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Abstract:  The object of this paper is to prove some of the properties of )( -paracontact Sasakian manifold. 

This paper is summarized as follows: Section (1)  is introductory. In Section (2)  we sketch the notion of )( -

paracontact metric manifold and )( -paracontact Sasakian manifold. Section (3)  and (4)  deals with some 

properties like D -totally, 
D -totally, mixed totally geodesic etc. CR-submanifold of an )( -paracontact 

Sasakian manifold. Section (5)  and (6)  gives some idea of geometry of leaves and contact CR-product . 

Finally we have given an example of )( -paracontact Sasakian manifold. 

Key Words and Phrases: )( -paracontact Sasakian manifold, D (
D )-totally geodesic, mixed totally 

geodesic, contact CR-product.  

 

I. Introduction 

 An almost paracontact structure ),,(   satisfying  I=2
 and 1=)(  on a 

differentiable manifold was introduced by Sato [7] in 1976 . This structure is analogous to almost contact 

structure ([6], [14]) and is very much related to almost product structure ( in contrast to almost contact structure 

which is related to almost complex structure ). An almost contact manifold is always odd dimensional whereas 

an almost paracontact manifold can be even dimensional also. 

                    Takahashi[16] in 1969 , gave the notion of almost contact manifold equipped with an 

associated pseudo-Riemannian metric. Actually, he studied Sasakian manifolds endowed with an associated 

pseudo-Riemannian metric. These indefinite almost contact metric manifold and indefinite Sasakian manifolds 

are also known as )( - almost contact metric manifolds and )( - Sasakian manifolds, respectively ([3], [9], 

[10]). Again, Matsumoto ([12]) in 1989 , replaced the structure vector field   by   in an almost paracontact 

manifold and have also associated a Lorentzian metric with the resulting structure and defined it as Lorentzian 

almost paracontact manifold. The semi-Riemannian metric has index 1  and the structure vector field   is 

lightlike in a Lorentzian almost paracontact manifold, which was introduced by Matsumoto ([12]). These 

circumstances has motivated M.M.Tripathi et.al.([15]) to draw a relation between a semi-Riemannian metric ( 

not necessarily Lorentzian ) and an almost paracontact structure, and named this indefinite almost paracontact 

metric structure as an )( - almost paracontact structure, where the structure vector field   will be spacelike or 

timelike according as 1=  or 1=  . Authors have discussed )( - almost paracontact manifolds and in 

particular )( - Sasakian manifolds in([15]). 

 

II. Preliminaries 

 Definition 1 Let M
~

 be an n -dimensional almost paracontact manifold [7] endowed with an almost 

paracontact structure ),,(   consisting of a tensor field   of type (1,1) , a structure vector field   and 1-

form   satisfying: 

 

 0.=0,=)(1,=)(,=2  I  (1) 

  

In this paper we have assumed ZYX ,,    )(M  where )(M  is the Lie Algebra of vector field 

in M
~

, unless specifically stated otherwise. A semi-Riemannian metric [5] on a manifold M
~

, is a non-

degenerate symmetric tensor field g  of type (0,2) . If this metric is of index 1  then it is called Lorentzian 
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metric ([8]). Let g  be semi-Riemannian metric with index 1  in an n -dimensional almost paracontact manifold 

M
~

 such that, 

 

 ),()(),(~=),(~ YXYXgYXg              (2) 

 

where  = 1  or 1 . Then M
~

 is called an almost paracontact metric manifold associated with an 
-almost paracontact metric structure )(,,,,(  g [15]). In case, if index 1=)(g  then an  -almost 

paracontact metric manifold is defined as a Lorentzian paracontact manifold and if the metric is positive 

definite, then an  -almost paracontact metric manifold is the usual almost paracontact metric manifold [7]. 

The condition (2) is equivalent to  

 

 ),,(=),( YXgYXg   (3) 

 equipped with 

 

 ).(=),( XXg   (4) 

 

From (4), it is easy to see that  

 ,=),( g              (5) 

 

i.e. structure vector field   is never lightlike. We define 

 

 ),,(=),( YXgYX   (6) 

 

and we see that 0=),( X . 

From (6), we can also obtain 

 

 ).,)((=),)((=),)(( YZZYgZY XXX    (7) 

 

An )( -almost paracontact metric manifold M
~

 satisfying 

 

 ),)(())((=),(2 XYYX YX    (8) 

 

  TMYX , , is called an )( -paracontact metric manifold ([15]). 

An )( -almost paracontact metric structure is called an )( -para Sasakian structure if the following 

relation holds. 

 

 ,)(),(=))(
~

( 2 XYYXgYX    (9) 

 

where 
~

 is the Levi-Civita connection with respect to g  on M
~

. A manifold equipped with an )( -

para Sasakian structure is called an )( -para Sasakian manifold.   

    • 1= , g  is Riemannian, then M
~

 is usual para Sasakian manifold [7].  

    • 1=   , g  is Lorentzian and   is replaced by  , then M
~

 is called Lorentzian para Sasakian 

manifold [12].  

 Also we know 

 

 .=
~

XX   (10) 

 

From the definition of contact CR-submanifolds of an )( -paracontact Sasakian manifold we have, 
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Definition 2 An n -dimensional Riemannian submanifold M  of an )( -paracontact Sasakian 

manifold M
~

 is called a contact CR-submanifold if   is tangent to M  and there exists on M  a differentiable 

distribution )(: MTDxD xx  , such that ( i ) xD  is invariant under  ; i.e., xx DD  , for each 

Mx  and 

( ii ) the orthogonal complementary distribution )(: MTDxD xx

   of the distribution D  on 

M  is totally real; i.e., )(MTD xx

  , where )(MTx  and )(MTx


 are the tangent space and the normal 

space of M  at x . 

).(  DrespD  is the horizontal  (resp. vertical) distribution. The contact CR-submanifold of an )( -

paracontact Sasakian manifold is called  -horizontal  (resp.  -vertical) if xx D  (resp. 
 xx D ) for each 

Mx  by [11]. 

Let TM  and MT 
 be the Lie algebras of vector fields tangential to M  and normal to M  

respectively. h  and A  denote the second fundamental form and the shape operator of the immersion of M  

into M
~

 respectively. If   is the induced connection on M , the Gauss and Weingarten formulae of M  into 

M
~

 are then given respectively by 

 

 ),,(=
~

YXhYY XX   (11) 

 

 ,=
~

NXAN XNX

  (12) 

 

for any YX ,  in TM  and N  in MT 
. 

  is the connection on normal bundle and NA  is the 

Weingarten endomorphism associated with N . It can be easily seen that 

 

 ).),,((=),( NYXhgYXAg N  (13) 

 

Now we can express a vector field TMX   as 

 

 ,= QXPXX   (14) 

 

where P  and Q  are projectors of D  and 
D  respectively and i.e. PX  and QX  belongs to the 

distribution D  and 
D . 

 

Similarly for MTN   we can write 

 

 ,= CNBNN   (15) 

 

where BN  (resp. CN ) is vertical (resp. normal) component of N . If we denote the orthogonal 

components of D  in MT 
 by   then we can write  

 =  
 DT  i.e. .=    

The covariant derivative of the tensor fields QP,,  are defined as 

 

 .
~

,    ,
~~

=)
~

( MTYXYYY XXX    (16) 

 .,    ,=)
~

( TMYXYPPYYP XXX   (17) 

 .,    ,=)
~

( TMYXYQQYYQ XXX  
 (18) 
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Using (9) and after some brief calculations we obtain on comparing the horizontal, vertical and normal 

components 

 

 ,)(),(= 2PXYPYXgYPXPAPYP XQYX     (19) 

 

 ,)(),(),(= 2QXYQYXgYXBhXQAPYQ QYX     (20) 

 

 ).,(=),( YXChYQQYPYXh XX     (21) 

 

From (10) we get  

 .=),( PXQYXhX                  (22) 

 

Comparing L.H.S and R.H.S of (22) we get 

 

 ,= PXX         (23) 

 

 .=),( QXXh      (24) 

 

Also we have 

 

 0=X      (25) 

 if 
DX , and 

 

 0=),( Xh      (26) 

 if .DX   
 

Again,    

 

0,=),( h      (27) 

 

and  

 .DAN      (28) 

 

III. D ( D -perp)-totally geodesic and D ( D -perp)-umbilic contact CR-submanifolds of an 

(epsilon)-paracontact Sasakian manifold. 

In this section we first define D -totally geodesic( resp. 
D - totally geodesic) and then D -

umbilic(resp.  
D - umbilic). And also prove some properties regarding these. 

 

Definition 3 A contact CR-submanifold M  of an )( -paracontact Sasakian manifold M
~

 is called 

D -totally geodesic  (resp.   
D -totally geodesic) if 0=),( YXh ,   DYX ,   (resp. 

DYX , ) 

[1][2].  

From the definition (3) , we can easily conclude the following propositions.  

Proposition 4  Let M  be a contact CR-submanifold of an )( -paracontact Sasakian manifold. Then 

M  is D -totally geodesic if and only if 
DXAN  for each DX  , where N  is normal vector field to 

M .  

 

Proof. From (13) we know 

).,(=)),,(( YXAgNYXhg N  

If M  be D -totally geodesic we obtain 
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0.=)),,(( NYXhg  

Therefore  0,=),( YXAg N  and so, 

DYXDXAN   ,      
. 

Conversely, suppose that 
DXAN  . Then for DYX   ,   we get 

0.=),( YXAg N  

Again by using (13) we have 

0.=),(=)),,(( YXAgNYXhg N  

i.e.,   0=),(  YXh   DYX   ,  , which implies that M  is D -totally geodesic. 

This completes the proof.  

 

In the same way we prove our next proposition.  

Proposition 5  Let M  be a contact CR-submanifold of an )( -paracontact Sasakian manifold M
~

. 

Then M  is 
D -totally geodesic if and only if DXAN   for each 

DX , where N  is normal vector 

field to M .  

 

Proof. The proof follows immediately from proposition (4) .  

Concerning the integrability of horizontal distribution D  and vertical distribution 
D  on M , we 

prove,  

Theorem 6  Let M  be a contact CR-submanifold of an )( -paracontact Sasakian manifold. 

Assuming M  to be  -horizontal, the distribution D  is integrable iff 

 

 ),(=),( YXhYXh   (29) 

 

DYX   ,    and if M  is  -vertical then the distribution 
D  is integrable iff 

 

 ])()([= 22 XYYXXAYA YX    (30) 

 .  ,   DYX   

 

Proof. Assuming M  to be  -horizontal we have from (21) 

 

 ),(=),( YXChYQYXh X    (31) 

   DYX , . 

 

Since DYX ],[ , we have D  is integrable iff 

 

),(=),( YXhYXh  . 

Again using the equation (21) we have  

 

),(= YXChYQY XX       (32) 

  

  
DYX , . Then from (9) and (16) we have 

 

),(                                               ),()(),(=
~ 2 YXChYXBhYQYPXYYXgY XXX  

(33) 

 

Again using Weingarten formula we have 
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 .=
~

YXAY XYX  
    (34) 

 

From (33) and (34) we have 

 

 ).,()(),(= 2 YXBhXAXYYXgYP YX    (35) 

 

Interchanging X  and Y  we have 

 

 ).,()(),(= 2 XYBhYAYXXYgXP XY    (36) 

 

Substracting (36) from (35) we obtain 

 

 .)()(=],[ 22 YXXYYAXAYXP XY     (37) 

 

Since M  is  -vertical, therefore 
DYX ],[  iff 

 

 ].)()([= 22 XYYXXAYA YX      (38) 

  Hence the proof is complete.  

 

Corollary 7  Let M  be a  -horizontal CR-submanifold of an )( -paracontact Sasakian manifold 

M
~

. Then the horizontal distribution D  is integrable iff  

 

 0=)),,(),(( QZPXYhPYXhg      (39) 

 for any DYX ,  and 
DZ .  

 

Proof. The proof follows immediately from above theorem.  

 

Now we shall give the definition of D -umbilic(resp. 
D  umbilic) contact CR-submanifold M  of an 

)( -paracontact Sasakian manifold M
~

. 

 

Definition 8 A contact CR-submanifold M  of an )( -paracontact Sasakian manifold is said to be D

-umbilic  (resp. 
D -umbilic) if LYXgYXh ),(=),(  holds for all DYX ,    (resp. 

DYX , ); where 

L  being some normal vector field.  

 

Definition (8)  helps us to state proposition (9) . 

 

Proposition 9  Suppose M  is a D -umbilic (resp. 
D -umbilic) contact CR-submanifold of an )( -

paracontact Sasakian manifold M
~

. If M  is  -horizontal (resp.  -vertical) then M  is D -totally geodesic 

(resp. 
D -totally geodesic).  

 

Proof. If M  be a D -umbilic  -horizontal contact CR-submanifold, then from definition (8)  

DYXLYXgYXh  ,      ,),(=),(   

where L  is the normal vector field on M  and by assuming == YX , we have 

0.=),( h  

This implies that 0=),( Lg    and therefore   0=L  and consequently we get 0=),( YXh , 

which proves that M  is D -totally geodesic. Similarly, it can be easily shown that if M  is 
D -umbilic  -
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vertical contact CR-submanifold then it is 
D -totally geodesic.  

 

 

 

IV. Mixed totally geodesic contact CR-submanifold of an (epsilon)-paracontact Sasakian 

manifold 
 

In this section we give the definition of mixed totally geodesic and foliate contact CR-submanifold of 

an )( -paracontact Sasakian manifold and study some results from these definitions. 

Definition 10 A contact CR-submanifold M  of an )( -paracontact Sasakian manifold M
~

 is said to 

be mixed totaly geodesic if 0=),( YXh  DX    and 
DY  [1][2].  

 From definition (10)  we can easily prove this lemma. 

 

Lemma 11  Let M  be a contact CR-submanifold of an )( -paracontact Sasakian manifold. Then 

M  is mixed totally geodesic iff 

 

 ,DXAN   (40) 

 NfieldvectornormalandDX               ,   . 

 

 ,DXAN  (41) 

 
 DX  and normal vector field .N   

 

 

Proof. The proof can be easily done by using definition (10) .  

 

Using lemma (11)  we obtain the following theorem. 

 

Theorem 12  If M  is a mixed totally geodesic contact CR-submanifold of an )( -paracontact 

Sasakian manifold, then 

 

 ,= XAXA NN   (42) 

 

 

 ,= NN XX

    (43) 

 

DX       and normal vector field N .  

 

Proof. Using lemma (4.2) , Gauss and Weingarten formulae (16), (17) respectively and after some 

brief calculations we can derive equations (42) and (43).  

 

From [4] we have, 

 

Definition 13 A contact CR-submanifold M  of an )( -paracontact Sasakian manifold M
~

 is called 

foliate contact CR-submanifold M
~

 if D  is involute. If M  is a foliate  -horizontal contact CR-submanifold, 

we know  

 ).,(=),(=),( 2 YXhYXhYXh   (44) 

  

In view of the above definition we give another proposition.  
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Proposition 14  If M  is a foliate  -horizontal mixed totally geodesic contact CR-submanifold M  of 

an )( - paracontact Sasakian manifold, then 

 

 XAXA NN  =  (45) 

 

  DX   and normal vector field N  .  

 

Proof. From (13) and (29) we compute 

 

 ),,(=)),,(( YXAgNYXhg N  (46) 

 

i.e.  

 ).,(=)),,(( YXAgNYXhg N  (47) 

 

From (46) and (47) we obtain  

 .= XAXA NN   (48) 

              Hence the proof follows.  

 

V. Geometry of leaves on CR-submanifolds of an (epsilon)-paracontact Sasakian manifold 

 In this section we have obtained results on the immersions of leaves of distributions in M . For the 

leaves of involute distributions we shall obtain necessary and sufficient conditions in order that their immersions 

in M  be totally geodesic. 

 

Proposition 15  Let M  be a   horizontal CR-submanifold of an  - paracontact Sasakian manifold 

M
~

. Then the distribution D  is integrable and the leaf of D  is totally geodesic in M  iff  

 0=)),,(( DDDhg   (49) 

  

Proof. Let DYX ,  and 
DZ . If the distribution D  is integrable and its leaf is totally geodesic 

in M , then .DYX    

Using (9), (11), (18) to (20) we can calculate 

 

 .)(),(),(=)
~

( PXYYXgYXBhXAYP QYX    (50) 

 

 .)(),(),(=)
~

( QXYPYXhYXChYQX   (51) 

 

Again using (17) and (18) we obtain  

 .)(),(),(= PXYYXgYXBhXAYP QYX    (52) 

 

 .)(),(= QXYPYXhQYYQ XX  
 (53) 

 

For DYX ,  and 
DZ  using (52) we get 

),(=),(=),(=0 YZPgYZgZYg XXX    

)),,((=)),,((),(= ZYXhgYZXBhgYXAg FZ   

from which we obtain the required condition. 

Conversely, if the given condition holds then the distribution D  is integrable by corollary (7) . 

Moreover we get from (9), 

),(=),
~

(=),
~

(=)),,((=0 ZYgZYgZYgZYXhg XXX    
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Thus DYX   for any DYX ,  and leaf of D  is totally geodesic in M . Hence the proof is 

done.  

 

Proposition 16  Let M  be a CR-submanifold of an )( -paracontact Sasakian manifold M
~

. Then the leaf 

M  of 
D  is totally geodesic in M  iff  

 0=),()()),,(( ZWgYQZWYhg   (54) 

 

for any DY  and 
DZW , .  

Proof. From (52) we have on putting 
DWX =  and ZY =  we obtain 

.)(),(),(= WZZWgZWBhWAZP QZW    

Taking inner product with DY  and using (13) we calculate 

).,()()),,((=),( ZWgYQZWYhgPYZg W   

Our assertion follows immediately from above equation.  

  

Corollary 17  Let M  be a  -vertical CR-submanifold of an )( - paracontact Sasakian manifold 

M
~

. Then the leaf of 
M  of 

D  is totally geodesic in M  iff  

 0=)),,(( DDDhg   (55) 

   

VI. Contact CR-product of an (epsilon)- paracontact Sasakian manifold 
  

Definition 18 A submanifold M  of an )( -paracontact Sasakian manifold M
~

 is called a contact 

CR-product if it is locally a Riemannian product of 
TM  and 

M  where 
TM  and 

M  are the leaves of 

distributions D  and 
D  resp by[13].  

 

Theorem 19  Let M  be a  -horizontal CR-submanifold of an )( - paracontact Sasakian manifold 

M
~

. Then M  is a contact CR-product iff 

 

 0,=)( WXXA W    (56) 

 

for any DX   and 
DW   

  

Proof. If a CR-submanifold M  of an )( - paracontact Sasakian manifold M
~

 is contact CR-product 

then from proposition (16)  and from equation (13) we get 

 

 0,=),()(),( ZWgXZXAg W    (57) 

 

for DX   and 
DZW , . From this we get 

 

 DWXXA W  )(  (58) 

 for any 
 DWDX , . 

As D  is totally geodesic in M , we get for DY  

)),,((=),)(( WYXhgYWXXAg W    )),,((=                                  WYXhg   

),
~

(= WYYg XX    ),
~

(= WYg X   ),(= WYg X  0,=   

for any DYX ,  and 
DW .This implies that 
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 .)(  DWXXA W   (59) 

 

From (56) we have  

 0,=),)(),(( WZXZXhg   (60) 

 

for any DX   and 
DZW , , implies that the leaf 

M  of 
D  is totally geodesic in M . Again 

suppose 
M  be the leaf of D . Then from (9) and (57) we get 

),,
~

(=),
~

(=),
~

(=),( ZYgZYgZYgZYg XXXX    

0,=),()(=),(=)),,(( ZYgXYXAgZYXhg Z     

for any DYX ,  and 
DZ  i.e. the leaf 

M  of 
D  is totally geodesic in M . Thus the 

submanifold M  is a contact CR-product.  

  

Proposition 20  Let M  be  -horizontal contact CR-product of an )( - paracontact Sasakian 

manifold M
~

. Then for unit vector DX   with 0=)(X  and 
DZ  we obtain 

  

    • 
2=)),,((   ZZXhg X   

    • 
2=)),,((  ZZXhg X   

    • 0=)),,(( ZZXhg X     

    • 0=)),,(( ZZXhg X    

  

 Proof. As M  is  -horizontal contact CR-product of an )( - paracontact Sasakian manifold M
~

 so 

the leaf 
M  of 

D  is totally geodesic in M . Therefore on using (10) and (60) we calculate 

),()(=)),,(( ZZgXZZXhg XX    ),(=  Xg X  

),(= Xg X    ),(= XXg   ),(= 2 XXg  ,  

.= 2     since X  is a unit vector 

Hence we have obtained the first proof. In the same way we can obtain the rest three equations. 

  

7  Example 

  

Example 21 Let 
3R  be a 3 -dimensional Euclidean space with rectangular co-ordinates ),,( zyx . In 

3R  we define 

 

 
z

dz



=,=   (61) 

 

 0=)(,=)(,=)(
zxyyx 


















  (62) 

 

The metric 1g  and 2g  are defined as follows: 

 

 .)()()(= 222

1 dzdydxg   (63) 

 

and 

 .)()()(= 222

2 dzdydxg   (64) 
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Then it can be easily seen that the set ),,,( 1g  is a timelike Lorentzian almost paracontact 

structure while the set ),,,( 2g  is a spacelike )( -almost paracontact metric structure in 
3R . We also 

note that index 1=)( 1g  and index 2=)( 2g . All the results in this paper can be verified from this example.  
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