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Abstract: The multiple solitonsolutions of (1+1)-dimensional Hirota —Satsuma shallow water wave equation is
studied usingPainlevé- Bdcklundtransformation and the simplified Hirota’s method.Also the hyperbolic and
theExp-trigonometric function methods are used to obtain some more kind of solitary wave solutions.
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I. Introduction

The search for exact solution to non-linear differential equation is significantly important to
mathematical physics. Exact solution plays vital roles in understanding various qualitative and quantitative
feature of nonlinear phenomenon. There areclasses of interesting exact solutions such as solitonand the
travelling wave solution, but it often needs for a specific mathematical technique to construct exact solution due
to non-linearity property in dynamics (Su, et al,2007)

Various methods have been employed to study integrable system and nonlinear evolution equations.
Such as:Hirota bilinear method, (Hirota, 2004)the inverse scattering method,(Ablowitz, 1981)the Darboux
transformation, the generalized symmetry method (Adamu and Suleiman, 2013),Wronskian determinant and etc
(Ma, 2003).They all make it possible to create multiple soliton solutions for many integrable systems and
nonlinear evolution equations.Yet, the Hirota’s bilinear method and the simplified Hirota’s method are more
appealing to the solutions of the multiple soliton solutions for the nonlinear differential equation.(Hirota, 2004)
We will in this workuse the idea proposed by (Hereman and Nuseir, 1997, Wazwaz, 2013) to investigate the
(1+1) — dimensionalHirota —Satsuma shallow water wave equation of the form:

Uu_+30U0-3UV -U_ =U,

V=-U

for multiple soliton solution using the combine Painléve-Backlund transformation with simplified Hirota
method and also to obtain travelling wave and singular solution using some hyperbolic and exp-trigonometric
function methods. Equation (1) models the unidirectional propagation of shallow water wave, where V(x,t)

represents the horizontal velocity of water and V(x,t)gives the deviation height from the equilibrium position of
the liquid.(Hietaranta,,2009)

Q)

II.  Multiple soliton solutions
According to (Wazwaz, 2013) we can definethe Paninlelvé — Backlund transformation

U(x,t)=(Inf), +U,(x,t)
V(x,t)=(nf)_ +V,

where f is an auxiliary function ofx,t that will be used to get the one soliton solutions. The

(@)

truncatedPainlevéexpression of the system (1) is used to obtain the transformation (2).
For the solution of (1) the function U, (x,t) and V, are considered as arbitraryansatz and for simplicity we set

U,=V,=0
which gives

V(x,t)=U (x,t) 3)
Substituting (3) into (1) gives a single nonlinear equation

2U, -3UU, -3U U, +U, =0 @)

In order to get the dispersion relation, we set
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U(x,0) = (Inf (x,1)),, )
where the auxiliary function f(x,7) is given by
k;x—c;t
S(x,)=1+&"""" | =123 (6)
Substituting (5) in (4) gives the dispersion relation by
k.
= f =123 )
1-k

Noting that the dispersion relation depends only on the coefficients of the variable x
Using (5) gives the kink and the soliton solutions

k.x + ki t
ke ! k2 -1
U(xa t) = 1 5 kit
(1+e kf_l)z [
kot Ly (®)
i 1
e "'(+e F
Vix,t)=—
( ’ ) kix + kz"t
(I+e Ky

Respectively, where we used V(x,t) =U (x,t) as given in (3)
For the two solitary wave solution we set the auxiliary function as
kyt kyt
(k]X‘I‘T) (kzX‘l‘T)

k-1 -
f(x,t)=1+€ ! +e 2 9)
Now substituting (9) and (5) into our equation (1) we obtain the two kink solutionsand the two soliton solutions
by

, (2k1x+kzzk'j1) , (2k2x+lfzkitl) N +k2)x+(%+k’2‘il)z
Ulx t)_kle ' +ke 27+ (k +k))e R
) =
(k1x+%) (k2x+k1;2_tl )
I+e " +e ?
2k 2% 2k |k k| 2k
s (2k1x+k2‘_tl) R (2/c2x+k2 _zlt) 5 (2K +hy ) x+( k2—11+k22—1)t (k1+2k2)x+(k2‘_]+k2_zl)t
P 2ae T r2kge B4l —k) Gy Hh)e R e i1
X,t) =
o L L L L
l+e 7" 4e BT
(10)
respectively,
For the three solitary wave solutions, we set the auxiliary function by
k;x + :21 tl krx + kz tl kyx + lf;’ tl
f(x,t)=1+e T +e T +e : (11)
proceeding as before, the three kink solutions and the three-soliton solutions can easily be found to be
Kyt K, k;
3 ke x+—L 3 (k;+k;)x+( L +—72 ¢
’ 2 L kP —1 k71
E ke o+ E (k, —k,)’e ! /
=1 =1
U = : =
Kt 2
3 (Fepxt- 550
1+ E e T
i=1
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kit k; kj
3 3 kl-x+k2’1 3 5 (k"+k/)x+(k2 1+k2 1)t
i _ i i~
D kle + > (k +k )k —k,)e
i=1 i
_ i>j
V= kit
3 k,-x+k2’1 5
1+ Ze )
i=1
ok
3 k,x+k12‘f’1 S k,x+k’2"tl 3 ) (k,-+kj)x+(k/2“ e
_ i i _ A
2 Zkie Zkie +Z(k,. k;))e
i=1 i=I i,j=1
i>j
— (12)
e

It is well known that the existence of three solitary wave solutions shows that the multiple solitary
waves, including the N-soliton solutionssolutions are obtainable (Hietaranta, 1987, Wazwaz, 2008)

III.  Other solutions: the hyperbolic functions methods
In this section we will apply the hyperbolic functions approaches in order to determining some
travelling wave solution. The schemes that will be used include:

3.1 The tanh method
In the tanh methodwe employ the use of the expression as used by Wazwaz, (2013)

U(x,t)=a+ ftanh(kx—at) s allowed (13)
as a solution of the system (1). To determine o, and the wave speed @ we substitute (13) into (1) collect the

coefficient of tanh’, i =0,1,and equate it to zero to obtain

20wpf -3awf -k =0 (14)

Solving for @ we have
o= k 15
2-3a (1

where a& [ are assume to be free parameters.
This gives the solitary waves solutions of the system (1) as

k
U(x,t):05+ﬂtanh(kx—2 t)
2 k
V(x,t)=kpsech” (kx— 3 t) (16)
—Jx
Substituting tanh forcoth in (13), and proceed in the same way as before we obtain the singular solutions.
k
U(x,t)=a+ pcoth(kx ——)
2-3a
a7
k

V(x,t)=—kpfcsch” (kx— E)

The tan method
The tan method admits the used of the expression

U(x,t)=a+ ftan(kx — wr) (18)
as the solution of the system (1). To determined o, and the wave speed @, we substitute (18) into (1), collect
the coefficient of tan’ ,i =0,1 and equate to zero we obtain
—20f +3afw+kf =0

Solving for @ we obtain
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k
w=—
2-3a

where o is left as a free parameter.
This gives the solitary waves solutions of the system (1) by

U(x,t):a+ﬂtan(kx—Lt)
2-3x
k

V=k (o ———¢
fsec”( Y )

3.2 The cot method
Replacing tan by cot in (18) and proceeding as before we obtain the singular solutions

k
U(x,t)=a+ fcot(kx —1)
2-3«a
2 k
V(x,t)=—kpcosec” (kx ———1)
2-3a
3.3 The exp -trigonometric method
In the €Xp -trigonometric we use the expression
U(x,t) =™ (acos(kx — wt) + Bsin(kx — wr)) (19)
as a solution of the system (1). To determine the wave speed, we substitute (19) into (1), collect the coefficients
of

" cos(kx—art), € sin(kx —ar)
and equate to zero to obtain

k(a+p)-20(a+ p)=0
k(a—p)—20(a—£)=0
Solving for e, 3, and @ we obtain
w=1k
L=*ta

where a is chosen to be a free parameter,this gives the solitary waves solution to the system (1)

By U(x, 1) = ae™ " (cos(hx — L kt) % sin(hkx — 1 kr))

V(x,1) = kae®™ " (cos(kx — L kt) % sin(hoc — L kr)) + kere™ ' (—sin(ox — L k) % cos(hx — L kr))

IV.  Discussions
The (1+1) — dimensional Hirota Satsuma water- wave equation is investigated for multiple soliton
solutions using different approach. Equation (1) models the unidirectional propagation of shallow water wave.
The existence of the multiple soliton solutions and some travelling wave solutions indicates the variety of the
application of the equation in engineering and science.
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