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Abstract: Sequences are indispensible to the pure and applied mathematicians, and thus, by extension, to all
field of sciences. The idea o f difference sequence spaces was introduced in 1981, which has been generalized.
The space of almost convergence sequences introduced in 1948 was generalized in 1978. Almost convergence
difference sequence spaces have undergone series of gradual generalization. The purpose of this paper is to

introduce the concept of A'; almost strongly summable difference sequence spaces with respect to a sequence

of moduli on a seminorm q and to examine some properties of the three introduced sequence spaces which
generalize many existing results, Various topological properties of these spaces with some of their inclusion
relations, were studied including their solidity, symmetricity, sequence algebra, convergence free and so on. In
this work, concerted effort has been made to generalize some existing sequence spaces by extending their
definitions to a wider space in which the existing ones are contained.
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L Introduction
A sequence space is a linear space whose elements are infinite sequences of real or complex numbers.
Equivalently, it is a function space whose elements are functions from the natural number to the field K of real
or complex numbers.

Let @ denote the space of all sequences of complex numbers. The spaces [, ,c and ¢, are of
particular interest in this paper which are defined as the linear spaces of bounded, convergent and null sequences

x =(x,),_, respectively, such that ¢, © ¢ [, and normed by

Dxszsup|xk , Vkell
k

and are expressed as follows:
[, =1x=(x) €@:SUP|x,| <0
k
CZ{x:(xk)ea):limxk =1 for some [ €[] }

[N :{x:(xk)ea):ll(imxk :0}

It is not difficult to see that £, ¢ and c, are normed linear spaces and that /, is a Banach space.
Kizmaz [1] introduced the notion of difference sequence spaces as follows:

X(A)={x=(x)ew:(Ax,)e X}
where X =/, ¢ and ¢, and
Ax = Ax, = (o —X;;)
They are Banach spaces with the norm

ol o= x|+ 1 Ax L,

=[x, =[] +sup|ax,|

And later on this notion was generalized as follows
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X(A")= {x: (x,)ew:(A"x,) e X}
for X =1[,, ¢ and c,, where m €[l ,where
A'x=A"x, =(A""x, - A" 'x,.))
Axy = (o = X;.,)

and A°x = (x,).
such that

U | m
A"x, ZZ(_D ( .jx/m
i=0 !
They are Banach spaces with norm defined by

Dx0,= i|xi|+mmxum

= Ox0,= Z|x|+sup‘A xk‘ (see [2])

i=l

Worthy it is to mention that recently, the sequence spaces X (A™) were generalized by Et and Esi [3]
to the following sequence space

X(AD) ={x=(x,)em:(Alx,) € X}
for X =1, ¢ and c,, where
Agx =X ), Ax, = (VX =V %)
and
Alx=Alx, = (A:ka - A:kaﬂ)
such that

xk Z( 1)[ jvkﬂxkﬂ

and v=(v,) # 0 is any fixed sequence of non-zero numbers for all k €[]. (see [3])
we claim that the generalized sequence space

X(AT) where X =1 _,c or c,

Is a Banach space with norm defined by

Z|x |+sup‘A'”xk‘

Subsequently, difference sequence spaces have been studied by Asma and Et [4], Bektas et al [5], Colak ([6] and
[7]), Isik [8] and Mursaleen [9].

There is an important notion (modulus function) used in this paper which was introduce by Nakano
[10]. Now we give the definition of the modulus function.

Definition: A function f~ [O, oo) — [0, oo) is called a modulus function if
1 f(@)=0 ifand onlyif £ =0

2 f+uw)< f(@O)+f(u) forall t,u >0

3. [ is increasing and

4. [ is continuous from the right of 0.

<fx=y)

So that in view of (4) f is continuous on [0, oo)

Because of (2),
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A modulus may be bounded or unbounded. For example,
f(x)=x",(0< p<1) is unbounded and f(x)= ﬁ is bounded .
Let X be a sequence space. For a modulus function f, the sequence space X (/) is defined as
X(f) :{x:(xk) ea):(f(|xk|))eX}
An extension of X(f") is obtained by considering a sequence of moduli F = (f,)
X(F):{x:(xk)f:1 eco:(fk(|xk|))eX},

where X =/, ¢ andc,. (see [11])
Later, Gaur and Mursaleen [12] defined the following sequence spaces:

L(F,N)={x=(x)ew:(x,) el (F)
c,(F,A)= {x: (x,)e a):(xk) € cO(F)}
c(F,A)= {x: (x)ew: (xk) € c(F)}
Recently Khan [13] defined the following sequence spaces

X(F.p)={x =)0 co:( £ (] ) e Xo)|

In particular;

Pk
< 00

L(F.p)={x =)0, € 0:8Up fi |,
k

¢,(F,p)= {x: (x), €@: f, (|xk|p" ) —0;(k —>oo)},

c(F,p) :{x:(xk)}f_l cew: f, (|xk|pk)—>l,(k —)oo)},
and

L(F,p,A")= {x =(x,), € a):(A”’xk)elw(F,p)},
c,(F,p,A™) :{x =(x,),, € a):(A”’xk) e cO(F,p)}.

c(F,p,A")= {x: (x,);, ew: (A’"xk)ec(F,p)}.

for any sequence of moduli "= (f,).
The concept of almost convergence was defined by Lorentz in 1948, using the idea of Banach limits. A
sequence X = (x, ) €/ is said to be almost convergent to the generalized limit ¢ if all Banach limits of x are

coincide and are equal to ¢, this is denoted by f —limx, = . (see Lorentz [14]) proved that

f—limx, =« if and only if lim—1 Zxk+s = uniformly in s. In the case @ =0, the sequence x is
"on+ S
called almost null. The spaces of almost convergent and null sequences are denoted by ¢ and 50 respectively.

It is well-known that a convergent sequence is almost convergent such that its ordinary and generalized limits
are equal.
The strong almost convergence of a complex sequence x to number | was defined by

1 n
—Z|xk+s —l| — 0, as m — oo, uniformly is s, (see [15] and [16])
N k=0
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which leads to the concept of strong almost convergence sequences as [@] , we denote the spaces of all strongly
almost convergence sequence. It is immediate that the inclusion [5] C ¢ strictly holds. Also [@] is closed
subspace of ¢ C [@] ccc [, strictly hold.

A sequence X =(x,) is said to be summable (c,1) or strongly summable [c,l] if and only if
L1 .
hm—Zxk exists.
"N
Spaces of strongly Cesaro summable sequences were discussed by Kuttner in 1946 [17] and this
concept was generalized by Maddox (see [16]) and some others. The class of sequences which are strongly

Cesaro summable with respect to a modulus was introduces by Maddox (see 15]) as an extension of the concept
of the strong Cesaro summable.

A sequence X = (X, ) is said to be (v, A) —summable to a number 1if ¢ (x) =/ as n — oo. We write

[V.4], :{x:(xk) ea):lim%2|xk|:0}

n kel,

[V.,A] :{x:(xk) € a):li’fn%zm —l| =0, for some l} and

n kel,

[V,2]. :{x:(xk)ea):sup%2|xk|<oo}

n n kel,
Since A=(A,) is a non decreasing sequence of positive reals tending to infinity, but
A =land A, <A, +1.The generalized de la Vallee-Poussin means is defined as

n+l —
1
t(x)=— Z X,
//i’n kel,

where
I = [n—ﬂ,n +1,n]
The following inequality would be used throughout this paper

Let P =(p, ) be a sequence of positive real number with

0<p, Ssuppk =H <o, D:max(1,2H’l).
k

Then, for a, ,b, €[], we have.

|ak +b, P SD{|ak|pk +|bk|pk} (1.1)

Furthermore, Let X,Y C @, then we shall write
MX,Y)=Nx"*Y={aew:axeY foral xe X},

xeX
the set X“ =M (X,[)) is called the Kothe-Toeplitz dual space or & —dual of X. A sequence space X is
said to be:
1.) Solid (or normal) if for all the sequences of scalar (ak) with |0£k| <1, Vkell then

(x,) € X whenever (x,)eX

ii.) Symmetric if (xk ) e X implies (xﬂ(k)) e X, where ﬂ(k) is a permutation of [] .
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i) A sequence Algebraif (x,), (v, )€ X implies (x,y,)eX.
iv.) Convergence freeif (y, ) € X whenever (x,)e X and y, =0 whenever x, =0
For any two seminorms p and q, p is said to be stronger than q if whenever (xk ) is a sequence such that

p(xk)—)() as k — oo, then also q(xk)—>0 ask — oo. If p is stronger than q then, q is said to be
weaker than p. If p is stronger than q and q is stronger than p, then p and q are called equivalent.
Let ' =(f,) be any sequence of moduli, p=(p,) be a sequence of strictly positive real numbers

and v = (v, ) be any fixed sequence of non zero complex number and u = (u, ) # 0 be any sequence of all k

with, a seminorn q. We defined the following sequence space as:
~ . 1 m Pk
[V,A:Z,F,p,q,u]o = {x € a):hm/l— Zuk [fk (‘q(Avxkﬁ) )} =0 }
" n kel,

[I},A:';,F,p,q,ul :{xea):liEnLZuk [fk (‘q(A’v"xkﬂ.—l)‘)Tk =0, forsome | }

A, ke,
)T<w}

And,

[V,A’V';,F,p,q,uL ={xea):sup%2uk [fk (‘q(A’V"xkﬁ)

n n kel,

uniformly in j.
Throughout this paper we shall make z to denote any of the notion 0, 1 and .

If g(x) =|x , u, =1 and v=(,L1,...) then
[V.A7 L F.p.qu] =[V,, A" F,p]|  (see[19])

If g(x)=|x|, u, =1 then
VAL F.paqu| =[V.A%F.p]
If g(x)=|x|, u, =1 and A, =n then
(VAL F.p.qu)| =[V.ALF.p|  (see[20])
g(x)=|x|, u, =1, m=0, f,(x)=x, 4, =n and v=(L11,...) Vk >0 then

[I}, AL F,p, q,uJ = [I},pJ (see Maddox [15])
, u, =1, m=0, f,(x)=x, 4, =n, p, =1 and v=(1,11,...) Vk =0 then
(VA% Fopgu] =[V]  (see[19)

q(x) =|x

II. Main Results
We prove the following results.

Theorem 2.1: Suppose p = ( pk) be bounded. Then the spaces [I}, A:ﬂ ,F,p, q,u] are linear spaces over

the set of complex [| where z=1, 0 and o
Proof:

We shall give the proof for [I}, A" F,p,q, u] only, the other can be treated similarly. Let
v 0
X,y € [1}, A" ,F,p,q,u:| , for ¢, B €l their exist positive integers M, and N such that
v 0

|a| <M, and |ﬂ| < N, since f, is subadditive, q is a seminorm and A”" is linear
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11,?% 2t [fk (laar(@x,., + By, ))W

n kel,

< D(max(l,

") lipig w | 1 (Jaar s )|

+D(max(1,

N[ Wlime- ] £ (@7 0,)]) |

Hence, [I}, A'; ,F,p, q,u} is a linear space.

Theorem 2.2: The sequence spaces

[V,A"Z,F,p,q,u] : [V,A"Z,F,p,q,u] and [T},A"E,F,p,q,u} are not normal for 7 > 1
Vv 0 A4 1 Vv 0

Proof:
Let g(x) = |x

, u, =1, fi(x)=x, A4, =nforallnel, p=(p,)=1and v=(,1,1,...), Vk >0, then
(xk)z(km)e[I},A’v'ﬂ,F,p,q,u] but (akxk)e[I},A:ﬁ-,F,p,q,u] , when a, =(-1)" for all ke[l

hence [I}, A:"A‘ L, p,q,u} is not solid. The other cases can be poved by considering similar example

Lo}

Theorem 2.3: The sequence spaces
[I},Azﬁ,F,p,q,u]o , [V,A;’Z,F,p,q,ul and [I},AZQ,F,p,q,ulo

are not symmetric for m > 1
Proof:

Let q(x)= |x

,u, =1, f,(x)=x, A4, =n forallnell, p=(p,)=1and v=_1,1,1,...), Vk =0 then
(x)=(")e [I}, AL F, p, q,u] , let (y,) be anarrangement of (x,) which is defined by

)= {xl,xz,x4,x3,x9,xs,x16,x25,x7,x36,xlo,x49,x8,...} then y ¢ [V,A:ZN,F,p,q,ulo.
Theorem 2.4: For any two sequences p = ( D, ) and t = (t . ) of strictly positive real numbers and for any

two seminorms , we have [I},Azi,F,p,ql,uJ ﬂ[V,A:Z,F,t,qz,u} #  for z=0,1 and o

Proof:
Since the zero element belongs to each of the above classes of sequences, the intersection is nonempty.

Theorem 2.5: The sequence spaces [I}, A" F, p,q,, u:|z are not convergence free

Proof: Let f,(x)=x, for all xe [O,oo), m=1and v=(,)=(LL1,...) forall k €l] . Letp, fork
0dd py; for k even. Consider the sequence (x, ) definedas x, =k, for all k €[] . Then

(x,)e [V, A,pl for z=0, 1 or . Consider the sequence (y, ) defined as y, =k°,

Jor all k €] . Then (,) neither belong to [I},A,p] nor to [I}, A,p} . Hence, the spaces are not
1 )

convergence free.

Theorem 2.6: Let /' =(f,) be sequence of moduli, then 7.) |:I}, A" ,F,p,q,u} Q[T}, A" F,p, q,u:|
v 0 Vv 0

ii.) [V, A", ,F,p,q,u] g[l}, A" ,F,p,q,u} and the inclusion are strict.
A4 1 A4 00

Proof: We shall only prove the second inclusion, while the first is obvious.
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Let x € [l}, A" F,p,q, u:| , by definition of modulus function and inequality 1, we have
v 1

ﬂi Su ] fi(laars, )] < D%z | (e, -nf) " +Dﬂi2 FACGIS

n kel,

Then, there exist an integer &, such that g(/) <k, hence we have

[ Ailla@rm )| =D T (la@r, -0)]" +max Lk r0)"]
n kel, n kel,

Therefore, x € [I}, A:ﬂ ,F,p,q,ulO

We now show that the inclusions are strict.

Let g(x) =|x , fi=xu, =0,v=(w,)=L1,...) and p, =1 for all k €[] . Then
x:(k'")e[r?,Ag,F,p,q,u] , but xg[V,A;,F,p,q,u]o since A” (k™) =(~1)"m!.

Under the above restrictions on g, F, u, v and p. Consider the sequence x = ((—1)*), then

X e[l},A:’“F,p,q,uL but x é[l},AzZ,F,p,q,ul).

III. Conclusion

It is necessary to note that sequences are of significant importance in the field of mathematics and by
extension, to sciences and beyond. The sequential arrangement of the functionary parts of some machines
including constant applications in some aspect of human endeavours, such as the sequential order of the genetic
made-up in all living organisms whose alteration can result into deformity (technically called mutations in
biology) and others, were some of the motivating factors that necessitated the study of various sequences. In this
paper, deliberate attempt was made to construct new sequence spaces so as to generalize the old sequence
spaces by extending their definitions. Some properties of the defined spaces were also studied.
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