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Degree of Approximation of Fourier series of function of bounded
variation by (Z, s, ) method

Samira Behera
Department of Mathematics, Assam University, Silchar-788011

Abstract : The object of the present investigation is to study the degree of approximation of Fourier series of
function of bounded variation by generalized Harmonic-Cesaro method of summation.
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. Introduction
It is well known that (see [6] vol | p.57) if T € BV[—7, z]then

Iim(sn(f,x)—%{f(x+0)+f(x—O)})=O @)
Boianic [1] obtained a sharper version of this result by showing that forn > 1
5,(F,) = 20 { £ (x+0)+ f (x— 0)}\ ZV””‘(¢) @

Whenever f € BV[-x, 7].

Extending the above result, Mazhar and Boianic [3] proved the following:
Theorem A

If f € BV[—7x, z]then for 1< <0
C(é) A\ 7 mlk
A0 < T DKV (9)
k=1
where C(0) is a constant depending upon & .
In this connection it may be pointed out that Boianic and Mazhar [2] have also earlier examined with
#(t) € BV in Norlund (N, p) mean setup, where it is assumed that P, >0, monotonic non-increasing with

P, — ooand they have obtained:

W, (F,0) = 3£ (x0)+ £ (x- 0)‘<—ZPV”"’k(¢) ®

n k=1
Our object is to obtain degree of approximation of Fourier series of function of bounded variation by (Z, &, )
method.

Il.  Main Results
We prove the following theorem.
Theorem

(@ For f eBV[0,7],-1<6<0,8eR

9, O(l) 5 lk Ik
A (1.0 = o S log? | 5 v, () + 003 V" 0

(b) For f eBV[0,7],6 =—-1,8>0

» (log
5.8 _ 0@ 2 ik
A1 (f ’ X) - (|Og n)ﬁ,1 kz; k VO (¢)

We need the following additional notations for the proof of our theorem.
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o[n))
sinf n+— |t
D,()=— 2

25int/2

K, () == ZP Dk (t)

nkO

Ko (t) = —Af,ﬂ 2 AL D)
k=0
Aw = [ K (u)du
t

AP (£, =K (£, - L0 {F(x+0)+ f (x-0)}

where K7 (f,X) denotes the (Z, 5, 3 ) mean of the Fourier series of f at x.
We need the following Lemmas to prove the theorem.
3 Lemmal
(see [6], Vol I. p.192)
n n(3'+1
If & > —1and F(u) is slowly varying, then ZVJF (V) 1 F(n)
+

v=1

Lemma 2
For p, > 0and monotonic non increasing

i) K, () =0(n)

i) K, (t) =

1 |(n+}/)t ,ktj
+0(1
(2sin %)P [ kzc; Pe D asinthe P, (Zsm /)
Proof of Lemma 2(i)

K.(t) == an D

nkO

=k, (t)|<—2|pn «J|De (1)

nkO

1 n
<o 2Pk |2
<(n+ 1)

> K, (t)=0(n)

Proof of Lemma 2(ii)
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&a%-jZP D (1)

P, o

1 n . ( 1}
=————— > P_,sinfk+=
(2sin %) P = 2
1 n i(k+}/)tj
- 1| >P
(2sin 15)P, kz(; ‘

1 U iktj
=— 1le 2 E e
(2sin V)P, oM
1 |(n+}/)t —ikt |kt]
- - Pe (4)
(2sin %)Pn Z Z P

k=n+1

In order to deal with the second summation formula of (3.1), by Abel’s transformation we note that

Z Re™|= (Z (P — Pt Z e + Z e'“j P

k=n+1 k=n+1 v=n+1 v=n+1
P
(P« = Prt) -
kzn;r]_ k k+1 ‘1 —It‘ ‘I _e—lt‘
1
Z (P« = Pea) + P
‘1 € ‘ k=n+1
By using the fact that pn is monotonic non-increasing and P, — 0 as N — oo we have
S O(p,)
Re™l<——— ——n )
kgl X 25|nt/2) kznil(p" Pa) = 2sint/2
Now using(3.2) in (3.1) we have

|(n+}/)tz pk

1 —ikt
Kn(t)_(ZSin%)P ( par; jJro(l)P(Zsm/)2

which proves Lemma 2(ii).
Lemma 3

Fora>2,feR,-1<0 <1, we write

. Y %
R=R(t){'°92(23int/2j+( 2 ”

§=p(t)=tan"| — =7
2Iog(_aj
2sint/2

Then for ZStSﬂ'
n
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RﬂsinKnJr;ng]t— ¢ﬂ} o
- - ; ..,feR
i) K27 (t) = n’(log n)ﬂ(25|n4)“ n(25|n /)
’ : 7 0@
W{Smnugﬂw} n(23|n/) L2 S0
(|0§1*)/j

1

) é+l(|0gn)ﬂté+l+H’ o0>-1peR
i) A(t)=0()
CERU
—(Iogn)ﬂl Hé‘ 1, >0

Proof of Lemma 3(i)

We note that K, (t) reducesto K27 (t)when p, = A°™*” and P, =A>"

From Lemma 2(ii), we get

_ 1 i(n+ 1)t iktj O@)P,
K({t)=—— 1| P _OBR
O (2sin L)P, (e kZ: <€)t P,(2sin 1))?

Now (see [6] Vol I. p.192) putting P, = Ag"g and p, = A;H'ﬁ we have

' 1 t 51, oLp
Kr?'ﬁ(t) = - 5 ( |(n+}/) ﬁ |kt) ( )0—
(ZSIH%)Anﬁ ZA " A (2sin Uy
_ 1 i(n+}/)t R/jei‘w A‘nsflﬁ
=———F0——5l|e 7 . +O(1)&—.2
(Zsm%)Anﬁ {(ZSin%)ei (”Z_tﬂ A ﬂ@sm%)

o1y 1 a 1 a
=— = _log” | loa” |
ZA (1—e‘")b . [(l—e”)J {(1-cost) +isint}’ % (1—e”}

Rﬂei¢ﬂ

1
{(Zsin %)ei(ﬁzt)}

Where Re" = Iog( aé nj
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$=tan™

2log£2$i:%} ©)
S Por e (PR S oot

2
‘:ﬁ (Zsm %)
Which ensures Lemma 3(i) in the case & # —1, f € R, since
5.8 n’ p
AL Fo+D) (logn)” (see [6] (Vol I. p. 192)
We omit the proof of the case & =—1, # > Qas its proof is similar to that of the case ¢ # —1described above.
Proof of Lemma 3(ii)
Case—1:For 0 #—1,—2...and using Lemma 3(i)

At) = T K27 (u)du

R” 0
A '[(ZsmLE/U))Ml n{(n+%+%)u-%+¢ﬂ}du

O(l) J- du
+ (2sin / )?
=i+, (say)

R )
e (AN

B
letting &(u) = %
(2sin A)
and

u—rz

a
We have
J, =$]€{0(u)sin{(n+%+%)u —ﬁ—f}cost(u)Jr@(u)cos{(nJr%+%)u —ﬁ—;}sint(u)}du

_ % (A () +A,0)  (say)

t(u)=p¢=ptan”

As @(u) is monotonic non-increasing by Mean value theorem we have for some Swith t <& <7
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A (D) :Ie(u)sin{(n+%+%)u —%ﬂcost(u)du
= 9(t)jsin{(n+%+%)u —%ﬂcost(u)du (t<é<n)

—cos[(n+y 0/)u—} cos[(n+%+%)u—”j}sint(u)
(n+25+%%) (n+25+%%)

sl ar
) 0@ log ( o j

- nt5+1

=6(t) t'(u)du

£
cost(u) —J'

u=t

since

s
o) =0 ——2 py=—90

t§+1 ! ( 27[ jz
log—
u

Iog( ot )
A (1) =0() —55~2

t(5+1

Similarly

Combining the estimates of A, (t) and A, (t)

log” (aﬂ)
3,=0(1) 2

n’*t°*(log n)”

Now

oW f du_ o) Idu _ 0(1)

(23|n/) "

Now using the estimates of J; and J, in A(t) = J; + J,, the first result of Lemma 3(ii) is ensured.

Case Il
For 6 =—1,-2..., >0 the proof of second estimates of Lemma 3(ii) can be verified parallel to the proof of

Coma 4
0 V" () = mf(’k()l) 3 og ( jv”’k(qé)
@ Vi () =003k og” ( ]V”’k(«,ﬁ)

oa? (2%

(”I) n§+1(|0g n)ﬂ _[ tb+1 |d¢(t)|

zin

)ﬁzlo ﬁ(—)kﬁvo”’k(@

n‘m(log n
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7r/n

Proof of Lemma 4(i)
Applying Lemma 1, we get
5+1

zké |Og ( }/ﬂ/k(¢)>vﬁ/n(¢)zk§log [ kj - l(l g_j V/r/n(¢)

from which the result follows
Proof of 4(ii) is trivial

Proof of 4(iii)

Integrating by parts, we get

o240
2t t5+l

zln

T ar \dV,¢
< I log” (Ej tb‘gl

zin

Iog ( jV (¢) log” [ jv”’“(«ﬁ)n“1

S+1 5+1
VA

T

-1 1o+t T ¢
{ﬂlogﬂ (th — (5 +D)t° log” (Zt ﬂvo (#)dt

t25+2

o]
g’ (S oy’ )

o+1 S+1
T Va

o’ (3 ot
n°*+0(1) | 5 )

zln

Putting U = 7z / tin the last integral, we have

IIog(

5 .
| 152 Vs (4)dt = §+1,[| 9 ( jv " (g)u’du
n-1 k+1
= ”iﬂ [ log’ (a—u}%”’” (#)u’du
k=1 ¥

1 k+1 u
< MZV”’k(¢)ju log” (2 Jdu
k=1

T

_O(l)ZIog (akjv“k(@k& ®)

Collectlng the results from (7) and (8) and applying Lemma 4(i) and Lemma 4(ii), we obtain the desired
estimate. We omit the proof of (iv) as its proof is similar to that of 4(iii).

4. Proof of the Theorem

From (2)
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W (f,x)=—= ZP S (F,%)

P, o

, (%)= Y0 LF(x+0)+ f(x=0
1o, s, (f,%) %{ (x+0)+ f(x-0)}

PE |+ {F (x+0)+ F(x-0))
=>W(f x)—}/ f(x+0)+ f(x—0)}

ZP {s.(f,0=34(f (x+0)+ f (x-0))} ©)

n k=0
Substituting the integral representation of S, (T, X) (see [6], Vol.I p 92 — 95) that is

Sk(f,x):i_TDk(t){f(x+t)+ f(x—t)}dt
7[0

in (3.1) and using Ej D, (t)dt =1we have
Vs

nkO

A (f,x)== an{ ]{Dk(t){f(x+t)+f(x—t)}dt—i]ka(t){f(x+0)+f(x—O)}dt
0 7[0

n

P, Dy (g (t)dt
k=0 (10)

K, (O#(t)dt

;U|}—\

-l
El

| — §\||—\ é\||—\

(j + j ]Kn(t)¢(t)dt

zin

In the special case when P, = Af /| (4.2) reduces to

AP (£,) =K (£, = L0 { £ (x+0)+ f (x-0)}
- iﬁn+ | } K2 @) d(t)clt

7 0 z/n

1
:;[|1+|2] (11)

zin

L= [ KP7()g(t)ct

zin

=0 [ |4(t)|dt

zin

=0(D)n j V, (g)dt

=0V, (¢) (12)

By using Lemma 2(i)
Further Integrating by parts and using Lemma 3(ii), we get

www.iosrjournals.org 66 | Page



Degree of Approximation of Fourier series of function of bounded variation by (Z, S, ﬂ) method

L= [ kI g

zin

- [ san ()

zin

6 A+ [ AOdH
n n

zin

_ 0@V, (¢)+0@) | ~ Hda()

zin

n5+l(|og n)ﬂt§+1

(13)

d
agco)-ow [ 420)

no* B 1o+t
' ('09 n) ' N i

zin

=0V, (#)+0()
Lastly using (11), (12) and (13) and applying (i), (iii) and (iv) part of Lemma4, we get for 1< <0, R

AL (100 =000 e S K 109 YV () +0) D V5™ (9

and this completes part(a) of the theorem
Part (b): For & =—1, # > 0 integrating by parts and using Lemma 3(ii), we have

B
(]
1, =O0@)(log NV, (¢) + O(L) j dVy (4)+0@) = j t1dVy (4) (14)

zin ) 7r/n
Using (4.3), (4.4) and (4.6), we get

AV’ (f,%)=0(@)(logn)Vg™" (4) +

(15)
Now, integrating by parts

[ tav; (9

zin

SO TD T e g

T

J‘ (log aﬂ)ﬂdv (#) + o) ]‘ dvot(¢)

ﬂ 1
( ) z/n n zIn t

zin

YO, Ty ot
T

zin

V (¢) J’V zlt (¢)dt
T

V@), ik
~ ZV (4)

2 n
<= V(9) (16)
T k=1
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since V"' () < ivoﬁlk (#)

Next, integrating by parts

| (Iog—)ﬂdv (4)

zin

x (Iog )

= (log a{)ﬂvo”(m—aog IV @)+ B | —E Vi (@t
z (Iog )
< (log —)’*v () +f | —2——V5 (@)t

zin

-V @)+ 8 j (09 2y " )

<GV @)Y, [V o 5T
(Iog%)ﬂ*l
<COV @)+ BV () —2—
ak

(1og )"

=0MYVs™ () —F— an
k=1
Collecting the results from (4.7), (4.8) and (4.9), we get
ak, 4
o.p zin 1 \ lk (Iog?)ﬁl O(l) . nlk
A7 (F,%)=0@Q)(logn)V5™" () +O) —— > V5" (4) +=—> V() (18)
(logn)”~ = k n o

We have

ak ak
o (gt (log )
DV () ——E—=Vy (¢)Z :
o= k k
which ensures that

(1o ga")
2in O 1 VE
S ON () Z M) —EF— (19)
ak
(log—)"* N

As k2 is monotonic increasing for 1<k < n, ={ } and monotonic decreasing for K > Ny,
we have

ak, 4 an, 5
YN L A L S
DV (@) " 2 . DV (@)
k=1 k=1

which ensures
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ak
(log )
Zv () = 0) o 3V ()2 (20)
(Iog )ﬁ -1 k=1
Finally collecting the results from (4.10), (4.11) and (4.12), we get
ak) f

(lo
Af‘ﬁ(f,X)zo(l)#Z ”’k(¢)—

and this completes the proof of part(b) of the Theorem.
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