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Abstract: For functions f(z)of the form:

f(2) :Z+iakzk

which are starlike and convex of order O in the open unit disk U, the authors derive a new subclass of

normalized analytic functions in the open unit U . The results presented in this paper generalize many existing
results in the literature.
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I.  Introduction
Let J be the class of normalized analytic functions of the from

f(z):z+iakzk (1
k=2

in the open unit disk U= {Z : ‘Z| < l}.

We denote by S the subclass of J , consisting of functions which are also univalent in U.
Here, we recall the famous classes of starlike and convex functions:

S*z{feJ:Re{Z?((ZZ))j>O, zeU},

S ={f€J:R€(1+wj>O, ZGU}

1)
Let @ be a fixed point in U and

Jw)={f e HO): f(w)= f'(0)-1=0}
In [11], Kanas and Ronning introduced the following classes

S, ={f eJ(w): f is univalent in U}

ST, =1 feJ(a)):SR[(Z_;)f)ZJ;(Z)j>O,zeU}, @

cv, = {feJ(a)):i)’{£1+(ZL)fﬁ(z)j>O,zeU} 3)

2] //
/'(2)
and these classes have been studied extensively by Acu and Owa [1]. We recall that a region of the complex
plane is said to have star geometry with respect to a fixed point in it if every other points of it is visible from the
fixed point. In other words, a ray or line segment issuing from the fixed point inside the region to any other
point of it lies entirely in the region. Also, if a region has star geometry with respect to every point in it, it is
called convex. That is, the line segment joining any two points of this region lies entirely inside it. Therefore,

the class S; is defined by geometric property that the image of any circular arc centered at@ is starlike with

respect to f (a)) and the corresponding class S ; is defined by the property that the image of any circular arc
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centered at @ is convex. Thus, we observe that the definitions are similar to the ones introduced by Goodman in
[8] and [9] for uniformly starlike and convex functions, except that in this case the point @ is fixed.

The function f (Z) in S is said to be starlike of order O if and only if
z—ow)f'(z
m(wJ S5 zeU @
/()
for some 5(0 <o< 1). We denote by ST, (5 ) the class of all starlike functions of orderd . Similarly, a
function f (Z) in S, is said to be convex of order 0 if and only if
z—ow)f"z
E}{{l+w}>5zeU ©
/'(2)
for some O (O <o< 1). We denote by CV, (5 ) the class of all convex function of order & . We note that the

class ST, (5 ) and various other subclasses of ST, (5 ) have been widely studied by many authors (see [Acu

and Owa[1], Aouf[2], Cho et al[3], Clunie[4], Duren[5], Goel and Sohi[7], Ghanim et al[10], Oladipo[12] and
Uralgaddi and Somanatha[13] ) to mention just a few.

Let S, ( p) denote the subclasses of J (a)) consisting of the function of the from

16 éak(z_w)k (a. 20). o

where o = Re S(Z, a)) with O < ¢ < 1. For the function f(Z) in the class S, (p), we define

1,f(z)=f(z)
I,I;f(z) = (Z - a))f'(z)+ (az_i,p)ﬂ = (aii,)p + ]‘:z::kak (Z - a))k

21 =l () + 2B = 2 S (o o)

(@-0) (a-0) T

and for n =1, 2, 3..., we can write

1" f(2)=(z - o)1 f(2)) + j@" __ W S ke (--0)

Now, we let,

That is,
A aﬁ(z_w)pﬂ{ug(al(z_w)w cao—o)s.)
+%(a1 (z-0)" +a,(z- )" +)z+]
=(z—w)™” laﬁ + Ba’! (a1 (z-0) " +a,(z- )™ +)

+Maﬂ*2 (al (Z— a))p+l +a, (Z — a))p+2 —l—...)z +]

which implies that
f2) =(z- a))pﬂ{aﬂ +> 8, (al (z—0)f" +a,(z- a))p+2+ )m}

where,
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B = ﬂaﬁ_ B = , ,5'—2,“. )
Therefore,
o 3 (1)
Jitas =m+;ak(ﬂ)(z—w)" s (7)

where azRes(z—a)) with 0 < <land p,eN.
For function f° (Z)ﬁ in the class S, ( p.p ), we define

)= £

I;f( z a))(lf y+ p,b’)aﬁ (pﬁ)aﬂ iker ak(,B)(z—a))kW(lf'B)

BIGY =l )+ pﬂ e =§f’f)w)pﬁ+g<k+p<1—ﬂ)>2ak<ﬂxz—w>“”“%

dfor n=1, 2, 3..., we can write

/ "af ” al & k+p(l-
(3)

Remark:

(1) In the case p = =1, the differential operator I, was given by Ghanim et al [10].

(i1) In the case p = =1and @ =0, the differential operator /" was given by Frasin and Darus[6].
Definition:

The function f(Z)ﬂ € Sw(p,ﬂ) is said to be a member of the class STw(n,p,ﬂ, 5,1//)ifit satisfies

v -1- o1/ () (- oM/ Y
e ey e
P P
(ne N,=Nw0), 0<a<l,peN, feN forsome 5(0<5<1)and y =2,3,.
It is trivial to see that ST, (0,1,1, oW ) is the class of starlike functions of order & and ST, (0,1,1,0, v ) gives

the starlike function for allU .
Let us now write

S, (n,p.B.8.w)=ST,(n. p. 8.5.w)NS,(p. B) ©)
where S, ( p.p ) is the class of functions of the from (7) that are analytic and univalent inUU . In the present

+(pB+v)<

paper, we shall consider some properties for the classes S7, (n, p, 3,0, l//) and S, (n, p, 3,0, l//).

II.  Coefficient Inequalities
Our first result provides a sufficient condition for a function, analytic in Uto be

in ST, (n, p, B.6,v).
Theorem 1: Let the function f(z)’ be defined by (7) and 5(0< & <1) if

S (k+ pli=B)) ((k+ pli- B)+ ), (BY < &’ (pBY (B - ) (10)

k=1

then /(2" € ST, (n, p, B,6,y).
Proof: Suppose the (10) holds true for 0 < < 1. Consider the expression
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MUt )|l ) + o+ oY |-

That is,

(-0 /(Y ) +w(6-1)- )Y,

m(r.f')=

+ 3 (k+ p(1- B Iy lk+ pli- B)+ 2B -1) -k +a, (B)z - ) 7

k=1

(pB2-y)+yNpp)a’

‘ (Z _ a))pﬁ

-(eeive aj)”(pﬁ 32k =) e 1= 5=l (e -0

Now, for 0<|z—a)|=r<1 we have

M (1)< (k+ pli= P s pli- )+ 8l (B)r 7 = (pB=5pB) " (1)
k=1
The above inequality (11) holds true for all r(O <r< 1) Therefore, letting 7 —> 1in (11), we obtain

M(f, ) <3 (k+ pi-B) Ik + pli- )+ 5]| @ (B) |- w(pB-5) (pB) @’

k=1
by the hypothesis (10). Hence, it follows that

-1z -0/ E)) (c-o)rrG)Y)
- + +y)< i +y(o
e A N
(neNOZNUO), 0<a<l, peN,feN for some 5(OS5<1) and ¥ =23,.... So that

f(Z)ﬁ € STw(n, p, 3,0, l//). Hence, the theorem is proved.
Corollary 1: Let n =0 =0 in theorem 1, then we have

Z(k+p Xak ,BX

k=1
Corollary 2: Let n=0 =0 and =1 in theorem 1, then we have

S (k+ pl1- B))a, (B < B

=1
Corollary 3: Let n=0 =0 and p = ff =1 in theorem 1, then we have

ik|ak (1) <a,
k=1

therefore f'is starlike univalent in all z € U with condition (0 <z< 1).

~1)-pp

Corollary 4: Let n=0 =0, p = ff=1and & =1 in theorem 1, then we have

ik|ak (1=<1,
k=1

therefore f'is starlike univalent in U .
Corollary 5: Let n =1, 6 =0, and p = /=1 in theorem 1, then we have

ikﬂak(lj <a,
k=1

therefore fis convex univalent in all z € U with condition (0 <z< 1).
Corollary 6: Let n=1,6 =0, p= [ =1 and @ =1 in theorem 1, then we have

ik2|ak(1] <l,
k=1

therefore fis convex univalent inU .
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Next, we shall give a necessary and sufficient condition for function f € Sw( R ﬂ) to be in the
class S;(n, p. B, 5,!//).

. Vij v}
Theorem 2: Let the function f (Z) be defined by (7) and let f (Z) es, ( p. P ), then
f(Z)ﬁ € S:) (n, p. B0, l,y) if and only if (10) is satisfied. The result is sharp.
Proof: Assume that f(Z)ﬂ € S;(n, p, B, 5,1//). Then

(v -1z -oW1r () )
Gy +(pB+v)
(- o)1/ Y)
I,,f(z)ﬁ +y(6-1)-pp
(pB+y - fvﬂ( )—;))(pﬂ . i ks p(i— B) da, (B)z— )"0

<1 (12)

‘ (w(6-1)-2pB)pB) +Z’°:(k+p ) g, (B)z - @) 70

(z-w)”
where

p=lwlk+p(i-p)+p2B-1)-k+y], o=[k-y(1-5)+p(l-2p)]and zcU.
Since ER(Z)S |Z| for all z , it follows from (12) that

(pﬂ+t//—éﬂ(w)pﬂ))(pﬁ)" a’ +2 (b + pll— ) da, (B)z - o) 07

( ( ) ZPIBXP,B +i(k+p (mk(ﬁ)(z a))k+ﬂ(l B)

(z-w)”
where

=yl + p(1=pB)+ p2B—-1)-k+y], p=[k—y(1-5)+ p(1—2)] and zeU.

(z-olsz))

is real. Upon clearing the
n s
1,/(z)

denominator in (13) and letting (Z - a)) — 1 through real values, we obtain

<1 (13)

We now choose the values f (Z)ﬂ on the real axis so that

n

Sk + pli-B)da, (B) < w(pp-8XpBY o =S (k+ p(1-B) 9 (B) ()

k=1 k=1
where @ and @ are as earlier defined.
This implies that

S+ pli-B)) lwle + pli- B)+ S, (B) < w(pB - 5XpB) o

k=1
which immediately yield the required condition (12).
Our assertion in Theorem 2 is best possible for the functions of the from

s (Z)ﬂ:( @ (pB-opBYa’ (s

—o)f”  (k+p(i- ) [k+ p(i-B)+ 4]
(k>1,neN,, p,BeN,0<5<1,0<a<1)

Corollary 7: Let the function f(z)) be defined by (7) and letf(z) €S, (p.p). 1t
fe S;(n,p,ﬂ,5,y/),then

(15)
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2 (5)< (pB—5)pp) o’
) G D= AV e+ pli—B)+ 0]

(16)

The result in (16) is best possible for function fk ol ﬁ)(z)ﬂ given by (15).

Now, the distortion property for the functions in the class S; (n, p, 3,0, l//) is contained in the next Theorem.
Theorem 3: If the function f(z)ﬂ defined by (7) is in the class SZ, (n, p, 3,0, l//), then for
0<|Z—a)|:r<l,wehave

o' (pB-6)pB)a’r™" | v
e ey e v A

n + )
o (pp-5fpp)alrt”

T v
with equality for
v (pp=)pp) o (z=w) """ z=ir,r
W = Cap e - p) T+ pli-prea] ")
and
Lo pp-opplatr
P (1 p(- )i+ p(1 ﬂ)+ 5]
y (pB)a” N (pB=5NpB) " r"" (18)
o (14 p(1-B) [1+p(1—ﬂ)+ 5]
with equality for
ZY = a’ (pﬂ—5)(Pﬁ)l1 ( )1+P(1*ﬂ) z=1i
S o e 7 B 7 v Il
Proof: Since S; (n, p, 3,0, l//), theorem 2 readily yields the inequality
$ alp)e wB-dkopYa’ as)

S e pi= B T+ pli- B)+ 0]

Thus, for 0 < |Z — a)| =7 <1, and making use of (19), we have

Pl<Z aﬁ AN, a’ N (pB—5)pB) a’r )
‘f( ) ‘ pﬂ Z| k ] (14 p(1= B 1+ p(1- )+ 5]

and

a’ s a® (pB—38)pB) a’r t+p(1-4)
Y|z L 0N g, (B) .
uos r’ = ()= 5 1+ p(=B) T+ pl1-B)+6]

Also, from theorem 2, it follows that

(pB=5)pp) a’r"?

Ms

Z (k + P( ﬂ))ak (:8) = 1+ pli— )" [1 (- B)+ 5] : (20)
Hence,
I _(ppla” (pB-5)pp)a’r
‘ ” pﬂ+1 kzz; k+ pli=p)a. ()< PP (4 p(1=B) 1+ p(1- B)+ 6] ‘
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(pBla” _ . >(pﬂ)aﬁ (pB=SNpp) a’r"?
R Y R o s v

This completes the proof of theorem 3.

III.  Radii of Closes-to-Convex, Starlikeness and Convexity
The radii of starlikeness and convexity for the class S:) (n, p, 3,0, l//), is given by the following theorems.
Theorem 4: 1f the function f (Z)ﬂ defined by (7) is in the class .S ; (n, p, 53,0y, 2'), then f (Z)ﬁ is close-to-

convex of order T(O <7< 1) in|Z — a)| <1, where

oo [ BNk p1= P (k+ 1= p)+5)|
1 ‘(’p’ﬂ’5"”’)1%f{ S G ) }

The result is Sharp for the function fk (Z)ﬂ given by (15).
Proof: It suffices to show that
i
)

‘aﬁ(z )

.21

+pp (22)

for |Z — a)| <7r.Wehave

- (rey)

‘a["(z—a))_”ﬁ_l rrb

‘Zk -1 k+p h (,B)(Z C())kﬂ7 < Z (k+p( ,BMZ a)|k+p

a ‘ a

(23)

Hence, (23) holds true if

z (k+p( hk ﬁ]z a’|k+p

a’(pp-7)
With the help of (10), (24) is true if
Sk pl- (Bl _ 37 (ks pl- B e+ pli—p)+0)
a’(pB-7) a’(pB) (pB-9)
BNk - G pl1-p) 8)|
- "{ (=6 + pli- A)pB) } @

and this completes the proof of theorem 4.
Theorem 5: If the function f (Z)ﬂ defined by (7) is in the class S:, (n, p,. B0y, Z'), then f (Z)ﬁ is starlike

<1. 24)

(k>1) (5

That is,

of order T(OSZ’<1) in |Z—a)|<r2,

where

r =I’2(n,p,ﬁ,5,l//,f)=inf{
!

@7

(pB—2)k+ p(1=B)) (k+ p1-B)+ 5)}“”
(pB =Nk +pL=B)=2XpB)’ '

The result is best possible for the function f,, (1= ﬂ)(z)ﬁ given by (15).

Proof: It suffices to prove that
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+pp (28)

for |Z — a)| <r,, We have

) Y ‘ i (k+ pla, (B)(z - o) 0" ‘
%(Z a;i(Z];EZ) ) +pﬂ — k:lﬂ -
e

(k+ pla,(B)z—af"”
! . (29)

a’ - iak (ﬂ]z - a)|k+p
k=1

NgE

i (k+pla, (B)z-w)"”
k=1

a’ +3 a,(BYz—w)"

k=1

IA
T

Hence, (29) holds true if

Ss pPe-of " <)o -Salple-of | oo
Z;(kﬂ?( )—1h, ﬂ]z a)|k+p
(pB—7)a’

<1, 31

with the aid of (10), (31) is true if

2 et =)=t (plz—af " _ (k+p(l—(ﬂ))” (k+p1=$)+6) (1 5 )

(32)
(pﬁ - T)aﬁ pﬂ)” (pﬂ’ ~ 5)
which implies that
(o8~ + pl=P) (k= pl1- B)+ y}klp
s > 33
el { (pB—7Nk+ p(l—p)-7)pp)" 33)

and this completes the proof of theorem 5.
Theorem 6: If the function f (Z)ﬁ defined by (7) is in the class S ; (n, p, 53,0y, T), then f (Z)ﬂ is convex

of order T(OST<1) in |Z—a)|<r3,

where
. o (pB—7=1)k+ p(1-B))" (k+p(l_ﬂ)+5)}klp
r,=nlnp,B,0,y,7)= -
(n.p.B.8.p,7) H}f{ (pB 7Nk +p(1-B)-)pB)

The result is best possible for the function given by (15).
Proof: Using the same technique employed in the proof of theorem 4 and 5, we can show that

(—ols(py)
- (wr)

for |Z - a)| < r, with the aid of theorem 1. Thus, we have the assertion of theorem 6.

<(pp-7) (35)

+1+pp
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IV.  Convex Linear Combination
Our next results involve linear combination of several functions of the type (15).
Theorem 7: Let

o’
Sunle) = (z-0)” (36)
and
s " s
Seepip2) = ( = (pB-5)pp)a (z—@)*" 0" (37)

+
z=o)”  (k+p(-p))(k+pll-p)+0)
Then, f (Z)ﬁ es, (n, p, B0 v ) if and only if it can be expressed in the form
f Z)ﬁ = ZQk"'p(l_ﬂ)flwp(l—/f) (Z)ﬂ ’ (38)
k=0
where
Qopip 20 and 3 Q4 =1.
k=0

Proof: From (36), (37) and (38), it is easily seen that
s\ 5
z ) = ; Qk+p(1—ﬂ)fk+p<17m (Z)

a’ (pﬂ - 5)(pﬂ)n a’ 2 _ o))
e () e (A

Since
s e pl=p) ks pll=p)es)y (pﬂ—5)"(pﬁ)"aﬂ :ig
k=0 (Pﬁ - 5)n (pﬂ)n a’ Fols) (k + p(l - ﬂ))ﬂ (k + p(l - k=l ForA)
:l_Qp(lfﬂ) < 1 .
It follows from theorem 2 that the function f° (Z)ﬂ € S; (n, p.B.o,w )
Conversely, let us suppose that f° (Z)ﬂ es, (n, p, 3,0, l//). Since
< (pﬂ 5)(pﬂ)n ’ (kZl, neNO),
(k+p(=pB)) (k+ p(1-p)+5)
setting
k+ pll— k+ +0
Qk+p(l—ﬂ) — ( p( ﬂ)) ( pS ﬂﬂ) ) (k >1, ne NO)
(pB—5XpB) @
and
Qi =12 Lepip) -

bl
1l

1

ZQk‘*’Pl ﬁ k+p(1- ﬁ)(z)ﬁ'

k=0

It follows that

This completes the proof of theorem 7.
Theorem 8: The class S; (n, p, 3,0, l//) is closed under convex linear combination.

Proof: Let us suppose that the functions f, (Z)'B and f, (Z)'B defined by
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a®?

‘fj(Z)ﬁ =W+;ak’j(z—a))k+p(lﬂ) (] :1, 2, z EU) (40)

are in the class S;(n, p, 3,0, l//). Also, setting

S =i () + (1= p) () (0<u <), (4D

Then, from (40), we can write that

Vi 0
f(z)ﬂ=a—+z,(”ak’l+(l—u)ak,2) (0S,u<l;zeU) ) 42)
k=1

(z-w)”

Thus, in view of theorem 2, we can have that

>l 1=y e pl1-5)+ ) (s, 1 10k;)

= w3 (ks pl1= P (k- pl1= B)+0) e (= 3k~ 1= B (5 pl1= )+ ).

< ilpB-5XpBY o’ +(1- u)pB-NphY  =(pB-SNpB) o

which shows that f(Z)ﬂ es, (n, p, 3,0, l//) and this complete the proof of the theorem.
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