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Abstracts: In this paper, we formulate the mathematical model for the epidemiology of fowl pox infection
transmission that incorporates discrete delay. The model results in a discrete delay system of ordinary
differential equations with delay parameter T = 0. Analysing the system using theorems from differential and
integral calculus, we discovered that the number of infectives after a very long time from the day of inception of
(%5 —a)N +u
et

the epidemic is constant. . The disease free equilibrium and the endemic equilibrium of the system

1° 72
were both established. Using the computable criteria for stability of discrete delay system, unlike ordinary

differential equations models, we obtained exponential polynomial equations.
Analysing the system using lemmas and theorems from [1], [7],[4] , it was established that both the disease free
equilibrium endemic equilibrium points of the system (2.1) — (2.3) are stable in the absence of delay and

unstable with increasing delay if B < vW=2) | that is, the rate at which the birds are recruited into the
a—6

system must be greater than the rate at which birds die and the rate at which infection transmission is taking

place.
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I.  Introduction

Delay is used to mean “time lag” in the transmission process of an epidemic. This refers to the period
taken for the infectious agent in the infected to develop. It is only after this period that the infected birds become
infectious. In modelling biological and physical sciences, it is sometimes necessary to take into consideration
the time delays inherent in the phenomena [5].

Fowl pox can be transmitted by direct or indirect contact. The virus is highly resistant in dried scabs
and under certain conditions may survive for months on contaminated premises. The disease may be transmitted
by a number of species of mosquitoes. Mosquitoes can harbour infective virus for a month or more after feeding
on affected birds. After the infection is introduced, it spreads within the flock by mosquitoes as well as direct
and indirect contact. Recovered birds do not remain carriers.

There are two main strains of the disease, the first appearing as greyish warty scabs on the comb,
wattles and faces of the birds. They can result in serious disfigurement making such birds useless for showing.
The second strain is more serious, causing cheesy substances to form in the respiratory passages, particularly the
throat, which can cause death by asphyxiation [8]

There is no sure cure, other than treating the scabs with iodine and scraping the muck out of the birds'
throats and painting with iodine. The bird needs to be removed kept in an uncrowded area. Clear the eyes and
beaks so they can see to eat and drink on their own, use warm water with a very weak solution of iodine in the
water.

The good news is that the birds naturally recover in 2 to 4 weeks usually, and are then immune to this
particular strain of the disease. But some remain carriers and may become reinfected during molt and other
times of stress. Fowl pox infection is classified among diseases in which individual birds can go into former
state that is become ill after apparent recovery (relapse- recovery). [11]

Inyama, s. C(2006) , in his work on the qualitative study of Kermack and Mckendrick’s epidemic
model, derived a special case of the model for recurrent disease( relapse-recovery model) with the assumption
that after a fixed length of time an infective return to being fully susceptible again . Using the relapse-recovery
model, he investigated the severity of the epidemic and discovered that the number of infectives after a very
long time from the inception of the epidemic is constant. He also established the trajectories that help to know
the extent of the severity. Through these trajectories, it was shown that the severity of this epidemic can be
estimated when the rate of infectiousness and removal rate are estimated.

Obabiyi, O. S (2009), in his research on discrete delay-parameter epidemiological model, established a
cyclic delay parameter epidemiological model for a closed population which is divided into susceptible and
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infective class. He established that the delay does not change the nature of asymptotic stability of endemic
steady state whenever one uses Lyapunov approach.

In this paper, we present a mathematical model for the transmission dynamic of fowl pox considering
the delay inherent in the process of transmission. That is, it takes a period of time say, t for the infectious agent
to develop and become infectious. Also after some time when the bird has recovered from one strain of the fowl
pox may become susceptible to the second strain of fowl pox infection.

II. The Model Framework
2.1 The Assumption
Delay is positive thatis, t > 0
Infected birds are infectious after a time-lag ©
Recovered birds relapse into its former state after a time-lag t
The total population of birds is divided into the susceptible (S), infected (I) and the removed birds (R).

2.2 Parameters/ Symbol

S (t) = susceptible birds at time t
I (t) =infected birds at time t
R (t) =removed birds at time t
B = recruitment rate of birds
o = the rate of infection
§ =therate at which birds recover and join the susceptible population
u  =natural death rate of birds
t = delay parameter

L\ =removal rate of the infection

We divide the population (N) of birds into three sub-populations according to their states at timet > 0;
Susceptible (S), Infected (I), and Removed(R). Our model describes the transmission dynamics of fowl pox
infection based on two strains. Here we consider that birds which recover from one can become susceptible to
the other strain. The infected birds do not become infectious instantly; the infectious agent develops in the
infected over a certain period of time. The delay parameter t denotes the time interval taken for the infected to
become infectious or the recovered bird to become susceptible.

The susceptible population is increased by recruitment of birds (either by birth or immigration) and
birds which recover and become susceptible. This population is reduced by infection and natural death. The
infected population is increased by infection of the susceptible. It is reduced by those that become susceptible
after recovery and natural death. The population of the removed bird is increased by removal from the infected
and reduce by natural death

2.3 The Model Equations

:_f = BS() - aSMOI(t—T) + 8S(t—DI(t—T) —pS oo Q2.1
:TI = aSOI(t=1) — 8St—DI(t—1) —A(t—T) = Pl oo (2.2)
R AME—1) —pR e (2.3)

dt

III.  Severity of the Epidemic
We consider that the removed class does have impact on the severity of the epidemic. The model becomes

j_f = BS() - aSOI(t—T) + 8S(t— DIt —T) ~pS(E)  weroeressemrersssmeeee (3.1)

:Tl = WSOIt—T) — 8SE—DI(t—T) — PI(t) oo (3.2)

Since I + S= N, = S =N -1

Hence (3.2) becomes
;‘—i = a[N=-I®JI(t—1) — §[N-ICt—DJI(t—1) — pI()
Here we seek to determine the number of the infectives after a long time (t — ). We then put this in a

theorem
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Theorem 3.1
di
Let & = aIN=IONE— 1) = N = It = DII(t = D) = 1)
bea discrete delay system. Given thatI(t—1) = %I(t)then there exist a limit of I(t) (a constant value I*) as
t tends to infinity.
Proof:
Let 1(t—1) =211
di 1 1 1
Then & = a[N=I®] ;10 = 8[N- 1] ; 1O — u(®
Let Ly = 5 and lg —
2 2
di 1
Then & = al[N-1(®] - bIOIN-;1©O] -
d_l — _ _ l _ 2 0 0 0 dl —
el (aN —bN — I + (zb a)l which implies that ) dt
Where K = aN—bN—p and D = 1p_,
2
Using partial fractions in the L. H. S and simplifying gives 4 _ _Ddt — _ 5,
KI K(K+DI)
Integrating gives _ 1 _ pekt
K+DI
Applying the initial boundary condition I(0) = I, , wehave _To_ _ 0
K+DIg
: 1 — IO Kt
K-+DI K+DIg
Solving for I gives | — _ Ko
K+DIg—DIgeKt
1 KI,
(K + Dlo)e_Kt - DIO
(%8—0{)N+u
Ast —» oo, - I* where I* = 5
=5 —sa

which is a constant. Hence, the number of infectives after a very long time from the day of inception of the
epidemic is constant.

IV.  Stability Of The Equilibrium State
Considering, (3.1 and 3.2), the disease free equilibrium point is given as
EO :(S* s I*) = (% 70)
The endemic equilibrium point is given as Eg = (S* , I*) = (X2 p-uz)
o=l g—p
Using the theory of computable criteria for stability of discrete delay system, Obabiyi, 2009, ITheagwam, 2006,
Forde, 2005.

n
dx
z = Z A SOXE =1 oo (1)
i=0
A, isthe matrix of the discrete delay system, h; is the discrete delay.
Then the characteristic polynomial of the system is given as

FO) = M = ZPoAe™i] s (4.2)

Theorem 4.7: (condition for exponential asymptotic stability of discrete delay system)
If the roots A of the characteristic equation (4.2) have negative real parts, there exist constants o > 0, k > 0
such that the solution of (4.13) satisfies
Ix®Il < lIlle™t) ,t> 0 ,peC (Forde, 2005.)
where C is a space of continuous function
From the systems (3.1-3.2) and (4.2)

_ (B—my—oal” 0 A A (TR )R

o = ( al® _Hz)A1 - (—ul* (0 — u)S*)
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Considering the disease free equilibrium points g, = (S* , I*) = (%2 ,0)
|39
0 (M—o)—
N B—py— 0 A _ B
0o = 0 —py) 0t T U
2 0 (a—w N

Using the computable criteria for stability of discrete delay system (4.1) and (4.2), just as for ordinary
differential equations, one seeks exponential solutions, and computes a characteristic equation.

0y (B—uz 0)+ 0 (-0 )

tw = |5 0" )0 @ow)e = .3)

Rather than a polynomial equation, we arrive at a transcendental equation of the form

Bt (B )+ (1= ) At (=B — @) Gl = 0....(44)
Lemma (4.1) Cooke and Grossman, 1982. Consider the equation
M +ah+b+(+de™ = 0 e, 4.5)
Where a, b, c, and d are real numbers. Let the hypothesis
Hi: a+c¢c>0
H,: b+d>0

Hy: ¢?—a’+2b<0 and b’ -d>>0or(c’ —a*+2e)’< 4(b° -d’)

Hy b°-d<0 orc®—a’+2b>0 and(c’—a’+2b)’ = 4(b” -d%)

(1) If (Hy) - (H3) hold, then all roots of equation (4.5) have negative real parts forall t >0

(ii) If Hi, Hy, and Hy hold , then there exist t, > 0 such that when t¢[0.1,) all roots of equation
(4.5) have negative real parts, and when t = 1, has a pair of purely imaginary roots +&, , and when 1> 1,

equation (4.5) has at least one root with positive real part. Where

1 d(&% — b) — ac&?
Ty = —arccosfi (§+2 > ) > S

&, g+ d

1 1 2 L
g = 2 -a'+ 20t [(c?-a + 2b)” —4(b? — d})]2

Hence a = —f ,b=pB—p): c=(n—0) %’d = (2 — B)(M—G)%
The conditions for the roots of (4.4) to have negative real parts are
(=) >p* B>p—o . p-0)?® >p Qu —2,p+p° adp>p—a
The disease free equilibrium point of the system is asymptotically stable if, and only if, all the roots of the
characteristic polynomial possess negative real parts. Furthermore, the disease free equilibrium point of the
system is asymptotically stable if, and only if, it is exponentially asymptotically stable, Hong-shan and Hong-
yan, 2002.
Hence the disease free equilibrium is exponentially asymptotically stable fort >0 if p,(u—a) > p? .
B>p—a , wBu—a)?>p Cu—2m,p+ptandp>p—o
Lemma 4.2 Cooke and Grossman, 1982: A steady state with characteristic equation
M 4ar+b+(@A+de™ = 0 . (4.6)
is stable in the absence of delay and becomes unstable with increasing delay if and only if
(1) a+c>0 andb+d>0
(ii) Either b> < d? orb? >d? , a’<c?+2b
and (a? — c? — 2b)? > 4(b? — d?)
Comparing (4.4) with (4.6), then we have that
a=—p b= 0= (t+a—Wi-d= B-w)+a-w
Hence the conditions for the disease free equilibrium of the system (3.1) and (3.2) to be stable in the absence of
delay and unstable in the presence of increasing delay are as follows:

Hzﬁ_ﬁz—uzz—auz+uu2<Oandu2+a>u and
K

K
Hy —B- ((uz +a— H)F)Z +4((B — )y +a—p) B)Z >0
For the endemic equilibrium Eg = (S* ,I*) = (X2 B-n2)
a=p  o—p
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_ py O , _ by  —H
Mo (o) = Gy )
Where B

a—p

Using the computable criteria for stability of discrete delay system (4.1) and (4.2), just as for ordinary
differential equations, one seeks exponential solutions, and computes a characteristic equation.

— A0 _ \ny 0 ) ny —H —)rt:| —
£ (0 A) [(ay —uw) 7t (—HY Ho )e =0
Rather than a polynomial equation, we arrive at a transcendental equation of the form
A+ (1l = wA + yip (o — ) + [(uy — p)A + 2pypp]e™ = 2up,ye ™ =0 (4.7)
Therefore using the result of Lemma4.1, we have a= g—puyb = yw(@a—pw,c = puy—u, and
d = Zuyp,

On careful observation and analysis, we discover that condition (H;) does not hold for the endemic
equilibrium. Hence, at the endemic equilibrium the system is unstable.
Also using the result of lemma 4.2: (a? — c? — 2b)? > 4(b? — d?) and b? < d?given that a = p, —
wyb = yp(a—w,c = py—p; and d = 2uyy,

Result:

We obtain the condition for (4.7) to have negative real parts as § > p, and o« < 3u. That is the rate at
which the susceptible birds are recruited into the poultry must be greater than the rate the birds die naturally.
And the rate at which the birds are becoming infectious must be less than the rate at which they recover and join
the susceptible population.

Hence the system is stable in the absence of delay and becomes unstable with increasing delay

V.  The Model With Removal Class
The model with removed class as shown in (2.1-2.3)

ﬁ = BS(H) - aSWI(t—1) + pS(t—DI(t— 1) -1 S

dt
dI
prali aSMOIt—1) — pSt—DIt—1) —Al(t—71) — Pyl
dr
Fri Al(t—1) — R

5.1 Stability Of The Equilibrium State

In studying a delay model, linearization of the system at its steady state gives a transcendental
characteristics polynomial equation. It is well known that the steady state is stable if all eigenvalues of the
exponential polynomial equation have negative real parts, and unstable if at least one root has a positive real
part. However, there is strong possibility that if the coefficients of the exponential polynomial satisfy certain
assumption, the real parts of all eigenvalue remains negative for all values of the delay, Shigui and Junjie, 2001
The disease Free equilibrium point is given as Eo =(S* , I* R) = (%2 ,0 ,0)

The endemic equilibrium point is given as
Eg = (S* , I*,R*) = (2 B-i2  AG1-B))
a—p a7 opp(a-p)

B—py —ol* O 0 pul* (u—a)sS* 0
Ay = < al” —M; O ) A= (—ul* (a—ws” 0)

Considering the disease free equilibrium E, = (S* , I* R*) = (%2 ,0 ,0)

Ko
(B—uz 0 0) (0 =y 0\|
A, = 0 -u 0 A = _ntz
° A W
0 A 0

Using the computable criteria for stability of discrete delay system (4.1) and (4.2), just as for ordinary
differential equations, one seeks exponential solutions, and computes a characteristic equation.
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0 (u—(x)“—2 0

X 0 0 B—u O 0 B
fX)=(l0 X 0]— 0 —Hy 0 J+]o (a_u)“_z 0 e Xt =0
0 0 X 0 0 —pu, B
A 0
IJ‘Z Xt
X—(B—1) —(u—a)ge 0
= 0 X+u2—(a—u)%e"“ o |=0
0 —Ae Xt X+,

Rather than a polynomial equation, we arrive at a transcendental equation of the form
X3+ (21 = B X = (= ) e X + (1] — 21, (B — W)X+ (= (B —p— ) e X -

2
B—wu +E-w-w e™ =0 (5.1)
Lemma 5.1. (Shigui and Junjie , 2001).
Consider the equation

X3 +aX?+ bX +c+de* =0 (5.2)

Suppose a>0,c+d >0,ab- ¢c—d >0

@) If 2—d? >0 and p?— 3q > 0, then the roots of equation (5.1) have negative real parts for all
T =0

q=b?—2acandr = c?-d?
Rearranging (5.1) , we have
2

X'+ (2 = B4 X+ (1~ 20 (B =W)X+ (= B + (B W@ ) e — (=G e X

§
M2 _
+ (a—u)(B—u—uz)Eze XX =0
Using the result of Lemma (5.1), we have that
a=Qu-B+w: b= -2@-W)c=0w=P g = - w«-n
B

For the roots of (5.1) to have negative real parts then ¢ + d > 0, c2—d? >0, that is (u—B)u3 +

(B—Wa— 0% >0 and ((u - B3 — (B —W(a - 20

Simplifying, wehave f>a—pu and B=a—u
Hence, at the disease free equilibrium E, = (S* , I* R) = (%2 ,0 ,0) the system is exponentially

asymptotically stable if 8 >a—u and B = a — p. That is the recruitment rate of the susceptible birds
must be greater than the transmission rate of infection of birds in the poultry.

Furthermore; we use the method of Theorem 2.4 in [Forde, (2005)], which provides a general
algorithm for determining stability of model with delay differential equations to determine the stability of (2.1-
2.3).

Theorem 4.8: A steady state with characteristic equation
X3 +a,X?+ a;X +ag+ (b,X2 +b;X+bg)e™* =0 v (5.3)
A =a%—b%{—2a, , B = a?—b?+ 2b,b,—2a,ayand C =aj — b
is stable in the absence of delay and becomes unstable with increasing delay if and only if A, B, and C are not
all positive and
(1) a,+b,>0, ag+by>0, (a+by)(@a; +b;)- (ag+by) >0
(i1) Either C<0 orC>0 ,A’—3B>0
(5.1) can be written in form of (5.3) as

X3+ 2y = B = WX + (13 — 2B — W)X+ (0 — BIn,? +<(u—a)%X2 + - T B - )X+
B—poa—pp22Be—Xt =0

=21 —B—n ,a = -2B-p .a,= (- P’ ,bzz(u—a)%z,
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bi=(@=DTE=p—w) b, = B-wa-n

Analysing the characteristic equation (5.4) of the system (2.1-2.3) based on Theorem 4.8, we
discovered that the system is stable in the absence of delay and unstable with increasing delay ifa, + b, >
0,= 21, = B—p+ (=0 >0= 2 — B+, — apy >0

= B2, — B) > py(a — pand
C> 0, that is, 2 2
a —b§ > 0= (=B’ >((B—u)(a—u)“s—2)

=p?>(a—p? = B>a—p, that is the rate at which the birds are recruited into the system must be
greater than the rate at which infection transmission is taking place.
Considering the disgase endemic equilibrium
Eg =(8* , I* R) =(r2f =B AW=P))
a—p a—p " opz(a—p)

2

—B R H2—B o Metd
/B—uz—a% 0 0 \ /ua_p (h—)7 0\
— -8 Al = _ p2—B _ m
AO | atz_p —H2 0 | \ H a—p ((X u) a—p 0/
\ 0 0 _HZ/ 0 A 0

Using the computable criteria for stability of discrete delay system (4.1) and (4.2), just as for ordinary
differential equations, one seeks exponential solutions, and computes a characteristic equation.
f(X)

X 0 0 {/B_HZ_QZZ__“B 0 0\ “‘;2__“6 (H—G)% 0 }l
_ - x| =
Yo x ol e MRS
l\ 0 0 _H2/ 0 A 0 |
X—(B—pp — T + pTe ™) (1 + 07" 0
uTe Xt — aT X+ py — (U + A )e Xt 0 |=0
0 —Ae X X + iy

(X2 + [Q2uz — B+ ad) — (u+ A+ pdp)e ™ ]X
— 1208 — 1z — ) + (a1 = ((B = 1z = ap) bz + )™ + b + Ne ]| [X + 1]

= [(z + D (pde™ —ad)][X+ 1] =0
= X3+ [2uy — B+ ad) — (W+ A+ pd)e ™™ + 1, ]X2 + [(213 — Buz + 1pad) — o (n+ A+ pd)e ™ —
u2p—p2—ad—p2p+p—p2—adpu2+ie—Xt—puodp2+ie—2Xt—p2+Apdpe—Xt—adpe—XtX—u22p—p2—adp—p2
2pu+p2p—p2—adp2+ie—Xt—p2pdpu2+ie—2Xt—p2u2+iupe—Xt—adpe—Xt . (5.5)

We can rewrite (5.5) thus:
X3+3p, — B+ ad)X? + [3u5 — 2B, + 2100 — wopu]X — 3 (B — 1y — ad) — wip+ {—(n+ A + udp)X? +

B—u2p24+A—p2p+A+pdpX+p2B+adp2A—1e—XT—p24+AUD (1 4HH2)E—=2XT i it

Thus  a; = 3, —B+ad, a;=3pf — 2By, +21pad — pyp, ag = —B - —ad) —wdp ,
b, = —B(u+7x+u¢) by = B—w)( +) —pw(u+A+pdp) , bp= wP+app,(A—1) where
q):HZ—

a—y

Analyzing the characteristic equation (5.6) at the endemic equilibrium point of the system (2.1 — 2.3) based on
Theorem 4.8 we discovered that the system is stable in the absence of delay and unstable with increasing delay
if  p,(B—uy) —B > ap(A+ p, — 1), that is the rate at which the birds are recruited into the system must be
greater than the rate at which infection transmission is taking place.

Simulation Of The Model For The Epidemiology Of Fowl Pox Infection Transmission That Incorporates

Discrete Delay
We now return to model (2.1 —2.3) and illustrate some of the properties discussed in the previous
sections. The parameter values that we use for numerical simulations are in the table below.
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Parameters Symbol Value Units
Recruitment rate B=r+8 0.5 Birds day’
Transmission rate [ 0.53 Bird” day’
Rate at which infected join the susceptible 1] 0.82 Day
Removal rate of infection A 0.7 Day’
Rate of death due ™ 0.125 Day

SIMULATION OF TRANSMISSION DYNAMICS WITH DISCRETE DELAY
1% 160 200 T T T T T T T T T

158 —S
180 —

—R

2 3

160

SUSCEPTIBLE
INFECTED

140

o1 2 3 4 5 8 7 8 9 10 o1 2 3 4 5 6 71 8 8 M0 120

100

RECOVERED
S =
S 3

IR O 1 2 3 4 5 6 7 8 9 10
time
Graph of the system of transmission dynamics of fowl pox with discrete delay. As observed from the
simulation, the population of the infected birds increased and become constant after a long time which agrees
with the analytical analysis. While the population of the susceptible decreases and also becomes constant. Like
wise the population of the removed birds. Initial conditions are S(0) =200, 1(0) = 150, R(0) = 100.

VI. Summary and Conclusion
In this paper, we have formulated the mathematical model for the epidemiology of fowl pox infection
transmission that incorporates discrete delay. The model results in a discrete delay system of ordinary
differential equations with delay parameter T > 0.
Analysing the system using theorems from differential and integral calculus Inyama, 2006, we
discovered that the number of infectives after a very long time from the day of inception of the epidemic is
(lS—a)N +u

constant. -

3¢

The disease free equilibrium and the endemic and equilibrium of the system were both established.
Using the computable criteria for stability of discrete delay system, unlike ordinary differential equations
models, we obtained a exponential polynomial equations.

We also obtain the conditions for (4.7) to have negative real parts as 3 > pyand o < 3u. That is the
rate at which the susceptible birds are recruited into the poultry must be greater than the rate the birds die
naturally. And the rate at which the birds are becoming infectious must be less than the rate at which they
recover and join the susceptible population.

Hence the system is stable in the absence of delay and becomes unstable with increasing
delay.Analysing the system using lemmas and theorems from, Forde, 2005, Ruan and Wei, 2001, it was
established that both the disease free equilibrium and endemic equilibrium points of the system (2.1) — (2.3) are
stable in the absence of delay and unstable with increasing delay if B>a—p, p(B—p)—B>
ap(A + p, — 1) that is the rate at which the birds are recruited into the system must be greater than the rate at
which infection transmission is taking place.
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