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Abstract: In this paper, a bivariate stochastic model for cancer growth within a specific organ during
chemotherapy is developed using the birth, death and migration processes based on pathophysiology and
genetic programs of cancerous cell. Joint probability functions and statistical properties of the model are
derived with the formulated stochastic differential equations. Model behaviour was analysed with numerical
data.
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I.  Introduction

Continuous proliferation with minimum rate of death in such cells will form a mass of accumulation of corrupted
cells called tumour. The growth or loss processes of cells are depending on the nature of mutant cell and its stages of
transformation. Invasion of cancer cells has a potential to generate new colonies at different sites of the body from the
forming or hosting sites. Hence, the growth and spread of cancerous cells will have the random processes such as birth,
death and migration. The dynamics of cancer cells spread is influenced by the drug presence and its absence during the
treatment with chemotherapy. It is customary to assess the severity of the cancer of the patient through manual methods.

Approach of stochastic modelling for evaluating the health status of the patient will be more beneficial under the
uncertain environment. There is much evidence in literature on quantitative approach of cancer growth studies. The colony
size distribution of multiple metastatic tumor and their growth is modelled by Wata et al [1]. The cancer chemotherapy
treatment with the metastasis is modelled mathematically by Pinho et al [2]. The growth of cancer during and after the
chemotherapy is modelled for studying the equilibrium probability of tumor size by Srinivasa Rao et al [3,4]. Various
stochastic multistage models were developed for dynamics of cells in the cancer tumor and its behaviour under the presence
and absence of chemotherapy by Tirupathi Rao et al [5-7].

This study is focused on developing bi-variate stochastic model for the cancer cells growth in an organ
under presence and absence of chemotherapy. The birth, death and migration of cells to the neighbouring parts
of an organ have been considered in the model. The migration of cancer cells are happens through the process
called metastasis. Initial position of cancer tumor is named as primary tumor and tumor in the neighbouring
location due migration process is called secondary tumor. This model is constructed based on the biological and
patho-physiological assumptions of cancer and completely randomized cell divisions. The following schematic
diagram shall give more clear idea on cancer growth in presence and absence of chemotherapy.
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Figure -1: Schematic Diagram of cancer cells growth during chemotherapy.
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I1.  Stochastic Model for growth of cancerous cell during chemotherapy
The mechanisms involved in the cell divisions are purely stochastic in nature. Let the events occurred

in non-overlapping interval of time are statistically independent. Let At be an infinitesimal interval in the time.

Let Ay

loss rate of i stage cells in j™ stage tumor and 1" state of drug in chemotherapy:;

.. be the transformation rate of i" stage cells to (i+1)" stage in the j™ stage tumor to (j+1)" stage of tumor and

ijl
I™ state of drug in chemotherapy.

be the growth rate of i"" stage cells in j™ stage tumor and I state of drug in chemotherapy:; Wi be the
Ith

i=1, 2, 3: Normal stage of cell, Mutant stage of cell, Migrant mutant stage of cell.
j=1, 2 : Primary stage of tumor, Secondary stage of tumor.
I=0, 1: Drug Absence , Drug Presence.

O v

1 Drug Presence fork=1,2,3,4,5,6,7,8,9
a, =40 Drug Absence

(0,2) Partial Presenceof drug
Let {N(t),t >0} be the process of normal cell division (growth/loss) and {M(t),t >0} be the process of
mutant cell division (growth/loss). Let {N(t),M(t), t > O} be a joint bivariate stochastic processes of individual
stochastic processes of {N(t),t>0}and {M(t),t>0}. Such that Pr{[N(t), M(t)] =[n,m]}=P, .(t) and

Pr{N(t) =n}=P, (t) , Pr{M(t) = m}=P, (t).

Let

Further,
Pr{N(At)=u/N({)=n}=P, foru=n+Ln-1Lnn+2

Pr{M(At)=v/M({t)=m}=P_, forv=m+1lm-1mm=+2
Pr{{IN(At), M(AD)] = (u, V) } /{[N(t), M(t) = (n,m)]}} =P, ,,, forv=m+1m-1,m,m=+2

Let us now define postulates of the univariate process with respect to normal and mutant growth,
P,. =P{N(At)=u/ N(t) =n}

=n(a, Ay, +(1—a)A0)At+0(At) ;u=n+1
=n(ag,,; + 1—ag)p, o)At +o(At) ;u=n-—1
=n(a,0,;, +(1—a,)d,;,)At+0o(At) ;u=n-—1

(@, Ay + (=2 )

=1-|n| +(agn,,; +A—ag)p,) |[At+0(At) | ;u=n
+(a,0y,; +(1—2a;)d;y,)

=0(At)? ;u=n=+2

For mutant growth processes,
P.. =P{M(At) = v/M() = m}

= m(azr,,; +(1—az)k, )At+0(At) ;v=m+1

=m(agl,; + (1 —ag),0)At+0(AL) ;v=m—1
=m(a,d,,; +(1—a,)d,,0)At +0(At) ;v=m-—1
=(a, 5 + (1 —a,)As0)At+0(AL) scv=m-+1
=(aghg + (1 —ag)Hzp0 )AL+ 0(AL) ;v=m-—1
=(8g83,, + (1—a4)34,, )At+ 0(AL) ;v=m-—1

|:{m((a37‘*211 +(1—az)h, o)+ (aghy, +(1— ae)Hzlo)} }
=1—| 1+(@;8,, + (1 —a7)8,0)) + ((ah5p +(1—a,)Ag0) rAt+0(AD) | ;v =m
+(Agtaa; + (1 —ag)gp0) + (8835, + (1 —2a4)83,,))

=0(At)? cv=m=+2
Considering the joint stochastic processes, we have
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Poumv = P{IIN(AD), M(AD] = (u, v) /[(N(), M(D)] = (n,m)}
=n(aA;; +(1—a,)A;;0)At+0(At) ;u=n+lLv=m
=N (aghyy; +(1—ag)py;)At+o(At) su=n—1lv=m
=n(a,0,,, +(1—a,)d,;;)At+o(At) ;u=n—-Lv=m
=m(az\,, +(1-a5)A,,)At+0o(At) ;u=n,v=m+1
=M(agl,; + (1-ag)H,0)At+0(AL) ;u=n,v=m-1
=m(a,d,,, +(1-a,)3,,,)At+o(At) ;u=n,v=m-1
=(a,Ag; +(1-a,)Az0)At+0(Al) ;u=n,v=m-+l1
=(aghay, +(1-a5) gy )At+0(At) ;u=n,v=m-—1
=(8405,; + (1-84)35,, )At + 0(At) ;u=n,v=m-—1

N((@A +(1-a;)h0) +(aghtyy; +(1-ag)ky,,)
(8,01, +(1-2,)8,5;)) + m((azhy; +(1-a5)hp)
=1-] < +(agltyyy +(1-ag)H,0) +(a50,, +(1-a,)3,,,)) At+0o(At)
(A + (1-2,)hg90) +(Aghay +(1-ag)Hgy)
(8903, +(1-29)835))
u=n,v=m
= 0(At)? ;u=n+2,v=m=2

Let Pn'm (t+ At) be the probability that happening of an event of one event in an infinitesimal interval

At there exists ‘n’ normal and ‘m’ mutant cells in the organ upto time ‘t’. Then the differential - difference
equations of the model are:
P () =—n((@hy, +(1—a)kyg) + (a8, +(1-a5)8150) +(aghtyy, + (1 —a5)Hyy))

M@k + (1= 85)hgs0) + (@ghtyy + (1 =g )har) + (8,801 +(1—2,)3,0))
(@A + (=2, )h0) +(aghy +(1—ag)Hyg) + (aghs +(1—ag)Hsp)) P, o (1)

+ P (DI =D (@A +(A=a)hyo)]+ Py s (DI(n +1)(@,8,,, +(1-2,)8,4)]

+ Py (DM =D (@5 + (1-25)Rp00) ]+ Py o (D[ + D(@ghtyyy +(1-a5)y50)]

+ P, s (DIM +1) (@60, + (1= ag)p10) ]+ Py (DM +1)(2;8,1, + (1-a7)8544)]

+ P, (D[@Agy + (1=a,)a50) ]+ P, s (D[(aghy +(1—ag)ay)]

+P i (D059, +(1—24)d550)] forn,m>1 2.1)

P(;’l(t) =-[(a5h,; +(1-a3)Ap0) +(A4hs +(1-2,)hayy) +(Agkt,y, +(1-a5)Hy00)

+ (Aghlgy; + (1-2g)Hap0) + (@04 +(1-29)8550) 1Py (1) + (aghtyyy +(1-2a5)1y,0)P (1) 2.2)
+(8,0,;, +(1-2,)8,10)P; o (1) +{2((aghtyy; +(1-a5)lp0) +(a40,y, +(1-2;)8,,))
+ (Aghlgy + (1-2g) a0 ) + (@04 + (1-29)8550) 1Py , (1) +(a,hg0; +(1-2,)A550) Py o (1)

Pll,o (1) = Po (O{-((@A gy +(T-a)hy0) (@05, +(1-2,)8,30) +(@ A5, +(1-a,)Agy)
+(@shygy +(1-ag)y40) + (@780, +(1-27)8,10) + (@ghay + (1-ag) M) + (2982
+(1-29)8550))} + 2(aghyy, +(1-ag)Hyy, )Pz,o (t)+ P1,1(t) {((agpyyy +(1-ag)uyy) 2.3)
(78,5 +(1-87)8,10) + (Aghagy; + (1-8g)gp0) + (39035, +(1-29)055))}

P(;_O (1) ={-[(a,ha5 +(1-a,)hgp) + (@ghay; + (1-85)Hap) + (g5 +(1-89)8350)] 1Py (1)
+(a5u111 + (1 - aS)l”lllo )Pl,O (t) + ((35“111 + (1 - a5)14110) + (376211 + (1 - a7)8210) 2.4)

+(@ghgy +(1-2g)Hg0) + (24055, +(1-a4)0 5 ))Po,l(t)
With the initial condition
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Puom, D=1 PF;(0)=0 Vi=Ngyj=M,

I11.  Generating Functions and Statistical Measures
Let P(X,Y;t) be the probability generating function of P, (t) .

Where, P(X, y;t) = ZZX”ym P..(®) ;|X| <1,|y| <1. Multiplying the above differential-difference

m=0 n=0

equations (2.1) to (2.4) with X"y™ and summing over n, m, we get

m=0 n=0

d Sha n-1,,m
CTX P(X,y:t) =—((@Ay; +(1=ap)hyy0) +(a, 6y, +(1-a,)0,50) + (a5 pyyy + (1= as)”llo))xz an ly Pom()

(a3 My +(1=a5)hpy0) (8 Bggy +(1=a5)Hyy0) +(a7 85y +(1— 37)5210))}’2 menymilpn,m (t)

m=0 n=0

(84 Rggy + (1=, )Ag0) + (g Hapy + (1 =gy ) +(8g B3y +(1— 39)6320))2 Z XnymPn,m (t)

m=0 n=0

+@hy, +(1- a1)7\110))(2 Z 2 (n- 1)Xn72ymPn+1,m () +(@, 8, +(1- 32)8110)3’2 Z(n +Dx"y™*

m=0 n=0 m=0 n=0

Prama(t) +(@5Az, +(1- 33)7‘210)}’2 Z Z(m _1)Xnym72Pn,m71(t) +(ag gy +(1—ag)pyy,)

m=0 n=0

i i (n +1)Xnympn+1,m () +((ag Hopy +(1—ag)Hy0) +(a; 8y, +(1— 37)5210))i i(m +Dx"y"

m=0 n=0 m=0 n=0

Pn+1,m—1(t) +(@5 Ay +(1- 33)7‘210)}’2 Z Z(m _])Xnymizpn,m-l(t) +(as by +(1—ag)py)

m=0 n=0

i i (n +1)Xnympn+1,m (1) + (@6 Bpgy + (1 —2g)pp00) + (a7 8y +(1— a7)8210))i i(m +Dx"y"

m=0 n=0 m=0 n=0

3.1)
On simplification, we obtain the differential equation of the form as follows,

0
a P(X,y; 1) ={~((@ryy + (1=ay)Ayy0) + (a0, +(1-2,)8,0) + (@ghyy; + (1 —ag) o)X + (Qghlyyy

0
+(L-ag)uy) + (@, +(1- a1)7‘110)Xz +(a0y; +(1-2,)d,5,)y} X P(x,y;t)
H{=((@hg0 + (1 =a5)hpy0) +(@ghgy +(1=ag)Hy0) + (270, +(L=8;)35,))y
+(@ghgy, +(1— a3)7‘210)3’2 +((aghyy +(1—ag)ly0) (a0, +(1—a;)0,0))}

i P(X, Y5 8) +H{—((@ A5 + (1 —a,)h550) + (@ghtay + (1 —a5)H50)
oy (3.2)
[(Aghtay; + (1 —ag)gp) +(agdap +(1—285)835)]

y

(89055, + (1—=24)3450)) +

+ (A +(1—a,)hy0) YIP(X, Y3 )
We can obtain the characteristics of the model using joint cumulant generating function of Pn'm (t). Taking

x=e",y=¢" and denoting K(u,V;t) as the joint cumulant generating function of P, (t), we get the

following expression
0
a k(u,vit) ={=((ary + (1=ay)hyye) +(a; 8y, +(1-2,)8150) + (@5 Mgy +(1=a5)y30)) + (@5 by
u v-u 6
+(1- as)“uo) +(ahy, +(I—-ap)hyg)e +(a, 0, +(1-a,)0,0)e" "} %k(u, v;t)
H{= (@5 Agpy + (1=a5)Ap0) +(ag My +(1—ag)Hy00) +(a7 85y +(1—2,)3,))
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+ (@5 Agyy +(1=a5)Ap0)e” +((ag oy +(1=ag)y0) +(a; 05y +(1-2;)3,))e ™}

0
E KU, v t) +{=((a, Mgy + (1 =2, )hgpy) +(ag Hayy + (1= 2g)apg) +(ag Ogpy +(1-24)d5))

+ [(@g Mggy + (1= 2g)pap) + (8g 85 + (1 —2g)3559 )] (8, gy + (1=, Y )" T(u, v3 )

\

e

Comparing the coefficient of the power of u’s and v’s in the above equations, we get the following

0 . ko

a m, = (7‘1 —A, - H1) m, o (t)

a * * * *

a mO,l(t) = kzml,o )+ —p,— Hs)mo,l(t)
0

P M, (1) = 200 =y =)Mo (8) + (g +2 1) My (8)

0

+ 2(7\*2 - HZ - U;)mo,l (t)+ }\“;ml,l (1)
0

+ (75; - HZ - “;) m, (t)+ k;mz,o (t)

= Moz (1) =2,my o (1) + (A5 + 1, + )M, (1) + 2(h; — , — )My, (1)

a m, (t)= (KI - 7"; - “I)ml,l (t)+ }“;mz,o (t)- k;ml,o (t)+ (kg - M; - M;)mn(t)

(3.3)

(34)

3.5)

(3.6)

3.7)

(3.8)

Let m; ; (t) denotes the moments of order (i, j) of the normal cells, mutant cells in an organ at time t. Then the

characteristics of the model are obtained by solving the above ordinary linear differential equations, which are

as follows

Expected number of normal cells in an organ at time ‘t’
At
my, (= Nye

(3.9
Expected number of mutant cells in an organ at time ‘t’
At .
m,, (t) = 1oNo® +[MO _ 2N, jeB‘
A-B A-B (3.10)
Variance of number of normal cells in the organ at time‘t’
DN.e™ [ a
m, o (t)= (e*-1)
A (3.12)
Variance of number of mutant cells in the organ at time‘t’
* At * At * Bt
My, () = 22NE L (o)) PN [y AN, e
' A-2B (A-2B)(A-B) A-B)B
MND( e N e™ _(E-23)Ne™
| A (2(A-B)’ (A-2B)B (A-2B)B
+; i 2;NgD—(A=B)(E—-1; )N, | gta-or
(A-B)B (A-B)
}\‘ZNO +(F+2E) 7\’ZNO_('A_ZB)I\ZIO
(A-2B) 2(A-2B)(A-B)B )| g
« 2(A-B)(A, —E)+ DA,
””ZZNO[ 2A_2B)A_B)
(3.12)
Covariance of number of normal and mutant cells in an organ at time ‘t’
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Stochastic Modelling of Tumor Growth within Organ during Chemotherapy Using Bivariate Birth,

(E_K;)Noe_Bt +}L;DNO [ eZAt eAt j}+{}\';DNU_(A_B)(E_?\J;)NO}G(AJrB)t

m“(t):{ B A ((A-B) ' B (A—B)B

(3.13)
Where, Ng & Mg — Initial number of normal and mutant cells in an organ
A=d =k -1 B=2;—1,— 1y D=2y +2;+1y
E=%y—H,—Hs F=25+1, + 1 ]
A =ah,, +(@L-a)Ah,, A, =a,8,,, +(1-2a,)8,, Ay =gk, +(1—2a5) Ay,

Ay =8,k +(1—a,) Ay by =aghyy; +(L—a5) H = 8gkyy + (185 by,
H; =a,0,, +(1- a7)8210 HZ = dgllgy; + (- aa)“szo M; =890, + (- a9)8320

IV.  Numerical lllustration
The computed values of the characteristics of the model m, ,(t), m,, (t), m, o (t),my,(t) and m,(t)

mentioned above from equation (3.9) to (3.13) for the parameters are presented in the tables for changing values
of X1, Mo, 8111, O 110, A1, Azi0, Ag21, Ag2or Ma11s Hazo, M2z, Moo, O211, G210, Maz1, HMszo, 9321, O30 @nd t in the
appendix-1. The linear function is defined to connection the kinetics of cells in the tumor under presence and
vacation period of drug therapy.

V.  Findings
The findings were made by changing one decision parameter while fixing other parameters are constant.
e My Mor, Myo, My and myy are the increasing function of initial size normal cells N,
e My, My, My are invariant and myy, My, are increasing function of initial number of mutant cells M.
® My Mos, Myo, Moz @and myy are the increasing function arrival of normal cells X451 and A430.
e Mgy, My, My, and my; are decreasing and my, is an increasing function of transformation rate of normal
cells to mutant cells 8141 and & 11o.
e My My are invariant and, mo;, Mo, and my; are the increasing function arrival of mutant cells ,;;, and
7L210-
e My My, My are invariant and, my, and my; are the increasing function growth rate of mutant cells in
secondary tumor Az,; and Azy.
® My Mor, My, My and my are decreasing function of death rate of normal cells py; and pyso.
® My, My are invariant and mq;, My, and my,; are decreasing function death rate of mutant cells i, and
H210-
e My, Moy, My are invariant and, my, and my; are the decreasing function migration rate of mutant cells to
in secondary tumor 8,11 and d51¢.
e My, Moy, My are invariant and, my, and my,; are the decreasing function death rate of mutant cells in
secondary tumor zy; and pago.
e My Moy, My are invariant and, my, and my; are the decreasing function migration rate of mutant cells in
secondary tumor pz,; and sg.
e Mgy Mor, Myo, My @and my, are the increasing function of time t.
The above findings are describing dynamics of the measures derived from the developed stochastic model and ay
is assumed as the partial presence of drug.
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Appendix-1: Table for all statistical measures with varying values of one parameter when other parameters are

fixed
S | Ma | L Lg | & LN T T T T S by g | Ll I T T Ty | T Ty £ s}
FH WP | en L LLL1g SRR
] BRI | T 133 118 ek, S
SH LEES [ 4T L1Ta HHLIES
(] 130 [+ P LIS L ELL
TR 147 [ 7e]1 P LR L&
o) Al | TET S LIS JRLID
L] Al e | TR SO R LIER
[=] Al peg | e SR LEES
TR LR | AR LR ] LD
T L iy ] LR 1558 HLID
pa | H10GEE | enst Lo LIS ]
12 41835 [ == 1T LITH ]
i AL EL | ERET LIS ] 00241
i LRLATT | e L1Td ] T 5L
I3 e Ll ] s LR FTETES
LI STLEES | &RET LF3L 151 ]
LY SULSTE | &5E LS LT ey,
Lé SEROTE | GSE b R ]
LE DLEEE | ESEE pat ] ] FoiR-
LE SIS | e ITRE I ELLEET
L LT | TR e o] 10853
Lo EELOE | EfTH pq ] [ ]
LS [N [~ 6T b . TR
LS LT | EnE g =] LT
il M. [ ] ] ST
il SR | CEESD | DOTESG | DRES | ZHTID
[ SERIE] | ETTESG | IIEJD | DI4EJM | DBED
[ SILSTE | CENTEAG | LSRG | LOEEM | SRDE)
¥ ATLEEE | RRELD | LITEE | LTEESM | SILAIT
111 SRLATT | TUHESD | LTHED | LEEEDM | SEGe
LI SR | ST SO R LI L
LY LR | ER LR LLER FELALD
L& LR | TR LR LL=s L
L3 Lo | TIH LR L& PR BED
L& 4] g | THED LS LI5S e
4l ] el | TR LS L1asy T
47 LR | TEED S ] TR
45 AL | ERLE S LI T
L) ] peg | PR SO R ] ]
&5 LA | FTED LR 15T ]
LF LA | EnIl LR L 7.
L] L9 | &85l LR LIS ]
[ & A el | gnsl LS LI 1]
s A el | gnsl LS LLIE S19 5T
[ & LR | EEIl S LIRS S50 T
L LR | EEIl S LT LI
L3 SR | DL SO R LLEE RRL &R
s LA | EnIl LR LIME THL S
[ ¥ LA | Il LR gy | e L RS
[ L9 | &85l LR ] Ll
[ % FELIES | emm SELTT TS L5
L4 FTLINE | &5 SO5I4T sl Ilaam
[ ¥ FTLEEE | sy FLLFEE T LT
L% FELODE | s BET.ALE =4 po e
[ & FRL e | EHT AT AL T ERS
s FTLOSF | Rl FL& R T FELTTR
[ ¥ FLILE | R B TLS TEF e - ]
[ FILIED | &5G TTAEE [T AT
%) IHLETE | E5dl TIT.19T ATl 24T 5
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Mo Mo | dusa | Fase | B | Buae | Foan | Fese | Gum | o Game | Mon | o Maw | oMen | oMew | Bna | Bae | Mam | M | B Bre t | ma m., Moy e m,
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