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Abstract: Let T (a)) be the class of analytic functions of the form:

1E)=G-0)+Ya-of

k=2

defined in the open unit disk D = {Z : |Z| < 1} normalized with f(a)) =0 and f/ (a))—l =0 where @ is an
arbitrary fixed point in D. The authors study certain
subclasses S:n (a),a,y,l,p,l), S:’n (a), a,y, ﬂ,p,l) and S (a), a,y,A, p,l) of analytic p-valent

se,n
function with negative coefficients in the unit disk. The results presented in this paper include coefficient bounds
and distortion properties for functions belonging to these subclasses. Further results include linear combination
of several functions and radii of starlikeness and convexity for functions belonging to the aforemention
subclasses.
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Keywords and phrases: Analytic function, Univalent function, Starlikeness, Convexity, Coefficient
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I. Introduction
Let T (a)) denote the class of functions of the form

f(Z)=(Z—w)+iak(Z—w)k (1)

k=2
which are analytic and univalent in the open unit disk D = {Z :|Z| <1} and normalized with f (a))=0

and f ! (a)) —1=0, where @ is an arbitrary fixed point in D. .S (a)) cT (a)) denotes the class of analytic and
univalent functions (see[1, 7, 8]).
Also, let T » (0)) be the class of analytic p-valent functions f (Z) of the form
- +k
SE)=(-0) -2 a,(z-0f™" @
k=1
Now, supposing we pose index alpha on (2) such hat Y
o = k
16 =|c=0F -3, e-of |
k=1
This is,

1Y =[e-o) -0y +a,,(z-0y"+..)] o

Expanding (3) binomially, we have
) =(z-of” I—Zaj(ap+1(z —w)+a,,(z-of +”
j=1
a(a - 1)

whereq, =, &, = o

see

Finally, we have
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@) =(-0f"-Ya, -0 O
k=1
Our motivation for this work is that several authors and researchers (see[l,2,3,4,5,6,7,8,9,10]) to
mention but few have worked extensively on coefficient bounds for functions of the type (2), hardly will you
find coefficient inequalities for the functions of the type (4) perhaps due to the difficulties the index o always

pose. However, in the present paper, the authors aim at generalizing & (i.e. o> O). Here, we let T » (w,x) be

the class of functions of the form (4) where a is real.
Using Aouf et al derivative operator (see[2,3]), we can write for function

f2)" eT (0, @) that

. o (1+Aap-1)+1Y o o1+ k—1)+1Y -

O e [ L Y B P
+/ po 1+1/

neNy,, peN, 120, 120, a>0and k=>1.

At this junction, the authors wish to define the following:
Definition A:

@) Let the function f (Z) be defined by (2). Then f (Z) € S:: (a), A, p,l ) if and only if
[e-oliz, Gy )
15, (.01 (z)
and S; (W,ﬂ,p,l) denote the class of @ —n —starlike functions.
(ii) Let function f(z) be defined by (2). Then f(z) € S7, (@,4, p,I) ifand only if

(z-o)s, (1))
1,0/ (2)- 17, (A.0)/ (- 2)

and S:n(a),l, p,l) denotes the class of starlike functions with respect to symmetric points and @is an

>0, neN, zeD 6)

>0, neN,, zeD. @)

arbitrary fixed point in D.
(iii) Let function f(z) be defined by (2). Then f(2) € S, (@, 7, B, 4, p,1) if and only if

R A1) I R )71 S
T I A VN o T 5 P 7 e

for some 0< f# <1, O0<y <landz € D where @ is an arbitrary fixed point in D. We

£
denote the class of @ —n — starlike with respect to symmetric points by S s (a), v, P, A.pl )

Definition B: Let the function f (Z)a be defined by (4). Then f (Z)a is said to be @ -n-starlike  with
respect to symmetric point if it satisfies the condition:

(z—o12, (ADFE))
12, DY =12, () (=2)

) Alz-o)i, (D7) )
1 (A0 () -1. (A,0)f(-z)

where n€N0={O}UN, 0<p<1, 0<y<l, Oéall)(l—_lgy)<l and z € D. We denote the class of
+7

o —n — starlike with respect to symmetric points by S:’n (a),a, v, B, A, p,l ) and @ is an arbitrary fixed

—+ap| (9)

point in D.

Definition C: Let the function f(z)” be defined by (4). Then f(z)” is said to be @—n —starlike with
respect to conjugate point if it satisfies the condition:
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Gl arer) ] ok, sy )
1, @Gy + 1, (01 ) 1, @Gy + 1, (01 )

where ne N, ={0} UN, 0< <1, O0<y<l1, Oéoqu(l—_lgy)<l,z €D and @ is arbitrarily fixed in
+7

D. We denote the class of @ — n— starlike with respect to symmetric points by S, (a), oy, B, A, p,l )

+049‘ (10)

Definition D: Let the functions f (Z)a be defined by (4). Then f (Z)a is said to be @ —n—starlike with
respect to symmetric conjugate points if satisfies the condition:

o), (0rey) Bz (1.0)1(2))
1,0 e -11, (0 (=) 1,0 &) - 15, (1) (=)

<y

+ap

an

where ne Ny ={0}UN, 0< <1, 0<y<1,0< 117(1 ,37) <1, z €D and @ is arbitrarily fixed in
7

D. We denote the class of @ -n-starlike with respect to symmetric points by S:C,An (a), oy, P, A, p,l )

II.  Coefficient Inequalities
Theorem 2.1: Let the function f(Z)a be defined by (4) and [, , (ﬂ,,l)f(z)a -1, (ﬂ,l)f(— Z)a #0

forz € @. Then, f(z)" € ., (@, a,7, 8,4, p,1) if and only if

g(r+d)k [k(1+7/ﬂ)+ 047(;/([)’+1—(—1)“f”)+ (—1)“‘“’“)](Hi(aerk_Hl)JnaM(a)

1+1/

sow[y(ﬂﬂ—(—l)'”’)H—Uﬂ(”ﬂﬁl—l)”jn (12)

Proof: using (4), (5) and (9), that is
(-aiz, (0sG)) | Ble-ol, (1))
1, (A0f () -1, ( Df(=z) 1, (A0 ) =15, (A.0)f (-

fz) =(z-w) Zap+k (a)z- a))“p+k

op|<y

)*”‘

k=1
and
1, (A0 )
1+ Mep=D)+1Y' (. w1+ Aap+k=1)+1) ek
_( 1+1 j(z @) kZ::‘ 1+1 @z =0

For convenience, we let

f (— z)a _ (_ 1)04’ (z . a))“p _ g(_ 1)¢Zp+k a., (a)(z a))aerk

and
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_ (_l)ap(l+/1(oq)—l)+lj"(z_w)ap _i(_l)@+k(l+i(oq)+k—l)+lj 0 (@)™

1+1/ p 1+1/

This implies that

‘ap(—l)w(%jn(ﬁwyp—g[ap(—l)wk+k](1+/1(ap+k_l)+lJ ,,+k(0!)(z o)

1+1
<y‘ap(,8+1—(—I)WIHMT?FZ_DHJ

_g[kﬁ+ap(ﬂ+l_(_1)@)](1+/1(049+k—1)+1j a . (az- o).

1+/
That is

el s p - A

Sleraptn g aptpri-om | HALEDT T, @) a <o

Letting |Z - a)| =r+d, we have

i k+op(—1)"** +7(kﬂ+ap(ﬂ+l—(—1)@+k))(1+/1(0{p+k_1)+ljnamk(a)(wrd)a“k}

k=1 1+/

- ey A <o

1+1
Therefore, by the maximum modulus theorem, we have f (Z)a esS :,n (co, a,y, B, A, p,l )

For the converse, let us suppose that
C-oli,0rer)
1,0 ) — 1 (A.Df (- 2]
pe-olts, (0f Y )

0,0 =1, (A0f (2

<.

+ap

This implies that,

{— ap(-D7 c(z—a)™ + 3 [k +ap(-1)"* Jna,,, ()z - w)}

k=1

<Y

O‘P[ﬁ +1- ]§ (z- o) ki[kﬁ + ap(ﬂ +1-(=1)""* )] na,. (a)z-o)f*"

where

g:(1+/1(ap—l)+lj - n:(1+/1(op+k—l)+l) .
1+1 1+1/

Since iR(Z — co) < |Z — a)| for all z , then we have

—ap(-1 )4+Zk1[k+ap ) |na,.,()r+d)
m{ap[ﬂﬂ Floselsralp - e, @rray -7
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n (24 f
If we choose values of z on the real axis so that (Z a))( (/I l)f(Z) ) is real,

1, (0f ) -1, (ADf (2]
1, (ﬂ,,l)f(z)a -1, (/I,Z)f(— Z)a #0, for z+# w and upon clearing the denominator in (13).

Also letting |Z - a)| - (r +d ) through the real values, then we obtain
Sl ap(-1)" Jra, c(ar+a) + 3 rleseplp (1) )] 14, (@)fr+a)

k=1
<0407/Q8+1 )g+0q9—

and this completes the proof of theorem 2.1.
Corollary 2.1: Let the function f (Z)a defined by (4) be in the class S:’n (a),a, v, B, A, p,l )
Then, we have
+1-
a, < [(ﬁ ) ]g‘ k2l,neNyand zeD  (14)
[k+aq)( 1) +7(kﬁ+0!p(ﬂ+l »Jn r+d)

where ¢ and 7} are as earlier defined.

The equality in (14) is attained for function f° (Z)a given by
. pe1-(-1)" J+ (1) )¢
flz) =(z-0)" —1 oqa[;/( A (z—0)"™. (5
e+ ap(~D)7 + ykp+aplB+1- (=1 n (- +a)
Theorem 2.2: Let the function f(Z)a be defined by (4). Then f(Z)a IS S:,n (a),a,y, 5, l,p,l) if and only
if
Dk +98)+ap(r(B+2)-Dha,. (e)r+d) <eply(B+2)-1]¢ a6

k=1
Proof: Using (4), (5) and (10), then

G-, (i) o), (nrG))
DGy + 1, () 1, (DG 1, ()

1) =o)X, s(afz o)™

—op <y +04?‘

" 1, GGy
:(Hﬂ(fqil—l)ﬂ)" (—a)” _Z(H/I(oqii;c—l)ﬂjnaw(z_w)ap+k
N f(;)a =(z— )" +gap+k (a)z-)™"
and
12, ()
_ (1+;t(ﬁl_1)+zjn(z_ o _g[nﬂ((ﬁjk—l)} ae—w)
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From (10), we have

_ap(lw(ap—l)ﬂj”(z_w)@ _i(k_ap)(l+A(ap+k—1)+1}”aw @)z o)™

141 = 1+
<ap7(ﬁ+2)(1+1(ﬁl—1)+1}n(2_w)@
—Z)/ (k+ap +2ap{1+ﬂ(ali:f_l)+l) p+k(a)(z )7 |.
This implies that
1 2, l ap
ali-pr2) (AL Y
Sl rapler 1) s ap) [HALHEDT (@) —of 20
Hen;:e,
i[k+ap(2y—l)+ﬂ7(k+ap)](IM(O@:;‘_I)”J a, (@)z—of""
<aply(pe2)-) A

Letting |Z - a)| =r+d, we obtain

Sk aplor 1)+ prtc el AL e vay

< oply(f+2)-1] (1+A(ﬁl—l)+1jn

and the complete the proof of Theorem 2.2.
Corollary 2.2: Let the function f (Z)a defined by (4) be in the class S:’n (a), oy, B, A, p,l )

Then, we have
ap[y/(ﬂ+2)—1] (1 +ﬂ(ap —1)+l]

a,(a)< il (17
78ty 2)-0)[ AL LD o) vay
k>1,ne No andz € D.
The equality in (17) is attained for the function f° (Z)a given by
apb/(ﬂ+2)_l](l+/1(fqal—l)+lj
Se) =(z-0)" - (z- )"

k- aplp(p+2)-0 AL o) ay

k>1,ne No andzeD. (18)
Theorem 2.3: Let the function f (Z )a defined by (4) be in the class S:C’n (a), oy, B, A, p,l )

Then, we have
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g[k(nyﬂ)wqo(y(l+ﬂ)+(1—y)(—1)“p+k)](1”(0%’“1)”} 0 (ar+a)

1+/

1+ A( 049—1)+1J"
1+/ '

<ap|y(B+1-(=D)7 )+ (- 1)“P][ (19)

Proof 2.3: Using (4),(5) and (11), we have

ol sy ) _W‘q\ ple-oliz, G016 )
12, @y =13, G| ey -1z,

and

+ap

1, (p)r=f
_ (_l)ap(lw‘t(ow—1)+1)"(Z_w)w _i(_l)wk(Hg(oqﬁk—l)Hj 0 (a\z—o)"

1+/ 1+1

From (11),we have

_{_ap(_l)ap(lm(ap—1)+zj”(z_w)ap

1+/

+§[k+ap(_l)@+k](1+/1(ap+k—1)+1] o (@Yom a))““k}

1+/
l)+ljn(z—a))@

—V‘ap(ﬂ+1—(—1)w)(l+/1(?p_
—g[ﬂ(oqo+k)+om(1—(—1)“’”")](1”(0W" 1)t j ayi(@fz-a)”

<0.

+/
1+/

This implies that

g[k-!—]/(ap(l+ﬂ)+ﬁk)+ap(l_y)(_1)ap+k ](1+ﬂ(ap+k—1)+l)”ap+k(a)|z_wlap+k

1+/

—aplp(B1-(-1)7 )+ (—1)”’Ilﬂl(ap_l)”jnk—wr” <0,

1+/

Letting |Z - a)| =7 +d,then we have

g[k(lwﬂ)m(y(l+ﬂ)+(1_y)(_1)ap+k)](M(azij—1)+1j o (@)

<0{p[}/(ﬁ+1 (- l)ap) +(= l)ap](l‘F/l L )—i—lj -

and this ends the proof of theorem 2.3.
Corollary2.3: Let the function f (Z)a defined by (4) be in the class S:C,n (a), oy, B, A, p,l ) Then, we have
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aplylp+1-(1)7 )+ (-1)7] (Hﬂ(ap—l)”j

1+1

[k+7/ (1+ B)+ pk)+ ap(l 7/)(—1)“’”"](1+/1(0$11f_1)+lj a,.(afr+d)
(20)

ap+k (a) <

k>landne N,.

The equality in (20) is attained for the function f (Z)a given by

f (z)“ -
alpi-ar o] A )

(z-0)"" @
[k+7<ap<1+ﬁ>+ﬁk>+apu_y)(_l)awk][“(ap”-l)”j o ()

(z-o)" -

1+/
k>landne N,

III.  Distortion Theorem
Theorem 3.1: Let the function f(z)a be defined by (4) be in the class S:,n (a),a, v, B, ﬂ,p,l). .

Then, we have

(”d)“”[l”(ap—l)ﬂj" )

1+/

ap(l’+d)ap[}/(ﬂ+1—(_1~)ap)+(_1) ] (1+ﬂ,(1+l )+lj

e et e
- I;,p (ﬂ,l)f(z)“

p(r+d ) [7/(ﬂ+1 ) (~1)” ](1+/1(1+l )+lj

[1 +yB+ ap( (ﬂ +1- apﬂ) (-1 )] (Hffl;"'ljni

(22)

S(r+d)a,,(l+/1(ap—l)+lJi .\

1+/

forz € D, where 0 <i<n and @ is arbitrarily fixed in D. The result is best possible.
Proof 2.3: We note that f(Z)a IS S:’n (a), a,y, P, A, p,l). if and only if

I;,p(ﬂﬁl)f(z)a < S:,n—i(wﬂaayoﬁeﬁ“:pal)

and

1, ey = ALV e S (LIBY, coop

1 o 1+!

Now, using theorem 2.1 we have

i(l+i(ap+k—l)+l}iap+k(a)

o 1+/
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ap[y/(ﬂﬂ_(_l)ap%(—l)@] (Hl(ap_l)”jn [1+/1ap+lji

< 1+/ 1+/
< - . (24)
[1+;/,B+ap(7(ﬂ+1—(— 1)"”’”)+(— 1) )] [Hfﬁ”} (r+d)
That is,
g(nﬂ(alil;—l)ﬂj a ()
ol 1) (] (A0
< 1+! _ . 25)
[1+;/,H+oqy(7(ﬂ+1—(—1)°’p“)+(—1)“”“)](Hf?;”j (r+d)
It follow from (23) and (25) that
L,,(0)f ()
1+ Aap—-1)+1Y w =1+ Aop+k-1)+1Y aptk
) [ ) CC T P
1+ Aap—1)+1Y w1+ Aap +k—1)+1Y
s (rrap (ALY (g Ledleprk ool ()

(g 41- (1) )+ (1) 1+ﬂ(0w—1)+1j"
>( d)ap(lM(ap_l)H]iap(Hd) ey ]( S (26)
- 1 l 1 op+1 "

" [1+7/ﬂ+ap(7/(,8+1—(—1)“‘”+ )+(—1)” )](Hf?;‘ﬂj
nd also
L,,(0)f ()

o o w1+ Alap -1)+1Y"
P
- 1+1 "

" [1 + 8+ ap(y(/i’ +1- (— l)ap“ )+ (— l)a”+1 )] [Hff;ﬂ]
Finally, we see that the inequality in (22) is attained by the function
i . 1+l(ap—1)+ljiz_ a
O e (0
g1y LA DY
B 1+/ - (Z _ a))aerk (28)
[1+;/,B+ap(7/(ﬁ+l—(—l)“p”)+(—1)“"“)](Hff];”j (r+d)

or by
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awllp1-Co)s o] AL DY

1+1

1+ 8+ aply(B+1- (1) )+ (1)) [Hf?;”) (r+d)

-0y @9

and this complete the proof of theorem 3.1.

Corollary 3.1: Let the function f (Z)a be defined by (4) be in the class S:’n (a), oy, B, A, p,l ) . Then, we
have

ap[?/(ﬁﬂ—(—l)ap)+(_1)ap](1+,1(ap_1)+l]n

(r+d)” - 1+1 : _‘f(z)“
e anly(p 1oy ] e
1= (=1)2 ) (=1)* 1+ Aop—1)+1Y"
C(rrd)” s aplp(p+1-(-1)7)+ (1) ]( o j | .
[1+yﬂ+ow(y(ﬂﬂ—(—l))“”“)H—U“‘”“KWJ

for z € D, where @ is arbitrarily fixed in D . The result is best possible for the function f (Z)a given by (29).
Proof: For [ =0 in theorem 3.1, we can easily show (30).

Theorem3.2: Let the function f (Z)a defined by (4) be in the class S;’nfi (a),a, v, B, A, p,l )

Then, we have

(r+d)” [ 1+ Alop —1)+1 j | alrraylpeay A0

1+ [1+7ﬂ+ap(7(ﬂ+2y1)](%)””’
<\1L(A0)f(z)
. op _ 1+ﬂ(0¥7_1)+ljn
o (Ledlap-n)ery PO TB2) (1A
_(r+d) 1+/ + — l . )
[+ 78+ apl(y(B+2)-1)] (+1fz;+j

for ze D, where 0<i<n and @ is arbitrarily fixed in D. The result is best possible for the function
f (Z)a given by

1,0/ (z)"
syl L Aap =)+ 1Y’
Z(MI(Z_@)W_ w5 +2) 1]( 1+/ j (c—o) ()
- 78+ aplytp 20 LT )

ap[y(ﬂ+2)-1][1+/1(06p—1)+1j”

1+/

[1+7ﬁ+ap(7(ﬂ+2)—1)](H11f5”]n(r+d)

(z—w)™™". (33
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Corollary 3.2: Let the function f'(z)” defined by (4) be in the class S:,n (a), a,y, B, A, p,l )
Then, we have

om(f’+d)”’[7(ﬂ+2)—1](1+/1(f]i;1)+lj

1+/1ap+lJn

(r+d)” -

<|f(2)°

[1+zﬂ+ap(y<ﬂ+2)—1)][ o

oplr+d)” [y<ﬂ+2)—1](”“f‘{’;””j

<(r+d)” - (34)

1+/
forz € D, where @ is arbitrarily fixed in D .The result is best possible for the function f(z)” given by (33).
Theorem 3.3: Let the function f(z)“ defined by (4) be in the class

S:c,n—i(a)’oayaﬂ,ﬂ/;p,l).

Then, we have

[1+4p +ap(7(ﬂ+2)—l)](wwjn

i ap(r+d)‘”°[7(ﬂ+1—(—1)“”)+<—1)“p](1”(f‘f l‘””j

[1+7ﬂ+ap[}/(ﬂ+1_(_l)ap+l)+ (—l)apﬂ] ](M‘ani

1+1/
<|r;, , (D f ()|

(r+d)ap(1+i(0[p—1)+lj
1+/

1+/

o , o] (14 Map-D+1Y
: ap(r+d)"[7(/3+1—(—1)")+(—1)"]( J
S(r+d)ap(l+ﬂ,(ap—l)+lj . )

1+/

1+ 78+ aplplp+1- 07 )+ (7] ](Hfi@;”j

forz €D, where 0 <i<nand @ is arbitrarily fixed in D. This result is sharp. Our next results shall include
linear combinations of several functions of the type (4).

IV. 4. Convex linear Combination

Theorem 4.1: Let

S (D) =(Cz-)?, a>0, and pe N (36)
and
fap+k (Z)a
aply(B+1-(7 )+ (1) [”’WP‘D”)
:(z - a))ap _ 1+/ (z-0)™*. 37)

[k(l 8 +ap [7(ﬂ+ - (<1 )+ (—1)“”*"] ](1 + A(a;ij—l) +1]n(r vy

Then, f(2)” € S:,n (a), a,y, B, A, p,l) if and only if it can be expressed in the form:

www.iosrjournals.org 71 | Page



Certain Subclasses of Analysic P-Valent Functions With Respect To Other Points

@) =2 0L (2" (38)
k=0

where

O 20 and ié'{wk =1. (39)

k=0
Proof: Let
f(Z)a :Z5op+k ap+k(z)a :5apfap(z)a +25ap+k op+k(z)a : (40)
k=0 k=1
Using (36), (37), (38) and (39), it is easily seen that
f(@)°
aply (B +1- (17 )+ (<17 [”“‘fwl‘””j 8o
Z(Z _a))W’ _ + . (z w)ap+A 41)
k4 8) + ap B +1- () )+ (-] ][1”@1 Thebd j (r+d)*

since

ke +aplp(p+1-7 )+ et ][1 AR j (r+d)
5ap+k
aply{p 1=y ] (A D
(g1 - )+ (1] (HWP—D”]
. 1+/ _ = 5.
k14 18)+ ap [y (B+1- =y ) 1y ] ](1”(@1 rhehe! j rrdy ©
1-5,,<1. (42)
It follows from theorem 2.1 that the function f(z)” € S:,n (a), oy, B, A, p,l ) Conversely,

let us suppose that f(z)” € S:,n (a),a,y, ﬂ,l,p,l). Since

aply(B+1- () )+ (-] (1+/1(047—1)+lj

1+/
ap+kS n
[k1+18) + ap (B +1- (1) )+ -1y ] ](1”(“11 j D+ ] (r+d)
k21, peN,neN,,a>1,0< f<1,0<y<1 and zeD.
Setting
k(1 + 18) + ap [ (B +1- (=) ) (—1y 7] ][1”(“’;1 f‘”” j (r+d)
5Otp+k = n
ap[y(ﬂﬂ_(_l)ap)ﬂ_l)ap] (1+z(ﬁl—1)+zj
and
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Sy =1=D Cppui -
It follows that f'(z)“” Z op kS apes (2)7 and this completes the proof of the theorem.

Corollary 4.1: The extreme points of the class S:’n (a), a,y, B, A, p,l ) are functions given by (36) and (37).
Theorem 4.2: Let
S (D) =(Cz-)?”, a>0, and peN (43)

and

fap+k (Z)a =

ap[y(ﬂ+2)—l] (14—1(0{[) —1)+ljn

(z—w)® — 1+/

(z— )" 44

1+ 78+ ap |y B +1-(=1)" )+ (=) I+ Aap+1 n(r+d)
R e e[ 122

Then, f(2)” € S:’n (a),a, 7, B, ﬂ,p,l) if and only if it can be expressed in the form

f(Z) z op+k ap+k(z)a > (45)

where

O 20 and Z ik = (46)

The proof is similar to that of theorem 4. 1.

Corollary 4.2: The extreme points of the class S:,n (a), a,y, B, A, p,l ) are functions given by (43) and (44).
Theorem 4.3. Let

S (D) =(Cz-)?, a>0, and peN (47) and
Sapi(2)" = (- )" —

aplr(B+1- (17 )+ (-1)7] (”Mf’jl‘””j

[k(lﬂ,ﬂ)+ap[y(ﬂ+1_(_1)ap+k)+(_Damk] ](1+/1(ap+k—1)+ljﬂ(r+d)k

(z— o)™ 48)

1+1
Then, f(2)” € S:C,n (a), a, v, B, A, p,l) if and only if it can be expressed in the form:

f(2)* Z i S (D) (49)

where

O 20 and Z wik =1
The proof is also similar to that of theorem 4. 1.
Corollary 4.3: The extreme points of the class S:C,n (a), a,y, B, A, p,l ) are functions given by (47) and (48).
Theorem 4.4: The class S:,n (a), a,y, B, A, p,l ) is closed under convex linear combination.

Proof: Let us suppose that the function f,(z)” and f,(z)” defined by
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1@ =(z-0)” —iap+k,j(0!) (j=L2;ze) (50)

are in the class S:’n (a),a, 7,ﬂ,ﬂ,p,1)-
Setting

J@" =u i@ +(=-w)f,(2)*,  (O=<u<]). D)

Then from (50), we can write

F@ =z-0)" =Y |ua,, (@ +(1-wa,, (@)z-0)"* (0<u<lzeD)s2)
k=1
Thus, in view of theorem 2.1, we can have that

i[km 1B +ap[r(B+1- (D" )+ (07| |+ ) (ua, . (@) +(= p)a, ., (@))
=) [kt v aply(p+ -7 e o I @)t @)

+(l—u)i[k(l+7ﬂ)+0w[7(ﬂ+1—(—1)“"’+k)+(—1)““”k] In(r+d)a,,, (@)
<pap|p(B+1-(=D% )+ ()7 b+ (1= waply(B+1- (=17 )+ (=17 |
— ap|y(B+1-(=D)7 )+ (D)7 g,

n:(1+/1(0@+k—1)+1j and g:[1+/1(049—1)+lj
1+/ 1+1

which show that f(z2)“ € S:,n (a), a,y, B, A, p,l) and this complete the proof of theorem 4.4.

Theorem 4.5: the class S:,n (a), oy, B, A, p,l ) is closed under convex linear combination.

Proof: Let us suppose that the function f;(z)“ and f,(z)“ defined by
[@ =@-0)" = a,, (@ (j=12z€) (53)
P

are in the class S:,n (60,05,7,,3, ﬂ,,p,l).
Setting

F@ =ufi@) + 1= /()% (O0Su<). (54)

Then from (53), we can write

f(@)" =(z-w)® —i[ﬂaw,l(a) +(1 —ﬂ)ap+k,2(0!)](z ~@)"" (0< u<l;ze D). (55

Then from (54), we can write

5. Radii of starlikeness and convexity
Theorem 5.1: Let the function f'(z)” defined by (4) in the class S:,n (a), a,y, B, Z,p,l).

Then f(z)” is starlike of order @(0 <@ <1) in | z—@|<7;, where

k

(op- )1+ 18) + ap [y (B +1- () #™ )+ (-1 ] ][1”(“11 j‘”” j (r+d)

r=inf . (56)

apth-trap-pl{p1-c)7)s ] [FA@ D

The result is best possible with the extremal function given by (15) and 7; attains its infimum for £k =1.
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Proof: 1t is ample to show that
G-/ _
f(2)"
for |Z - a)| < #,. This implies that
3D o)
(=) -3 4, (@fz-0)"

o0

ap|<oap—@

<op-—@

or

1k 1 p+k 05)|z—a)|/c

L <ap-o.
1- Zklal’+k a)(z—a))k
That is
© k
zk=1(k_1+ap_¢)1p+k(axz_a)| Sl (57)
ap—@
From theorem 2.1, we have
5 s at ) allpa-e e J AR D)
- <1. (58)
ap[y(ﬂ+1_(_l)ap)+(_l)ap](1+l(0q;+;c—l)+l)
+
Hence, (57) is proven true if
(k—1+ap—p)z—af
ap—@
r+d) [k(1+y8)+ +1-(-1 +(-1 —
e e R ) e
<
ap[}/(ﬁ+l—(—l)ap)-i-(—l)apj(l_'_l(a];_'_;c_l)_'_lj
+

That is,

(ap- k(1 + 1)+ aplp(B+1- ()7 )+ (-1 ] ][1”(“‘; j ‘””j (r+d)"
k>1

1+/1(ap—1)+ljn
1+!

k—dé
ap(k=1+ap =)y B+1-(-1)7 )+ (<) [

and this ends the proof of theorem 5.1.
Remark: It is clear that 7, attains its infimum at £ =1 for the function f (Z) given by

047[7<ﬂ+1—(—1)ap)+(_1)@Il+2(ap_1)+ljn

Sy =(z-0)” - I+ Z— o).

berparylp 1oy [

Theorem 5.2: Let the function f (Z)a defined by (4) be in the class Sz,n (a), a,y, B, A, p,l ) Then f (Z)a is

starlike of order (0(0 <p< 1) in |Z - a)| <r,, where
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€L
k+

1+/

aply(p+2)-f AL ALY

The result is best possible with the extremal function given by (18) and 7, attains its infimum fork =1. The

(@-oliti ) anlpe2)-] AL gy

r =H}€f . (59

proof is similar to that of Theorem 5.1.
Theorem 5.3: Let the function f (Z)a defined by (4) be in the class S:C,n (a),a, v, B, A, p,l ) Then f (Z)a is

starlike order (0(0 <p< 1) in |Z - a)| <r;, where

-oltp)ranlfp -y e ] A D gy

€1
k+

r3=inf 1 /11+l )+1) (60)
T e amallan-r e A
+
Proof: 1t is ample to show that
v
1+ (Z_a))(f(ﬂ) ) —ap|<ap—o
(r(8y)
for |Z - a)| < #,. This implies that
XMk
an(z—a)?" =N iy Xz — )7
‘ p( ) k=1 ap p+k
or
«» klop+k
‘_ Zk:l (aip )ap+k (a)(z - a))k
<op-¢.
P +k
‘ 1= Zk:l (al;p )ap+k (0()(2 - a))k
That is,
>k +apk+ap—pla, (@) —af 1
aplop - ) e ©D
Now, (61) is proven true if
(k + WXk +ap — ¢)ap+k (aMZ . a)|k
aplap - )
(r+d) [k (1-78)+ aplp(B+1- (1) )+ (1) ]](1 + z(a,; + f ~1)+ 1]
< + ©2)
aply(B+1-(-1)7 )+ (1) ](1 * i(fwl—l)+ lj
+

Solving for |Z - a)| , we have that
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lz—a|=

(e~ -78)+ aplylp o1~y Jo iy J AR D g

1+ Alap —1)+1Y'
1+/

(k+ap )k +ap - (0)[7(ﬂ +1-(=1)" )+ (-1)” ]

This completes the proof of theorem 5.3.
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