. [4, p. 43, eq. 1.5 (11) to 1.5 (1)]

(1.25)H,(ay,a;, az; ¢1, ¢35 X, Y,2)

[oe]

(al)m+p (az)m+n (a3)n+p x™ yn zP

pe n(edny,  mnlpl

(x|=t < 1; lyl=s < Lilzl=t < (A = )1 — 5));
Where with C and z; denoting the set of complex numbers and the set of non -positive integers respectively
(ADn is the Pochhammmer symbol defined (for Aec )

I'A+n) 1 , if(n=0).
(1.26)(A),: = 6 = e . .

+1)..(A+n—-1),if(neN = {1,2,3...}).

I'(z)being the well known Gamma function, systematically by Srivastava’s Karlsson [5,chapter 3]. The above
stated three dimensional regions of convergence of the triple hypergeometric series (1.25) for H, respt. Were
given by Srivastava [6] (see also Srivastava and Karlsson [4, section 3.4]).

) _ r'(y)I'(v2)
(27 e PP es 2 0:2) = R S O BT - 2)

ff fﬁl—lnﬁz—l(l — 5)71—31—1(1 —n)rz=F2~1(1 — yn)—ﬁl (1 —x&—zn)=@
0

0

xy$n )
1-— dédn,
( (1 —ym(A —x§ —zn) san
R G1)> R (B1)> 0, R (r2)> R (B2)> 0);
Here in this chapter, our aim is to investigate some further integral representation for triple hypergeometric
functions of Hy

Il.  Main Results
See (ref. [1]),Each of the following results on triple hypergeometric functions involving integral
representation for H, holds true
(2.1)Results1:H, (a;,a,,as3; ¢1,¢y; X, Y,Z)

— F(CZ) ! a3z—1 _ cp—az—1 _ —ap
- ey | A e a -y

(1 =z ,F, (al,az; Cl;m) ds,
(R(c2)>R(az) > 0);
(2.2)Results2:H, (ay,ay,as3; ¢1,Cy; X,Y,2)
F'(c)r (1 +21)9s !
_ (Cz) ( ) j Ea3_1 (1 _f)cz—a3—1(1 +Af)a1+a2—cz
0

B I'(az)l'(c; — a3)
J14+ 28— A+ V)& 2[1+ 28 — (1 +1)Ez]™

2
LR lanasc; x(1+49) )df,
[1+ 28— +M)Ey][1+ A& — (1 + M)Ez]
(R(cy)>R(az) > 0; 2> —1);
(2.3)Results3: Hy (ay,ay,as;¢1,Cy; X, V,2)
_ @) B-pta-pe E e
" @l —ay) (@ Je-orereome
_ )a1+a2—cz

IB-—a)E —7)-B-—VE—a)y]™*
AB -G —v)— B-(E—a)z]™
2F1 (a1, az; ¢1; 0%)dg,

(R(cy)>R(az) >0y <a < p).
Where

B-—a)E -7 _
[B-)E - -B-NE-ay[B-)E-N—- B-VNE-a)z]’

(2.4)Results4: H, (a,,a,,as; ¢1,¢; X,Y,2)

.=
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r'(c;)

, B I'(az)l (c; —a3)
x(14§)
(1+f—yi)(1+f—z§)) ds,

[t @ s

2F (al, a,; cq;

A+ =y ™A+ -z
(R(c2)>%R(a3) > 0);

(2.5) Results5:H,(a;,a,,as; ¢1,Cy; X, V,2)
_ Zr(CZ) f% s 2 a3—l 2 cz—a3—l
B I'(az)l'(c; —a3) Jy (stm™8)™"2 (cos™3) ’
(1 —ysin? &)™ (1 — zsin? &)™
x

-9 Fl al, az;cl;

(1 —ysin?&)(1 — zsin2§)> %,
(R(c2)>R(a3) > 0).
Here  ,F;  denotes the well- known gauss hypergeometric  function  defined by

(2.6) ,F (a,b,¢;2)

- a),(b), z"
= (@ )"Z—l ; cEC\zg:lzl < 1;lzl = 1(z # —1)

4y n

andR(c—a—b)>0;z=—-1and R(c—a—b) > -1

I11.  Proof Of Main Results
PROOF: The integral representation (2.1) was derived by Srivastavas himself [7, p. 100] as an intermediate
result in his demonstration of the integral representation (1.5) [7, p. 100, eq.(3.3)]. In fact Srivastavas derivation
of (2.1) involved writing the triple hypergeometric series in (1.15) as a single series of the Appell function F; as
follows:
(B.1)Hy (ay,a;,a3; ¢4, ¢35 X,Y,2)

C (01)m (02)m x™
= ———F— F,[a;,a, + m,a; + m; cy;y, 2] —,
4 cDm 1las, a; 1 2y ]m!

And then applying Picard’s integral formula [4, p.29, eq.(4)]
(3.2) Fla,p, B ;v; x,y]

1
[‘ ’
= ﬁ!ra—l(l - ‘[)V—a—1 1- xt)_ﬁ (1- yt)ﬁ dx,

(R(y) > R(a) > 0; yeC\Zyp).
To each term on the right-hand side of (3.1). The transition from (2.1) to Srivastavas
Final result (1.5) was made by appealing to the following classical result (see, for Details,
[7, pp.99-100])

(3.3) 2F1 (a0, B5v;2)

1
__I'n et et e
—Wf -t -t

(R(y) > R(a) > 0;yeC\Zy)
The assertions (2.1) to (2.5) of main results would follow from Srivastava’s result uponSetting of each

(3.4) i) t=¢&and (0,1) - (0,1)
i) t=(B-)E-a)/(B-a)—y)) and(0,1) X(a,p)

iii) t= (1:—?; 0,1) 9((;,;)
iv) ¢&- T—¢ dé - a-or and (0,1) - (0, )

v) & > sin%E,d& - 2sinécosédé ;(0,1) - (0,%),respective|y.
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Each of the integral representations (2.1) to (2.5) can also be proved directly by expressing the series definition
of the involved hypergeometric functions,F; in each integrand and changing the order of the integral sign and
the summation, and finally using one or the other of the following well- known relationships between the Beta
functions B(e, 8), the gamma functionl"(z) and their various associated Eulerian integral (see, for example [8,
p.26 and pp. 86, problem])

1

(
jf te1 (1—t)F~1dt, (min{R(ax)>0,R(P)} > 0);
_ 0
(3.5) B(@pB) = I r@reg)
&l ra+p)’
(36) B (o, B)=2 J, X(sin6DP " (cos6)*1d = [ T~ ar

(min{R(a) > 0,R(B)} > 0)

b - a—c)f [(t—a)='(b— )i
(b _ a)a+ﬁ—1 f (t _ C)a+[>’

(o, Bec\zy)

w0 r a-1

(3.7) B(@p) = dt

(1 — )t
(1 + A)o+h
(min{R(a) > 0,R(P)} > 0)

=1+ dt, A> -1,

IV.  Special Cases
Some functions, which believed to be new, can be established as special cases as follows.
In (2.1) to (2.5) choosing a; = 0, we get following results

1
(4.1) Hy(ay,az; ¢1,¢p5 %,Y,2) = j ETA-921 A -y 2(1—2z8)™
0

X
2F; (a1'az' Cpm) dé,

(R(c2)> 0);

(4 2) HA (a1'a2 ; C1,C; X, y,Z) —J f (1 f)fz——l(l +A§)a1+a2 c2
L1428 = A+ D3y 2 [1+ 48 — (1 +)5z] ™™

2F1 aq,az;Cy;

x(1+26)?
[+ 28— A+ DI+ —(+ mz]) “
R(cy)> 0; 2> —1);
(a — Y)CZ g c—1 -1 aitaz—cy
e | B0 € -7 G-
16 = )& =1 (B = 1)E - )y
1B -aE -1 - (B -1 -yl

(4.3) Hy(ay,a;;¢,¢5 %,y,2) =

2F1 (a1, az; ¢1; 0%)d§,
R(c))> 0y <a<p).

Where
o= (B —a)( —vy)? _
O [B-E-M-B-VNE-—ayB-)E-V)- B-NE-—a)z]’
(44) Hy(ay,a;; ¢1,C5 X,9,2) = fo (14 Hutare

o x(1+8)2
2Fy (“1' @2 €1 (1+€—YE)(1+€—ZE)) as,

A+ -y (A +§ -2z
(R(cz)> 0);

z 1 1
(4.5) Hy(ay,ay; ¢;,¢y; %,7,2) = 2 fz(sin2 &) 2 (cos? &) 2
0
.(1 —ysin? &)™ (1 — zsin? &)™
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x
R (al,az;cl; . .
(1 — ysinZ&)(1 — zsin2¢)

) e,

(R(c2)> 0). _ _ _
Our motive is to obtain other special cases from the main results

V.  Proof Of Special Cases
Proof of (4.1) to (4.5) is much akin to that of main results (2.1) to (2.5), which we have already

presented in a reasonably detailed manner.
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