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Abstract: The present paper evaluates certain double integrals involving H -function of two variables [21]
and Spherodial functions [23]. These double integrals are of most general character known so far and can be
suitably specialized to yield a number of known or new integral formulae of much interest to mathematical
analysis which are likely to prove quite useful to solve some typical boundary value problems.
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I. Introduction

The H -function occurring in the paper is defined and represented by Buschman and Srivastava [3] as
follows :

- M.N ~M.N (aj;a;:4; 0 v @) yap | 1 T &
Hro [z]=Hro [z| (b/_ﬁ/)LM’(b/_,ﬂ/;B/_)Mﬂ‘Q} =5 j H(E)z dE (1.1)
where S - [Tre—AolIira-a o 0] (12)
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Which contains fractional powers of the gamma functions. Here, and throughout the paper
a,(j=L..,p) and b,(j=1,...,0)are complex parameters, ¢, 20(j =1L,...,P), ﬁj >0(j=1...,0)
(not all zero simultaneously) and exponents A,(j=1,...,N) and B;(j =N+1,...,0)can take on non
integer values.

The following sufficient condition for the absolute convergence of the defining integral for the H -function
given by equation (1.1) have been given by (Buschman and Srivastava).

M N 9] P

Q=3 |g|+2|4a]- X B8] 2 |a|>0 (1.3)
=1 =1 j=M+1 J=N+1

and farg(2)| < %m (1.4)

The behavior of the H -function for small values of |Z | follows easily from a result recently given by

(Rathie [18],p.306,eq.(6.9)).
We have

At 1ol ) =pnf {7
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If we take A, =1(j=12,..,N), B, =1(j =M +1,...,Q)in (1.1), the function H po [.]reduces to the
Fox’s H -function [7].

The following series representation for the H -function will be required in the sequel [see Rathie,[18] pp.305-
306,eq.(6.8)]:

Ej‘;f,é\’ |:Z (a/s!Z,;A,-)l’N,(a/,a/.)NH.P :l _
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Where
_ (bh + r)

B,
The E -function of two variables

The H -function of two variables introduced by Singh and Mandia [21] will be defined and represented in the
following manner:
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(br:8;38:), 419, (“’/ L) ) A F585)

(a,,a/;A/)Lm (ej7y3K;), . {e77), s, pz’(e/’E/'Rf) " (e-E5), N :|
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Where
ﬁl“(l—aj +aj§+ Ajn)
4(&n)=— = (1.8)
H F(a —a,5— AU)HF(I b, +,B§+B77)

J=m+1
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11 I (c,~7,&) i (r(i-d,+5:¢))"

[T{r(—e,+£n)" TIr(f,~£)
¢ (n)=— = - (1.10)
H T(e,~Em) H {r(=s+Fm)y”

Where x and y are not equal to zero (real or complex), and an empty product is interpreted as unity
Di»q;»1;,m; are non-negative integers such that 0<n <p,0< m; < qj(i =1,2,3;j=2,3). All the
aj(j = 15 25"'9 pl)ab,(] :1927-"> q1)5 Cj(j = 1527-'-7 p2)5 d,(.] :1729-">Q2)7

e (j=L2,...p,), f;(J=L2,..,q,) are complex parameters.
7,200/=12,...,p,),0,20(j =1,2,...,q,) (not all zero simultaneously), similarly
E 2 0(j=12,..., p; ),F; >0(j=L2,...q;)(mot all zero simultancously). ~The  exponents
K,(j=L2,...m),L(j=my+l,..,q,),R(j=L2,..,m),S,(j=my+1,...,q;) can take on non-
negative values.

The contour L, is in & -plane and runs from —jooto +ico . The poles of F(dj —5j§)(j =1,2,...,m,) lie to

K.
the right and the poles of F{(l—cj +]//§)} "(j= l,2,...,n2),r(1—a_j +a’j§+Aj77)(j =1,2,...,n)to0

the left of the contour. For K j (j=L2,...,n,)not an integer, the poles of gamma functions of the numerator

in (1.9) are converted to the branch points.
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The contour L,is in 7-plane and runs from —jooto +ioco. The poles of

F(fj _F;U)(] =1,2,...,m;) lie to the right and the poles of
R/ . .

r{(1-e,+En)} (j=12m),T(1=a,+a,&+ A7) (j =1,2,...,m) 10 the left of the contour.

For Ri (j=1,2,...,n;) not an integer, the poles of gamma functions of the numerator in (1.10) are converted

to the branch points.
The functions defined in (1.7) is an analytic function of X and y , if

yal P il 92

U=Ya,+>.7,->.8,->.6,<0 (1.11)
— — = —
;1 ;3 ]‘11 j‘I3

V=) A+YE->B->F<0 (1.12)
j=1 Jj=1 Jj=1 J=

The iﬁtegral in (1.7) converges under the following set of conditions:

0=%a-3 a, +25 - Y s +zy1< Sy, Z,B >0 (1)
j=1

J=m+l1 J=my+1 Jj=ny+1
" il
A=A, - ZA+ZF ZFS +ZER—ZE =Y B, >0 (14
Jj=1 J=m+1 J=my+1 J=ny+1 Jj=1
|argx|<EQ7z,|argy|<EA7z (1.15)
The behavior of the H -function of two variables for small values of | z |follows as:
H[x, y]=0( x[*| y "), max {| x|,| y [} =0 (1.16)
Where
. ; . fi
a = min | Re| -~ f = min | Re| — (1.17)
1<j<m, . 1<j<m, .
J j

For large value of | z |,

HIx, y]1=0{|x|",| y "}, min{| x|, [} >0 (1.18)
Where
c.—1 e -1
a'=maxRe| K, -~ , B'=maxRe| R, (1.19)
1<j<n, Ty, 1<j<ny E y
Provided that U <0 and V' <O0.
If we take

Kj =1(j =1,2,...,n2),Lj =1(j =m, +1,...,q2),Rj =1(J =1,2,...,n3),Sj =1(j=m,+1,...,q;)in
(1.7), the H -function of two variables reduces to Z -function of two variables due to [15].

Spheroidal function:
Spheroidal function ¥/, (¢, z) of general order & > —lis defined and investigated by Stratton [] and
later by Chu and Stratton [4] are those solutions of the differential equation:

(1-2*)y,, (c.2) - 2(a+Dzy,, (c.2) +(B,, -2 )y, (c.2) =0 (1.20)

That remains finite at the singular points z = %1.
The spheroidal function can be expanded in Bessel function on (—00,0) ([19], p. 190)
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i"\/g * D (%(n)t]k+oz+l (CZ)
W (C,2) = ' —2 (1.21)
(9 Jry ats

(c2)

With eight eigen —values V, (c), valid for « >—1, whereas the prime over the summation sigh

indicates that the summation is taken over only even or odd values of k as 7 is even or odd.

A recursion relationship ([23], (9)) for determining the @, , s in (1.21) and the eigen-values b, (c) are obtained
from the differential equation (1.20).

If (cz)is real and finite is bounded, hence it follows by M-test that the series in (1.21) is

a+—
(cz) 2
absolutely and uniformly convergent. Moreover it represents a continuous function for all ¢z .
If ¢ —) O and z —> oosuch that ¢z remains finite and the normalization is chosen to be such that

LA

Vo isoa
J (e2)
a+n+—
The function ¥/, (¢, z) reduces to ———=—— since (%xn> —0,k#n.

a+—

(c2)

The following results ([5], p. 172; [9], p. 145; [13], p. 226) in the sequel will be used during the proof
of our main results in a little simplification:

. 55t 15 5): e
[ [y f (4x" +By )dxdy—A B r) \o [27° f@dz (23
min{4,B,y,5},Re(ar),Re(S) > 0.

75 r a+ﬂ
7/+5
© 1770 (a/-,a/')] P

!)‘xp Hoy [cx (5)5,), 113 J,mlq}dx

c”ﬁl"(bj + ﬁjp)

_ Jj=1

T — (1.24)
Hl{l“(l—bj _IBJP)}BJ Hr(aj +a,p)
J=m+ J=

b,
Provided Re| p+ B, Fj :|>0,j=1 2,....,m;|argcl< ;Qﬂ where
J
m q
Q=> -2 BB -2 a>0.

Jj=1 J=m+l Jj=1

24Ju(2) :z”FIB’,Oz —1 (1.25)

2]

(a/ s A/) (a/"a/')N+1,P :| 1 FIJI\’/IQN|:

(b ﬂ»’)LM (b B ;Bj)MH,Q C

(a/,a,-/c‘A ) Ns(af’a/'/c)mlP
(61:811¢), (b, 1e:8))

};c >0 (1.26)

M+1,0
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II.  Main Results
We establish the following double integrals:

TTxa’lyﬂ’lfll [uxsyk (Ax” +By° )Gl ,V(Ax7 +By° )02 }f(Axy +By’ )dxdy
00

a

B
A }/B 5 ® g-*—;—l —0,0: my,my+2: my,n,
Z—é‘J.Zy f(Z)HP1 412D +2,4,+15pa 0
Ve 0
) a s Bk,
Mz (4 ’aj’A~f)1,p1 {er7,K; )' n (1 Fara lj,(l_g’g’lJ’(cj’y')"z”-pz {ep £, )' 3 ( ek )"3+1 5 4
Z
a2 . B k
N bpi8)),, A48, (48, [ s j(f, LS @.1)

s k
: T ns sk . : .
Where, for convenience, M =uAd "B °,N =—+—+0,and the function fis so prescribed that the

v

integral (2.1) converges.
_”x“ 1y Ax7 +By‘5 )63 E;S |:(Ax7 +By5 )04i|

H [uxsyk (Ax7 +By° )G] ,V (Ax7 + By’ )02 }dxdy

a

B
A }’B 5W_6 —=0,m:my ,ny+2:my 1y

pMw?
=7 < A1 p+q.qtppy+2.9:+2p5.93 { o
7/50-4 v %4
s k
(a).2;3 A/) (kb,,—,b’qe;ﬁqqzhﬁq%],(c,,y, ;K/)Ln2 {1%,?;1}(17?,3;1],(9,y,)nzﬂypz,(ej,E,;Rj) e -E; )nw , 22
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a pf sk
“+% 40, T+ 4o s
. o y 0 s
Where for convenience, & = Y ¢ = ,M=uA"B?
(o o,
, 1
provided that |arg W |< 5 Q7 where
Q= Z B+ Z B, Za >0,
=m-+1
a b, d. .
Re —+£+a3 +a4—’+ale—’+c72Sf,f—J >0
y o B D, E

(] =1,...,m;i =1,...,m2;j'=1,...,m3);0'1,0'2,0'3,0'4 are all positive quantities and the conditions (1.11)

to (1.15), with x replaced by M and y replaced by Vv, are satisfied.

TTx“’lyﬂ’l H [uxsyk (Ax7 +By° )G' ,V (Ax7 +By° )az :|(Ax7 + By’ )03
00

o @ B
oy A Y B 3 A A ;/B San ,2 26
l//,un c A’zW(u) dxdy = ; ! W
¢ 2" yoo V., [c % j
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o‘%
2 ) C 2 —=0,1:my 1y +2:m3 1y M2
2 ay HP1+2"113P2+2)‘11+13P3~‘13 20y
r=0,1 Hn v %4

1 K k
(o it ) 1e3l1sr20-2040.2 (e ) (S 2 (B Kaey) o) e,
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2.3)

*+g+0‘1 5k
p="7 M =ud "B °
(o o,

a d. " o
provided that Re _+E+G3+O-1Li_l+a2Si' f—j+r—4 >0,
y O ° D, TF,

( i=L..,my;j'=L..,m;r= O,l,...);c, 0,,0,,0;,0,are all positive quantities; ¥ is not equal to zero;

Where for convenience, & = ( r

and the conditions (1.11) to (1.15) with x replaced by M and y replaced by Vv are satisfied.

Proof of (2.1): To prove the integral relation (2.1), we first replace H by its Mellin-Barnes double contour
integral from (1.7) with 7, =0. On inverting the order of integration, which is justified due to absolute
convergence of the integrals involved in the process, we obtain

e | LICUCERO P IR

(27[1')2 Ll 00

(Axy +By° )‘Tléwﬂ7 f (Ax7 +By° )} dé&dn.

Now, by virtue of the familiar result (1.23) and subsequently to the condition (1.7), the right hand side
of (2.1) is readily verified.
The importance of the result (2.1) lies in the fact that many more interesting double integrals can be

evaluated easily by choosing f'(z) in convenient form as shown below.
Proof of (2.2): In order to prove the result (2.2), we first set

f= B e et e

(B8 ), , 81535, )

m+l,q

In the equation (2.1) and evaluate the resulting integral as follows:

First express H1in the double contour integral form (1.7), interchange the order integration which is
permissible due to absolute convergence of the integrals thus involved in the process, and evaluate the z -
integral with the help of (1.24) after using the property (1.26). On interpreting the result thus obtained by virtue
of (1.7) we arrive at the right hand side of (2.2).

Proof of (2.3): In order to prove the result (2.3), we first set

f(2)=2"y,, {c% 2w (Y )_% }

In the result (2.1) and evaluate the resulting integral as follows:
First express the spheroidal function in the expanded form (1.21), change the order of integration and
summation which is justified due to the uniform convergence of the series representing spheroidal functions. By

expressing the Bessel function thus involved in the form of H -function using the result (1.25), we interpret the

H 1 -function in the contour integral form (1.7). Again, change the order of integration by virtue of De La Valle
Poussin’s well known theorem ([2],p.504) due to absolute convergence of the integrals thus involved. Then,
evaluating the inner integral by virtue of result (1.24) and inverting the double contour integrals by definition
(1.7), we get the required result (2.3).
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Regarding the convergence of the series on the right hand side of (2.3) it would be worth mentioning that the
2

“re2

a C
ratio 2 s —— , and the ratio of gammas involving 7 (even or odd) ([6],p.47(4)), hence the series is
a

»

uniformly and absolutely convergent by M-test.

Special Cases

Since the H -function of two variables and spheroidal functions emerge many higher transcendental
functions and polynomials, a large number of new and interesting results follow as special cases but we record
here only a few of them, for the lack of space.

G I (@22 if we put A=B,y=6=0,=1,s=k= 0,L,=S,=1and  replace
p

d + g +0,,W,u,v,0,,0, respectively by A,ax, 5,0, h,k , we arrive at the result obtained by Gupta and
I\il/ittal ([10],p.12).

(i1) In addition to (1), if we set
p=0m=q=1b =1L0,=0,,a, =4 = 1,2,...,pl),ﬁj =B,=1(j=1,2,....q,) , we arrive at the
result obtained by Pathak ([17],p.12) by virtue of relation:

E:)? [ax‘(‘oﬂl)} =e ™

(iii) Again, if we take
p=9=p=9,=0,A=B=y=6=1L,=1(j=L...n,),S, =1(j=m, +1,...,q,) our integral
formula (2.2) would correspond to a known result due to Panda ([16],p.312, eq. (3.6)).

(iv) If ¢ — 0,z —> cosuch that (cz)remains finite, (2.3) reduces to the following new result by virtue of
(1 22)'

II Y "H, [ux y (Ax + By ) v(Axy+By5)az}(Ax7+By‘s)G3024[’”;]

5\ %4 A ;/375 W729 —0,1:my ,ny+2:m3 ,n =y

S sy 1y 35713 MW
J 1 lizW(A‘x;/ + By ) 4 :| dXdy = HP] +2,q1:py+2,q,+1:p3.43 20y
s Yoo, o

k
(apl N ;Am) [ [1+r+2y 29] @, 4J (c 73K )l - (17% i 1}(1—? E l] (c g )nz+l,p2’(ej’Ef;R’ )1‘”3,(6],Ej )”ﬁl'p} (3 1)
( .

. N - e B s
(bql BB, )’(d/ "’/),,,,,2 ’(d/’a/’L/),,,qu ( PR ']

Valid under the conditions as given for (2.3).

‘S-)
T Imy+gs

. 1 : : :
(v) In(3.1),if weset u= —E,A,By,5,az,0'4,Aj(j =L...p),B,(j=L...9),L,(j=1,...n,),

Sj(j=n/124—1,...,q2),]'71,m3,q3 each equal to unity; S,k,V, p;,n;, f each equal to zero; and replace

B

o
—+ g + 0, by 17, we get the result obtained by Gupta and Jain ([8], p.605).
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