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I.  Introduction
Metric spaces have very wide applications in mathematics and applied sciences. Therefore, many
authors have tried to introduce the generalizations of metric spaces in many ways. In 1989, Gahler [2-3],
introduced the notion of 2-metric spaces and Dhage [1] introduced the notion of D -metric spaces. They proved
some results related to 2-metric and D -metric spaces. After this Mustafa and Sims [4] proved that most of the
results of Dhage’s D -metric spaces are not valid. So, they introduced the new concept of generalized metric
space called G-metric space. Now, recently Sedghi et al. [5] have introduced the notion of S-metric spaces as the

generalization of G-metric and D" -metric spaces. They proved some fixed point results in S-metric spaces.
Some results have been obtained in [5-7] by Sedghi et al. In the present paper, we prove some coupled
coincidence point results in S-metric space which are the generalizations of some fixed point theorems in metric
spaces [8-12].

Preliminaries
Here we give some definitions which are throughout used in this paper.

Definition 2.1 ([5]). Let X be a nonempty set. An S-metric on X is a function S: X —[0,c0) that satisfies
the following conditions, for each x,y,z,ae X .
(i) S(x,y,2) =0
(i) S(x,y,z)=0 ifandonlyif x=y=12
(iii) S(X,¥,2) <S(x,x,a)+S(y,y,a)+S(z,z,a)
Then the pair (X,S) iscalled an S -metric space.
Definition 2.2 ([14]). Let (X,<) be a partially ordered set equipped with a metric S such that (X,S) is a

metric space. Further, equip the product space X x X with the following partial ordering:
for (x,¥),(u,v) e X x X,

define (u,v) <(X,y) ©x=>u,y<v.
Definition 2.3 ([14]). Let (X,<) be a partially ordered set and F: X x X — X . One says that F enjoys the
mixed monotone property if (X,y) is monotonically nondecreasing in x and monotonically nonincreasing in
y ; thatis, for any x,y € X,

XEx? e X, xt<x? = F(xLy) <F(3y),

yhy? e X, yr<y? = F(xyh) = F(x,y%),

Definition 2.4 ([14]). An element (x,y) e X x X is said to be a coupled fixed point of the mapping
F:XxX —>X if

F(x,y)=x and F(y,x)=y.

Lemma 2.5 ([7]). In an S -metric space, we have S(X,X,¥) =S(y,V,X).

Definition 2.6 ([13]). Let (X,<) be a partially ordered set and F:XxX — X and g:X — X two
mappings. The mapping F is said to have the mixed g -monotone property if F is monotone g -
nondecreasing in its first argument and is monotone g -nonincreasing in its second argument, that is,

if, for all x%,x% e X, g(x}) < g(x?) implies F(x',y) < F(x?,y), forany y € X , and,

www.iosrjournals.org 59 | Page



Coupled Coincidence Fixed Point Theorems in S-Metric Spaces

forall yt,y2 e X, g(y!) <g(y?) implies F(x,y!) <F(x,y?), forany xe X .

Definition 2.7 ([13]). An element (x,y): X — X is called a coupled coincidence point of mappings

F:X—>X and g: X —» X if
F(x,y) =9(x), F(y,x) =g(y)-

Theorem 2.8 ([13]). Let (X,<) be a partially ordered set equipped with a metric d such that (X,d) is a
complete metric space. Assume that there is a function : [0,00) — [0,00) with (t) <t and lim ¢(r) <t for each
r—t*

t>0.Let F: XxX — X and g: X — X be maps such that F has the mixed g-monotone property and

d(E(x y), F(u,v)) < ¢ 49,9 +2 d(g(y).9v)))

for all x,y,u,ve X for which g(x) <g(u) and g(y) > g(v).

Suppose that F(X x X) < g(X), g is continuous and commutes with F besides

@ F is continuous,
(b) X has the following properties:
(i if a nondecreasing sequence {x,} — x, then x, <x forall n,

(i) if a nonincreasing sequence {y,} — y,then y <y, forall n.
(iii) if a nondecreasing sequence {x,} — x, then x, <x forall n>0,
(iv) if a nonincreasing sequence {y,} — X, then y, >x forall n>0.

If there exist x°,y® € X such that
g(®) < (x%,¥%), (%) = (y°.x°),
then there exist x,y € X such that

9(x) =F(xy), 9(y) = F(y.%),
Thatis, F and g have a coupled coincidence point.

Theorem 2.9. Let (X,<) be a complete S -metric space. Suppose that there is a function ¢ :[0,00) — [0, 0)
with ¢(t) <t and lim ¢(r) <t for each t > 0. Further, assume that F : X x X — X and g: X — X are two
r—t*

maps such that F has the mixed g -monotone property satisfying the following condition:
(i) F(XxX) = g(X),

(ii) g is continuous and monotonically increasing.

(iii) (g,F) is commutating pair.

) 1
() S(F (), F0.9), F0.1) = 4| 5(5(0(. 90, 9(0) + S(30). 9,904 | )
forall x,y,u,ve X ,with g(x) <g(u) and g(y) = g(v) . Also suppose that either
@) F is continuous or
(b) X has the following properties:
1. if a nondecreasing sequence {x,} — x, then
Xy <X, forall n>0 2
2. If a nonincreasing sequence {x,} — x, then
X, =%, forall n>0.
If there exist Xg, Yo € X such that
9(%) <F(X0,¥) and  g(¥o) = F(Yo. %) @)
Then F and g have a coupled coincidence point that is there exist x,y € X such that
g(x)=F(x,y) and g(y)=F(y,x) 4)
Proof. Let us suppose that x,y € X , we construct the sequences {x,} and {y,} in X such that
g(xn+l) = F(Xn: yn) and g(yn+l) = F(ynyxn) (5)
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Now, we shall show that for n>0

9(%) < 9(Xns1) and  g(yn) = (Ynsa) (6)
So (6) holds for n =0. Assume (6) holds for some n>0.
Suppose
g(xm—l) = F(Xnvyn)
< F(Xn+lv yn)
< F(Xn+lv yn+1)
= g(xn+2)
and

g(yn+l) = F(ynaxn)
2 F(yn+lvxn)
2 F(yn+lixn+1)

= 9(Yns+2)
Then by induction (6) holds forall n>0.
Using (5) and (6), we get
S(g(xm)’ g(xm+1)r g(xm+l)) = S(F(Xm—l! ym—l)v F(va ym)’ F(Xm’ ym))

< 4] 5 (500 1,80w), 0k0) + S0V 1), 900m). S |

Similarly, we can write by induction

S(@0/n): 90/n.2): 00mea)= 9| 5 (00t 2. 80n) G (kn) + S( ). 9. S %) |
So, by putting

Sm = S(9(%m ), 9(¥m1), 9 (Xmaa) + S(I(Ym)s 9 (Yms)s 9 (Yme2))
We get

Sm = S(9(Xm) 9(*m1) 9(Xms1) +S(9(Ym): 9(Ym-1) G (Y1)
< 4| 5(5(30 9060, 80n) + S(9(0m 190 90m) |

~24( 50| ™

Since ¢(t) <t for t > 0. So, &, < 5,4 for all m so that {5,,} is a nonincreasing sequence, since it is bounded
below sequence, there exist some & >0 such that
lim &, =+5.

m-—o0
We have prove that § =0. On the other hand suppose that ¢ > 0. Putting limit as m — +co on both
sides of (7) and having lim ¢(r) <t for all t >0 in mind, we have,
r—t*

6= lim o, < lim 2¢(%5m1]

m—oo m—oo

=2¢(%5)< 2-‘-3:5

Which gives us a contradiction so 6 =0.

Therefore,

lim S(g(xm), 9Cmia), 9 (Xms1) +S(9(Ym), 9 (Y1) 9 (Ym2)) =0 )

Now, we will show that the sequences {g(x,)} and {g(y.,)} are Cauchy sequence. If possible, assume that
atleast one of {g(x,)} and {g(ym,)}is not a Cauchy sequence. Then there exist & >0 and sequence of positive
integers {I (K)} and {m(K)} such that for all positive integers K,

m(K) > I(K) > K.
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S(I(% k))r 9 (Kmek)-1)» I Xmcky-1)) +S(A (Vi k))s G(Ym(k)-1) 9 (Ym(k)-1)) = € -

Now,
£ < S(9(Xi (ky)s 9Km(k) ) I (Kmky)) +SA (Vi (k))s G(Ym(k))» 9 (Ym(x)))
< S(9(% (k) ) 9 (Km(k)-1)» 9 Kmcky-1)) + S(I(Yi (k))s G(Ym(k)-1)s 9 (Ym(k)-1))
+S(9(Xm(k)-1)s 9 Kmk))» 9 Kmek))) + S(I(Ymk)-1)s I(Ymk))s 9(Ym(k)))
That is

£ < S(9(%i (k))s 9(Km(k) ) I (Xmky)) +SA (Vi (k))s G(Ym(k))» 9 (Ym(x)))

< &+ S(9(Xm(k)-1) 9 (Xm(k) ) I (Xmky ) + S(I(Ymck)-1), 9 (Ymek))s 9(Ym(k)))
Taking k — oo in the above inequality and using (8), we get
I!i_r)go[s(g(ﬁ k)) A (Xmk))» 9 (Xmeky) + SV k))s 9 (Ym(k))» g(ym(K)))] =& )
Again, we have
S(I(% (k)+1)» I Xim(iy+1)s 9 Km)+1)) + SAYi (k)+1)s 9 (Ym(ky+1)s 9 (Ym(ky+1))
<S94 (k)+1)» I (k) )s G4 (k))) + S(I (Vi (k)+1), Y1 ()): I (Vi (k)
+S(9(% (ky)s 9Ky ) 9 (Xmk))) +S(I(Yi k) (Vi k))s 9(Vi(k)))
+5(9(Xm(k))» 9 (Xm(k)+1)s 9 Xmei)+1)) + S(A(Ym(k))» I(Ym(r)+1)s 9(Ym(k)+1))
S k))s 9 (Kmk))» 9 Kmeky)) +SA Vi k))s G (Ymek))» I (Ymex)))
<S94 k)+1)s I (k))s G (X4 k))) + S(A (Vi (k)41), GY1 (k)), I Vi (x)))
+S(9(% (ky+1)s I Xim(k)+1)s 9Kk )+1)) + SAY1 (k)+1)s Vi (k)+1) Vi (k)41)

+S(9(Xm(k))s 9 (Xmky+1)s 9 Xmky+1)) + S(I(Ymk))s 9(Ym(k)+1)s 9(Ym(ky+1))
Taking K — oo in above inequalities and using (8) and (9), we obtain,

k“_[[]g[ S(9(X (k)+1)» 9Kk y+1)s G Xmei)1) + SAYi (ky+2) 9 (Ymcky+1)s g(ym(K)+l))] =& (10)
Now,
S(I(% (k)+1)» I Xim(ky+1)s 9 K1) + SAY1 (k)+1)s 9 (Ym(ky+1)s 9 (Ym(ky+1))
< S(F(Xik)s Vi) ) F Kmeky s Yy )s F Xigey s Ymeky))
+S(F(Yik) X (k) ) F(Ymeky s Xm(k) )s F iy s Ymx)))

1
< 9] 5(5(000). 90 8 knccy) + SO0 I O¥mcc) |-
Assuming K — oo in the above inequality and using (9) and (10) and the property of ¢, we get
& &
€S2¢(§j<2§—6

Which leads to a contradiction. Therefore {g(x,)} and {g(y,)} are Cauchy sequences in (X,S). Since the
metric space (X,S) is complete, therefore there exist x,y € X such that

limg(xy)=x and limg(y,) =Y. (11)
m—o m—o0

Now, g is continuation. So, by the continuity of g and (11), we can get
lim g(g(xm)) =g(x)  and  lim g(g(ym)) = 9(y)- 12)

Using (5) and the commutativity of F and g, we have

9(9(*m+1)) = 9(F (Xm, Ym))

=F(9(Xn), 9(Ym))
and

9(9(Ym1)) = 9(F (Ym, Xm))

=F(9(¥m), 9(Xm))
Now, we will show that F and g have a coupled coincidence point. To, prove this, suppose (a) holds, then by

(5) and (12) and the continuous of F and g, we get
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909 = lim 9(9(n.1))
= lim 9(F (X, Ym))

= F( lim g0, lim g(ym) |

=F(xy)
Similarly, we can show that

a(y) =F(y.x).
Hence, the element (x,y) € X x X is a coupled coincidence point of the mappings F and g . Now, suppose
that (6) holds. Since {g(x,,)} and {g(y,,)} is nondecreasing and nonincreasing respectively, and

g(Xn) > X as m— oo,

9(ym) >y as m—oo,
we have

9(xm) < x and g(ym) 2 y.
Since g is monotonically increasing. So,

9(9(xm)) < g(x) and g(g(ym)) = 9(y).
Using triangle inequality together with (5), we have

S(9(x), F(x, y), F(x,¥)) < S(9(9(Xm+1)), F (X, ¥), F (X, ¥)) + S(9(9 (Xm-1)), 9(X), 9 (X))
< 5(9(9(xm41)), 9(x), 9(x))

4] 5(5(0(00.2). 300,909) + (509 9. 99 |

Letting m— oo in this inequality and using (12), we get g(x) = F(x,y). Similarly, we can show that

a(y) =F(y.,x).
Which shows that F and g have a coupled coincidence point.

Corollary 2.10. Let (X,S) is a complete S-metric space. Suppose that three is a function ¢ :[0,0) — [0, )
with @(t) <t and lim ¢(r) <t for each t > 0. Further, assume that F : X x X — X is a mapping such that F
r—t*

has the mixed monotone property satisfying the following conditions:
1
S(F (6., F0.0) F0.1) < 4| 5 (S(xu.0), 900w |

forall x,y,u,ve X with x<u and y>v.
Also, suppose that either

@ F is continuous or
(b) X has the following properties:
Q) If a nondecreasing sequence {x,} — X, then
Xy <x forall n>0
(i) If a nonincreasing sequence {x,}— X, then

X, =X forall n>0
If there exist Xg, Yo € X such that
Xo < F(X.Y) and Yo <F(¥o.%)
Then F has a coupled fixed pointin X, that is there exist x,y € X such that
x=F(xy) and y=F(y,x)

Proof. Assuming g = |, the identity mapping, in Theorem 2.9, we get the above Corollary 2.10.

Corollary 2.11. Let (X,S) be a complete S-metric space. Suppose that F: X xX — X and g: X — X are
two maps such that F has the mixed g -monotone property satisfying the following conditions:

()  F(XxX)cg(X)

(i) g is continuous and monotonically increasing,
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(iii) (9,F) isacommutating pair,

(iv)  S(F(x, y),F(u,V),F(u,V))S%[S(Q(X),Q(U),Q(U))+S(g(y),g(V),9(V))]7 ke[0,1)
for all x,y,u,ve X with g(x)<g(u) and g(y) > g(v) . Also, assume that either

@ F is continuous or
(b) X has the following properties:
(i If a nondecreasing sequence {x,} — X, then
X, <x forall n>0
(i) If a nonincreasing sequence {x,}— X, then

X, =X forall n>0
If there exist Xg, Yo € X such that

9(X) < F(x.Yo) and g(¥o) < F(¥o.%)
Then F and g have a coupled fixed pointin X, i.e. there exist x,y € X such that

g(x)=F(x,y) and g(y)=F(y.x)
Proof. Taking ¢(t) =k -t with k €[0,1) in Theorem 2.9, we obtain the above Corollary 2.11.
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