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Abstract: A graph is said to be an edge sum graph if the edges of G can be labeled with distinct positive
integers such that the sum of all the labels incident on a vertex is again an edge label of G and if the sum of any
collection of edges is a label of an edge in G, then they are incident on a vertex. The edge sum number

o (G) of a graph G is the smallest number r of edges which added to G result in an edge sum graph. In this
paper, we prove that o (J34) = 3.
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. Introduction
All terms not defined here can be found in Harary [4]. Throughout this paper, we consider only finite
undirected graphs without loops. By a graph G(V,E) we mean a graph with vertex set V and edge set E.

Jahangir graphs Jn’m for m >3 isagraph on nm+1 vertices that is a graph consisting of a cycle Cnm with

one more vertex which is adjacent to m vertices of C, at distance nto eachon C, ..

Harary [5] introduced the concept of sum graph and sum number. A graph G is called a sum graph if
the vertices of G can be labeled with distinct positive integers so that e = uv is an edge of G if and only if the
sum of the labels u and v equals a label of some vertex w in G. If G is not a sum graph, adding a finite number
of isolated vertices to it always yields a sum graph and the sum number of G is the smallest number of isolated
vertices so added. T. Hao [3] proved an existence theorem for sum graphs and M. N. Elingham [2] proved that
the sum number of any tree is just one. Several results on sum graphs and sum number of various graphs are
[1,6,7,10]. D. S. T. Ramesh et. al. [8,9] defined edge sum graph, the edge analogue of sum graph and edge sum

number which we denote by G . In this paper, we prove that Gg (J34) = 3.

1.1 Definition Let G (V,E) be a graph. Let S be a set of positive integers. An edge labeling of G by elements of
S is a bijection f: E — S. It induces a vertex labeling F of positive integers defined by

F(V) = Z{f (e) :e is incident on V} for every V € VV.We call f an edge function of G and F an edge sum
function of G induced by f.

1.2 Definition G is said to be an edge sum graph if there exists an edge function
f: E — S such that f and its corresponding edge sum function F on V satisfying the following conditions:

1. Fisinto S. Thatis, F (v) €S foreveryv €V.
2. For any collection of edges ey, €,, . . ., e, € E such that f(e;) +f(e,) +...+f(e,) €S, theneg, ey, .. .,

e, areincident on a vertex.

1.3 Definition Let G(V,E) be an edge sum graph. Let €;,€,,...,€,,where M >1be a collection of edges
incident on a vertex w (say). Let WW; =E§g; for L<i<m.If there exists an edge €=uvsuch
thatf(e;) +f(e,)+...+f(e,,) ef(e) and if deg(u) > 2, then u is adjacent to w. Similarly, for v.

Hence, if F(w) =f(uv) and{u, v}isnota K, component of G then in G either {U, v, W}form a triangle or
one of{U, V}is adjacent to w and the other is a pendent vertex.
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1.4 Definition Letog (G) =r.An edge function f: E > S and its corresponding edge sum function F that

makes G U rK; an edge sum graph are respectively called an optimal edge function and an optimal edge
sum function of G. For a graph G with Gg (G) =1, there can be many optimal edge functions. Let E; be the

edge set of G and E; be that of rK,.Then, o (G) = Cardinality of the set {F(V) veV,; F(V) gf (El )} F

is said to be an outer edge sum function if F(V)mf(El):(I)and an inner edge sum function if

F(V) Nf (El) # ¢. The range of F has at least r elements. It has exactly r elements if and only if F is an outer
edge sum function.

1.5 Theorem: Let f: E — S be an optimal edge function. If G has no pendent vertex and is triangle free, then F
is an outer edge sum function.

Proof: Let E; be the edge set of G and E; that of rK,. Let u € V. Since F(u) € S, there is an edge vw such that
F(u) = f(vw). If vwe El,then<u,V,W> is K; or P, or P; with v or w as a pendent vertex which is a

contradiction. Hence vwe E, so that F is an outer edge  sum function.
H

4.2 Remark: It is easily seen that every optimal edge sum function F of a graph G is inner if G has a pendent
vertex and is outer if G contains no pendent vertex and triangle free. If G has no pendent vertex but contains a
triangle then F can be either inner (See Figure 1.1(a)) or outer (See Figure 1.1(b)). Here we show that

op(W,) =1.

26
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7 11
8 5 10 13
6 12
29 28 10 18
- 63 . _ 46 ~
Inner F(V) N f(E,) #¢ Outer F(V) N f(E;) = ¢.
Figure 1.1(a) Figure 1.1(b)

I1.  Edge Sum Number of Jahangir graphs
2.1 Definition: Jahangir graphs Jn’m for m >3 isagraph on Nm+1 vertices that is a graph consisting of

a cycle C,,, with one additional vertex which is adjacent to m vertices of C,, at distance n to each on
C

nm:*

2.1 Theorem g (J34) = 3.
Proof: Let G = J;, where V(G) = {v} U { 1<i<41<j< }and E(G) =
{V Vi : 1<|<41<j<2} { i3Vis11 - 1<|<3} {v43v11} {wi|1:1£i£4}.

First let us prove that o (G)> 1.

Suppose Gg (G) =1

Then there exists an optimal edge function f and its corresponding edge sum function F such that
G UK, is an edge sum graph. Let W;W, be the K, component of G K,. Since G is triangle free and
has no pendent vertex; F is an outer edge sum function.
Thatis, F(u) =f(w,w,)=a (say) forall ue Vv
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F(Vl,Z) =f(v1,1v1’2)+f(v1’2v1,3) =a
F(vllg) =f (v1,2v1,3) +f (v1,3v2’1) =a
Thatis, f (v1’1v1,3) =f (v1’3v2’1)
This is not possible as f is a bijection. Hence og (G) > 1.
Suppose o (G) =2.
Then there exists an optimal edge function f and an optimal edge sum function F such that G U 2K,
is an edge sum graph. Let W;W, and W3W, be the edges of the K, component of G U 2K,.Let
f(W,W,) =zand f(Waw, )=y wherez=2x.

Let f (V1,1V1,2) =xX—-b;=f (V1,2V1,3) =X+Db,

f(v4‘2v4‘3 =X—-b, =f(v,vs,)=y—Xx+b,

Let F(wvpy) =%

f(WZ,l) = X3

f(WS,l) =X3

f(VV4,1) =Xy

Suppose F(Vl,z) = F(szl) = F(Vz,s) = F(V3,2) = F(VM) = F(V4’3) =2xand

F(Vl,l) = F(V1,3) = F(Vz,z) = F(V3,1) = F(Va,s) = F(V4,2) =Yy
F(Vl,l) =f (Wl,l) +f (V4,3V1,1) +f (V1,1V1,2) =y
=X, +2X-b;+b, =Yy
=X, =y—-2X+b;—b,
F(V2,1) =f (w2’1)+f (v1,3v2,1)+(v2’1v2‘2) =2X
=X, +2y—-2X—-b; +b, =2x
=X, =4x-2y+b, -b,
F(V3,1) =f (W3,1)+f (V2,3V3,1)+f (V3,1V3,2) =Yy
=>X3+2X+by, by =y
= Xz =Y —2X+b;-b,
F(v4‘1) =f (W4’1) +f (v3’3v4’1) +f (v4’1v4’2) =2X

=X, +2yY—-2X—-Dby+b, =2X
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Case (i)

If F(v) =y where y < 2x
Let2x-y=a
Therefore, a = 2x —y > 2x

Now X, =b;—b,—a =b, >a+b,
=b,-b,>a
X3 =bs—b,-a =b;>a+b,
=b;—-b,>a
X, =2a+b;—b,
X, =2a+by;—-b,

X, + X, =4a+b;—b, +by;—b,
=4a+b;—b,+b;-b,
>4a+a+a=6a

Xq 4+ Xy + X3+ X4 > X, + X5 +6a

> X+ X5 +12X (since a > 2X)

>12x

This is a contradiction.
Case (ii)
If F (v) = 2x where 2x <y
Lety—-2x=Dh
Therefore b >y > 2x

=b;—b,>2b

=bs;—b, >2b

>2b+2b+2b

=6b>y>2x
This is a contradiction.
Y= X;+ Xy +Xg+ X, > X +Xg3>6b>y
Hence o (G)>2.

The edge function given in Figure 2.1 shows that c¢ (J3’4) =3.
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