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Abstract : The aim of this paper is to introduce the notion of Doubt fuzzy ideals of BF -algebra and to
investigate some of their basic properties.
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. Introduction

In 1966, Imai and Iseki[1] introduced two classes of abstract algebras viz. BCK-algebras and BCI-
algebras. The class of BCK-algebras is a proper subclass of the class of BCl-algebras. J. Neggers and H. S. Kim
[2] introduced the notion of B-algebra which is a generalisation of BCK-algebras. Walendziak [3] introduced
the notion of BF-algebras, which is a generalization B-algebras andsubsequently fuzzy BF-subalgebra were
introduced by Saeid and Rezvani [4, 5] in 2009. Y. B. Jun [6] introduced the notion of Doubt fuzzy ideals in
BCK/BCl-algebras. R. Biswas [7] introduced the concept of anti fuzzy subgroup. Modifying their idea, in this
paper we apply the idea of BF-algebras to introduce the notion of Doubt fuzzy ideal of BF-algebras and
establish some of their basic properties.

II.  Preliminaries
In this section, we recallsome basic concepts which would beused in the sequel.

Definition 2.1. A BF-algebra is a non-empty set X with a constant 0 and a binary operation * satisfying the
following axioms:

(i) X*x=0

(i) X*0=X

(iii) 0*(x*y)=y*xforallx,y € X

For brevity we also call X a BF-algebra.A binary relation ‘<‘ on X can be defined by x <y if and only if x*y=0.
Example 2.2. Let R be the set of real numbers and X = (R, *, 0) be the algebra with the operation * defined by
x if y=0
x*y=2y if x=0
0 otherwise
then X is a BF-algebra.
Definition 2.3. A non-empty subset S of a BF-algebra X is called a subalgebra of X if x *y € S, forall X,y € S.
Definition 2.4. A nonempty subset | of a BF-algebra X is said to be an ideal of X if
(i) oel
(ii) x*ye landye I=>xe€ |
Definition 2.5. A fuzzy subset p of X is called a fuzzy subalgebra of a BF-algebra X if

p(x *y) >min{u(x), p(y)} for all x, y € X.

Definition 2.6. A fuzzy set p of a BF-algebra X is called a fuzzy ideal of X if it satisfies the following
conditions.
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(i) H(0) = u(x)
(i) H(X) = min{p(x * y), uy)}

Definition 2.7. A fuzzy set p of a BF-algebra X is called a doubt fuzzy subalgebra of X if

H(x *y) <max{pu(x), K(Y)}vVX, y € X.

I11.  Doubt fuzzy ideal
Definition 3.1. A fuzzy set p of BF-algebra X is called a doubt fuzzy (DF) ideal of X if

() H(0) < u(x)
(i1) p(x) smax{u(x *y), u(y)}

Example 3.2. Let X = {0, 1, 2} with the following Cayley table.

NP |O|O

N |O| %
OO+
olo(NN

Then (X, *, 0) is a BF-algebra.Define a fuzzy set u: X — [0 1] by p(0) = 0.1, u(1) = w(2) = 0.4 then pis a
doubt fuzzy ideal of X.

Example 3.3. In above algebra if we take p(0) = 0.2, u(1) = 0.3, pu(2) = 0.6 then W is a doubt fuzzy subalgebra of
X.
Definition 3.4. Let p be a fuzzy set of a BF-algebra Xfor te [0 1], then the sets

He ={x eX|WX) =t}

Wo={x exX|px) <t}
could be empty sets. The set p,= ¢ (respt. P # @)is called the t (respt t-doubt) confidenceset of .

Theorem 3.5. p is a fuzzy subalgebra of BF-algebra X iff ¢ isempty or subalgebra of X for all t € [0 1].

Proof.Suppose W is fuzzy subalgebra of X

Therefore p( x*y) = min{ u(x), u(y)} Q)

To prove ; isa subalgebra of X

Let Xy € = p(X), u(y) 2t

Now (1) = u (x*y) Zmin{tt}=t

=Xy EM

Conversely

Let W isa subalgebra of X.

To prove pisa fuzzy subalgebra of X. Let X, y eX such that pu(x) =t and p(y) = s wheret<s
Thenx,y € pandso (x*y) € W, [U; isa subalgebra of X ]
=u(x*y) 2 t=min {u(x), u(y)}

Hence p is a fuzzy subalgebra of X.

Theorem 3.6. W is a fuzzy ideal of BF-algebra X iff pis idealof Xt € [0 1].
Proof.Assume p is a fuzzy ideal of X. Here oy ={x eX|u(x) = t}

Clearly 0 e sincep (0) =t

LetX *y,y €. (X*y) 2 t,u(y) =t

H(X) 2min{ g (x*y), 1 ()} =min{t, t}

DXE W

Therefore x*yy €l =X € Ly

= Wds an ideal of BF-algebra X.

Conversely

Let | is an ideal, to prove W is fuzzy ideal. Let X, y X such that p(x*y) =t and p(y) = s wheret <s
Then x*y, y € i, and hencex € i [ since  is ideal ]

whichimpliesp(x)>t = min {t, s} = min{p(x*y), u(y)}. Therefore W is a fuzzy ideal of X
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Proposition 3.7.Let p be a Doubt fuzzy (DF)ideal of a BF-algebra X. Then the following hold.

(@  Ifx<ythen p(x)<p(y), i.e.p preserves order.
(b) If p(x*y) = 0 then p(x)<p(y)

(© If x*y<z then p(x)<max{u(y), u(z)}.for all x, y, ze X
Proof.

(@  Letx<ythenx*y=0

Now, p(x)<max{u(x*y), i(y)}[Sincep is DF ideal ]

= max{p(0), u(y)} = u(y) [since p(0) < p(y) for DF ideal ]
I.e.u(X)<u(y) i.e.lL preserves order.

(b)If p(x*y) = 0,then we have

H(x) smax{u(x *y), (y)}[ Since  is DF ideal ]

= max{p(0), u(y)} = (), [Since p(0) < p(y) for DF ideal ]

.e. H)=H(Y).

(c) Here,

x*y <z, therefore (x*y)*z=0

Now p(x)=max{p(x*y), u(y)}(2)

In particular,

H(x > y) smax{p((x *y) * 2), W(2)}

= max{p(0), i(2)} = u(z) [Since u(0) < p(z) for DF ideal ]

“ HX*Y) <p(2)

 max{u(x *y), u(y)} <max{p(z), uy)} ®)

(2) and (3) =p(x)<max{u(y), K(z)}.

Theorem 3.8.If p is a Doubt fuzzy (DF)ideal of a BF-algebraX. Then the setX,={x€ X|u(x) =p(0)} is an ideal of

X.
Proof. Clearly,0€ X,
Let x*y, yE X,
= U(x*y) = K(y) = K(0)
M) <max{u(x *y), W(y)} Since p is DF ideal ]
= max{u(0), u(0)} = u(0)
H(X) < u(0) also p(0) < u(x)[ Since W is DF ideal ]

H(x) = n(0)
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X € Xy
X*Yy,YE X = XE X,
= Xis an ideal.
Theorem 3.9.A fuzzy subset 1 of BF-algebra X is a fuzzy idealof Xiff its complement p° is DF ideal of X.

Proof.Let P be a fuzzy ideal of X,To prove | is DF ideal. Let x, ye X.

(i) (0) = 1-p(0)<1—p(x) =K(x)
i.e.,5(0)<p(x)[since H(0)>U(X)V X€E X]

(i) () = 1pe)<1-min{u(x*y), u(y)}
[sincep(x)=min{p(x *y), u(y)}1
=1-min{l - p(x *y), 1 - p(y)}
= max{L’(x *y), L)}
= Wis DF ideal.

Conversely,
Let u° is DF ideal of X. To prove W is fuzzy ideal of X

0] H(0)=p°(x)
(ii) H(x)<max {u°(x*y), K°(y)}
Now (i) =1-p(0)<1-p(x)
= w(0) = u(x)
(i)=1-p(x)<max { 1-pu(x*y), 1I-p(y)}
= 1 = u(x) <1 —min{u(x *y), Wy}
= —pu(x) < —min{p(x *y), u(y)}
= u(x) = min{p(x *y), u(y)}
= W is fuzzy ideal.

Theorem 3.10.Let p be a fuzzy subset of a BF-algebra X.If p is a DF ideal of X,then the lower level cut p' is an
ideal of X for all te [0 1], t >u(0).

Proof.

Let i be a DF ideal of X. Therefore we have

(1) p0)=<p(x)

(iDu(x)=max {u(x*y), u(y)}

To prove W' is an ideal of X.We know that p'={x€ X|u(x)<t}
Let x, ye W'

sincep(0)<p(x)<t=0€ pu'vte [0 1]

Again let x*y, ye W'

S HXFY) <t uy) St

Now, p(x)<max {u(x*y), u(y)}

<max{t, t} =t

hence, pu(x)<t=x€ W'

X*y,y€ U=x€ W

=~ Wisan ideal.
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Theorem 3.11.Let p be a DF ideal of BF-algebra X.Then twolower level cuts z£t, #2where ( 1< t,) of W are
equaliff there is no xe X such that t;< pu(X)< t,.

Proof.Recall that u'={xe X|u(x)<t}

Let zf1=4/2 where ( ;< t;) and there exists x€ X such that t;< p(X) < t,.

thengt1 c g2 then xe 12 butx & gf1which contradicts the fact that 4£1=g*2. Hence there is no xe X such that t;<
M(X)< to.

Conversely, suppose that there is no xe X such that t;< p(x)< t,. Therefore g#1cf2( since t1< t).Again if x
€ 1f2then p(x) <t andby hypothesis we get p(x)<t;=uf2 ctt . Hence gf1=4f2 .

Theorem 3.12.Let pand ppbe two DF ideal of BF-algebraX. Then U is also a DF ideal of X.
Proof.Let x, ye X. Now

(HV 1)(0) = max{p (0), Ha(0)}<max{h (x), K20} =(HaU H2)(X)
(MU H2)(0) < (MU H2)(X)

Again (U P2)(X) =max{ps(x), H2(X)}

<max{max{pi(x *y), ha(y)}, max{pa(x *y), H2(Y)}}

= max{max{pa(X *y), ha(x * ¥)}, max{p(y), L(y)}}
=max{(av H2)(X * Y), (U ) (Y)}

Therefore WU W, is a DF ideal of X.
The above theorem can be generalised as
Theorem 3.13.Let{uili = 1, 2, 3, ...}be a family of DF idealof BF-algebra X,then U".,1; is also a DF ideal of X.
where U g=max{ui(x) :i= 1, 2,...}.

(iii) Product of DF ideals of BF-algebra
Definition 4.1. Let |, and W, be two DF idealsof a BF-algebra X. Then their cartesian product is defined by
(Hax H2)(X, y) = max{pu(x), Hao(y)} where (ix po): X x X — [01]vx, y € X.
Theorem 4.2 Let X be a BF-algebra,then the cartesian productXxX.= {(x,y) | X,y€ X } is also a BF-algebra
under the binary operation * defined in XxX by (x,y)*(p,q)=(x*p,y*q) for all (X,y),(p,q) € XxX.
Proof. Clearly (0,0) € XxX
(i) (%Y)*(x.y)=(x*x,y*y)=(0,0)
(i) (%x,¥)*(0,0)=(x*0,y*0)=(x.y)
@ity (0,00{(x.y)*(p.a)}=(0,0)*(x*p.y*a)
={0*(x*p),0*(y*a)}
=(P*x,a*y)=(p.q)*(xy)
Which shows that ( XxX,(0,0),*) is a BF-algebra.
Theorem 4.3.Let pyand W,be two DF ideal of BF-algebraX. Then x|, is also a DF ideal of XxX.
Proof.For any (x, y)€ XxX,
we have (HxH2)(0,0) =max{p(0), H2(0)}
< max{(X), H2(Y)}
=(M1XH2) (X, )
Therefore (U1x12)(0,0) < (HuxHe) (X, Y) 4)
Againlet (X1, X2), (Y1, Y2)€ XxX
then (M xpz) (X1, X2) =max{pa(Xs), Ha(X2)}
<max{max{ps(X:* y1), H1(y1)}, max{pa(X2* y2), Ma(y2)}}
= max{max{pa(X1* y1), H2(X2* ¥2)}, max{ps(y1), Ha(Y2)}}
= max{(MaX ko) (Xa* Y1, Xo* ¥2), (Ma% H2)(Y1, ¥2)}

= max{(Hax H2)((Xe, X2)*(Y1,Y2)), (MaX M) (Y1, Y2)} ®)
(4) and(5) shows that pyxp, is also a DF ideal of XxX.

(iv) Investigation of DF ideals under homomorphism

In this section homomorphism of BF-algebra is defined and some results are studied.
Definition 5.1. Let X and X'be two BF-algebras. A mapping f : X— X' is said to be homomorphismif
f(x*y)=f(x)*f(y)forallx,y e X
Theorem 5.2 Let X and X' be two BF-algebras and f : X —X’ be a homomorphism Then f(0)= 0/
Proof. Let x € X therefore f(x) € X/

Now f(0)= f (x * x) = f (x) * f (x) = 0*0=0'
Theorem 5.3.Letf :X—Xbe an epimorphism of BF-algebras if v be a DF ideal of X/ then the pre image of
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vunder f is also a DF ideal of X.

Proof. Recall that f*(v) is defined as f'(v)(x) =v(f(x)). Let p be the pre image of v under f then v(f(x))
=u(X)V € X. Since v is DF ideal therefore v(0')<v(f(x)) =p(x).On the other handv(0’) = v(f (0)) = p(0).
=>u0) <p(x)vx e X
Again
u(x) = v(f (x)) < max{v(f (x) * y), v(y)}or any y'e X’
Let y eX such that f(y) =y ,then p(x) <max{v(f (x) * y), v(y)}
=max{v((f (x) * £ (y)), v(f (y))}
=max{v(f (x *y), v(f (y))}
=max{u(x *y), u(y)}
& ) <max{u(x *y), u(y)}which is true forallx, y € X.Hence p is a Doubt fuzzy ideal of X.

Theorem 5.4.Let f : X—X 'be an epimorphism where X and X' are two BF-algebras if v be a fuzzy subset of
X/ suchthat f *(v) is DF ideal of X,then v is also a DF ideal of X'.

Proof .Let u, ve X therefore there exists x, ye X such that f (x) = u, f (y) = v
Let p be the pre image of v under f, then v(f(x)) =p(x) [since f (v)(x) = v(f (x)) ]
sinceu is DF ideal of X

“ H(0) = u(x)

= V(£ (0)) = v(f (x))
= v(0) < v(u)vu € X
Again

H(x) <max{u(x *y), p(y)}vx, y € X
=v(f (x)) < max{v(f (x * y)), vf ()}
=v(u) < max{v(f (x) * f(y)), vf ()}

= max{v(u * v), v(v)}

v(u) < max{v(u * v), v(v)}or all u, ve X
Hence v is a DF ideal of X'.

(V) Conclusion

In this paper we studiedabout ideals of BF-algebras in context of fuzzy set and we introduced Doubt
fuzzy ideals of BF-algebras. We discussed some characterizations of BF- algebras in terms of Doubt fuzzy
ideals.In future, the following studies may be carried out (1) Rough fuzzy ideals of BF-algebras (2)(e,evq)-
Doubt fuzzy ideals of BF-algebras.
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