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Abstract : In this paper, we propose and analyse a mathematical model to study the dynamics of an inshore-
offshore fishery with taxation as a control instrument. The inshore area is considered as a breeding place
having a fixed carrying capacity where fishing is strictly prohibited. Fishing is permitted only in the offshore
area after imposing a tax per unit harvested biomass by the regulatory agency in order to control over
exploitation. The steady states of the system are determined. The local and global stability of the interior
equilibrium are discussed. Taking tax as a control variable, the optimal harvesting policy is formulated and
solved by using Pontryagin’s maximum principle [1]. The results are illustrated with the help of numerical
example.
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I. Introduction

In a dynamic model of an open-access fishery, the level of fishing effort expands or contracts according
as the perceived rent (i.e. the net economic revenue to the fishermen) is positive or negative. A model reflecting
this dynamic interaction between the perceived rent and the effort in fishery is called a dynamic reaction model.

In recent years, there is a spate of interest in bioeconomic analysis of exploitation of renewable
resources like fisheries and forestries. Exploitation of natural resources has become a matter of concern
throughout the world in view of problems caused by rapid depletion of these resources to meet the ever growing
human needs. It has, therefore, become imperative to ensure scientific management of exploitation of biological
resources. Gradual improvement in the technical efficiency of the fishing gear on vessels has radically changed
the fishing scenario. Traditional fishing was mainly confined to the inshore coastlines. With the advent of
sophisticated fishing instruments, offshore fishing has become more intensive than that in inshore.

Biologists and environmentalists are concerned that inshore fishing may cause over exploitation since
many fish species like inshore area as breeding place. It is, therefore, necessary to formulate and analyse a
mathematical model to study the dynamics of an inshore-offshore fishery and find out the techniques for
controlling over-exploitation.

Regulation of exploitation of biological resources has become a problem of major concern nowadays in
view of the dwindling resource stocks and the deteriorating environment. Exploitation of marine fisheries
naturally involves the problems of law enforcement. The economics of law enforcement in marine fisheries was
discussed by Sutinen and Andersen [2]. Several governing instruments are suggested for the choice of a
regulatory control variable. These are imposition of taxes and licence fees, leasing of property rights, seasonal
harvesting, direct control, etc. various issues associated with the choice of an optimal governing instrument and
its enforcement in fishery were discussed by Andersen and Lee [3]. Optimal timing of harvest was adopted as a
regulatory device by Kellog, Easely and Johnson [4] in their study of the North Carolina Bay Scallop Fishery.
Imposition of a tax per unit biomass of the landed fish is a possible governing instrument in the regulation of
fisheries. As described by Clark ([5], Art. 4.6, p.116), “Economists are particularly attracted to taxation, partly
because of its flexibility and partly because many of the advantages of a competitive economic system can be
better maintained under taxation than under other regulatory methods”. However, it may be very difficult to
impose tax in fishery due to some political and social problems. Nevertheless, the analysis of tax control gives a
standard against which we may compare other controls. A single species fishery model using taxation as a
control measure was first discussed by Clark ([5], Art. 4.6, p.116). Chaudhuri and Johnson [6] extended that
model using a catch-rate function which was more realistic than that in [5]. Ganguly and Chaudhuri [7] made a
capital theoretic study of a single species fishery with taxation as a control policy. Pradhan and Chaudhuri [8]
developed a mathematical model for growth and exploitation of a schooling fish species, using a realistic catch-
rate function and imposing a tax per unit biomass of landed fish to control harvesting. Pradhan and Chaudhuri
[9] also studied a fully dynamic reaction model of fishery consisting two competing fish species with taxation as
a control instrument. Kar and Chattopadhyay [10] developed a dynamic reaction model of a prey-predator
system where the selective harvesting of prey species is considered. Pradhan and Chaudhuri [11] proposed a
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model to study the selective harvesting in an inshore-offshore fishery on the basis of CPUE (catch per-unit-
effort) hypotheses [5]. Srinivas et. al. [12] developed a prey-predator fishery model with stage structure in two
patchy marine aquatic environment. They studied the dynamics of a fishery resource system with stage structure
in an aquatic environment that consists of two zones — unreserved zone where fishing is permitted and reserved
zone where fishing is prohibited.

The present paper deals with a dynamic reaction model in an inshore-offshore fishery, taking taxation
as a control instrument. This model is developed by considering the inshore area as the breeding place where
fishing is strictly prohibited and fishing is allowed only in the offshore area. The existence of possible steady
states along with their local stability and the global stability of interior equilibrium are discussed. The optimal
harvest policy is discussed using Pontryagin’s maximum principle [1]. A numerical example is given as an
illustration.

II.  Formulation Of The Problem

Le us consider that at any time t(> 0), x,(t) and x,(t) denote the respective biomasses of the inshore
and offshore subpopulations of the same fishery. Let the fish subpopulation of the inshore area migrate into
offshore area at arate 0; (0 < gy < 1) and fish subpopulation of the offshore area migrate into inshore area at
arate 0, (0 < 0, < 1). We also assume that the fish subpopulation of the inshore area obeys the logistic law of
growth [13]. Under these considerations the fish subpopulations in the inshore and offshore areas obey the
following system of differential equations :
dx, X4
- Xy (1 - k) —01X1 + 0%,
dxz
“dt
where r, k, gy, 0,, s are all positive constants.

Here r = intrinsic growth rate of the inshore subpopulation,
k = carrying capacity of the inshore area,
o0, = diffusion coefficient of inshore subpopulation,
o0, = diffusion coefficient of offshore subpopulation,
s = natural mortality rate of the offshore subpopulation.

If o7 = 0, i.e. if there is no migration of the fish species from inshore area to offshore area then
dxz
- = —(s+o)x,

ie. x,(t) = Age 692t A is constant.

This implies offshore subpopulation exponentially decreases and tends to zero in future.

If 0, = 0, i.e. if there is no migration of the offshore subpopulation into inshore area , then

dd% = rx; (1 - %) —01%1 <0 if r <oy assuming k > r.

i.e. if the growth rate is less than the diffusion rate of the inshore subpopulation, the inshore subpopulation
gradually decreases. So throughout our analysis we assume that r > g7 i.e. intrinsic growth rate of the inshore
subpopulation is greater than its diffusion rate into offshore area.

We consider the inshore area as the breeding area of the population and so inshore area is the restricted
area where fishing is strictly prohibited. Fishing is allowed only in the offshore area after imposing a tax
implemented by the regulatory agency.

Let E(t) be the harvesting effort for the offshore subpopulation and the regulatory agency imposes a
tax T (> 0) per unit biomass of the harvested fish. The net economic revenue to the fisherman (perceived rent)
is {q(p — ©)x, — c}E, where p = market price per unit biomass of the landed fish, ¢ = catchability
coefficient of offshore subpopulation and ¢ = constant cost per unit of harvesting effort. p—7>0 i.e. 0 <
T < p because it is obvious that market price p per unit biomass of landed fish should be greater than the tax T
per unit biomass of landed fish.

Here we take E(t) as a dynamic (time dependent) variable governed by the differential equation

dE
- =Malp—x, - cJE,
where A is called the stiffness parameter measuring the effort and the perceived rent.

Therefore, we have the following system of differential equations:

dX1 ( Xl)

—=rx|1—=)—0yx; + 0ox

o 1 " 1%1 2%2

dxz _

= = TSX to1x — 0pxp — qEX, (1

T = Ma(p - Dx, — }E.

= —S8Xy + g1X1 — 03Xy,

www.iosrjournals.org 14 | Page



A dynamic reaction model of an inshore-offshore fishery with taxation as a control instrument

III.  The Steady States
The steady states of the above system of equations are given by P,;(0,0,0), P,(>;;%;,0) and
P, (xi{,x5,E*)

where

X = r(sigz) {m(s + o) + 0105} (2)
X = r(sT:Z)Z {m(s + 03) + 0,05} 3)
X =20 @)
X2 = (p—cr)q )
E* = i{ol (g) —(s+ 02)} (6)

m =r — oy > 0 by our assumption and

_ 4rcoyp .
A=1+ /1+—k(p_r)m2q > 2 since p > > 0. @)

Therefore, x; > 0,x, >0, x{ >0, x; > 0.
But E*>0 iff ()&t re(stay)”
X

3 o1 = T<P- o1kq{m(s+o3)+0102} (®)

Here P,(0,0,0) be the trivial steady state, (x7,x;,0) be the non-trivial steady state of the unexploited
(E =0) system and P,(x{, x3, E*) be the unique non-trivial steady state of the exploited (E # 0) system of
(D.

For the existence of the non-trivial steady state of the exploited system the regulatory agency has to

imposeatax7, 0 <1< T such that T =p- re(s+oz)” 9)
P ’ max max X p o1kq{m(s+o2)+0102}
_ o rc(s+07) . _
When 7= 7,, ,then p—1= o FamGteo107] and E*=0.

Therefore, if the regulatory agency imposes maximum tax, then the system becomes unexploited i.e.
fishing will be stopped. In that case,
c

X =—
( - max)
P
= {m(s + 03) + 0,0,} by (9)

r(s+0y)?

=X, by(d.

« _ km 4rcoy
and 1= 2r {1 + \/1 + k(p—Tmax Im?%q }

=—% _{m(s +0y) + 0,5} by (9)

r(s+a3)

=X, by (2.

It confirms that the non-trivial steady state P, (xj, x5, E*) of the exploited (E # 0) system becomes
the non-trivial steady state P; (X7 ,%3,0) of the unexploited (E = 0) system, when maximum tax is imposed
by the agency.

IV.  Local Stability
The variational matrix of the system of equations (1) is

2rxq
- k - 0’1 0'2 0
V(xl,xZ,E) = 0-1 _(S + 0-2 + Eq) _qu . (10)
0 Aq(p — T)E Mp-1qx, —c}

r— o0y 0, 0
At Py(0,0,0), V(0,0,0) = ( o —(s+ag,) 0 )
0 0 —Ac

One of the eigen values of 17(0,0,0) is —Ac < 0 and the product of other two eigen values is
r— 0-1 0-2 _
o —(s+a)l =~
Therefore, the variational matrix V(0,0,0) has two negative eigen values and one positive eigen value. So
P,(0,0,0) is an unstable steady state.

(r—oy)s—ro, =—(ms+ro,) <0, sincem=r—ag; >0.
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2rx1
- -0 0, 0
At Py (X1, Xz, 0), V(xy, Xz, 0) = o1 —(s+0) —q%; (11
0 0 M — Dgx; — c}

One of the eigen values of V(x7, X3, 0)is A{(p — 1)qx; — c}.

This eigen value is positive or negative according as p — 7 > or < q%.
2
. cr (s+z7z)Z
ie.t<or>p P o wp—— by (3).
r-2A_ g o 2
. . 010
Sum of other two eigen values is trace of ( k 1 2 ) =-m-"2—(s+0,)<0.
01 _(S + 02) s+oz
ERES o
Product of these two eigen values is k 1 z =m(s +0,) >0 by (2).
01 _(S + 02)
Therefore, these two eigen values are either real and negative or complex conjugates with negative real parts.
. . . cr (s+az)2 . .
Therefore, the steady2 state P; (7, X 0) is unstable if 1 <p P —— and asymptotically stable if
cr(s+a3)
T> p 01kq{m(s+o‘2)+51522} :
Butt<p-— T (s+a7) is the necessary and sufficient condition for existence of the non-trivial steady
o1kq{m(s+o2)+0102}

state P, (x;1*, x,*, E*) for the exploited system. Thus we can state the following theorems:

Theorem-I: The non-trivial steady state of the exploited (E # 0) system exists if and only if the non-trivial
steady state of the unexploited (E = 0) system is unstable.

Theorem-II: The non-trivial steady state of unexploited (E = 0) system is asymptotically stable if and only if
the non-trivial steady state of exploited (E # 0) system does not exist.

These two theorems are also numerically verified in the section VII (Numerical Example).

2rx]

- k - 0'1 0'2 0
ARGLIED), VELGEY = o —sta4qE)  —qx
0 qp-DE" NP -1)g9x; —c}
—(A-1m o, 0
= o1 -B —qx;
0 Aq(p — T)E* 0
where B = 5 + g, + qE~ =01%> 0.
2
Characteristic equation of the matrix V (xj,x3,E*) is y* + m;y? + myy + m3 =0 (12)

wheremy = B+ (A —1)m > 0since A > 2,m > 0.
m, =m(A—1)B + Aq*(p — 1)E*x} — 0,0,

2 — —
_mPOkA QTG g

2rc
and my = Agmc(A — 1)E* > 0, since A > 2.

Since A(A — 1) > 2, so one of the sufficient condition for m, > 0ist < p — ;CZ(Z; (13)

Now, mym, — mz = {B + m(A — 1)}{m(A — 1)B — 6,05} + AcqBE* > 0 by (13).
Therefore, by Routh-Hurwitz stability criterion [14], condition (13) is the sufficient condition for local
asymptotic stability of the non-trivial steady state P, (xj, x5, E*) of the exploited system.

V.  Global Stability
We have already proved that the system (1) has a unique non-trivial steady state P,(xi,x3,E*)
provided the condition (8) holds and this steady state is locally asymptotically stable with the sufficient
condition (13).
Now, we shall prove that the non-trivial steady state P, (x1,x3, E*) is globally asymptotically stable in
the Lyapunov sense [15].
Let us consider the following Lyapunov function

X1 X E
L(xy,%5,E) =%, —xf —x{in{—= |t + Ly yx, — x5 —x5In| = +L2{E—E*—E*ln<—*)}
X X, E

where Ly, L, are positive constant to be determined in the subsequent steps.
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dL  x1—x7dxq x3—x5 dx; E-E*dE

Therefore, — = —1— [, 2224, —
E dt

x

> dt x1 dt xp dt
= (=D {r =2 =0y + 0,2} 4+ Ly (r, — x3) {—s + 222 — 0, — qE} + LAE — E')(p — D)qx, — c.
1 X2
by (1)
. r . Xy X3 X . X1 X
= (%, —x{) {_E (x; —x7) + 0, (x_ _F>} + L —x3) {—Q(E —E)+o <x_ - F)}

] ; 2 2
+Lz/}q(p—f))((E—E*)(x2)‘x2*) ( )( )

r gy (X1 = x7) (X} — 1% ¥, — X300 — XX
=——(x; —x))? + —LiqCe, —x3)(E —E") + 1L

k( 1 1) X1 X1 14 2 ) ! X2X5

* +L2/1q(p—’[)(E*—E*)(x2 —x3)
_02x3 —_ J2%2

Let Ll = e > 0 and Lz - o1 A(p—1)x] . .
Therefore, 2-? = —£ (x, — xi‘)Z — Z—;{(xzxf —Xx1%3) (sz—zxz _ x1x—1x1)}

02

=== —x)? - Cepxi — x23)% < 0.

X1x2x7

Hence, = < 0 ¥(xy, %, E) € RI\(P,(x{, x5, E")} and 5 = 0 at Py (x], x3, E).
This shows that 3—f is negative definite in the region RI\{P,(x}, x3,E*)} and hence by Liapunov’s

theorem on stability [15], it follows that the interior equilibrium P, (x], x5, E*) is globally asymptotically stable
with respect to all solutions initiating in the interior of the positive quadrant.

VI. Optimal Harvest Policy
In this section, we derive an optimal harvesting policy to maximize the total discounted net revenue
from the harvesting biomass using the tax T as a control parameter.
The net economic revenue 7w(x;, x,,.E,t) = net revenue of harvesting agency + net economic revenue of the
regulatory agency
=(p — 1)qEx; — cE + 1qEx; = (pqx; — ©)E

The objective of the regulatory agency is to maximizing | = fow e %t (pqx, — c)E(t)dt (14)

where § denotes the instantaneous annual rate of discount.
dx _ dxp _ dE

Our objective is to determine a tax 7 to maximize J subject to the state equations praiirale bl 0 and the

constraint T, < T < Tpgr -

We apply Pontryagin Maximum Principle [1] to obtain the optimal equilibrium solution to this control
problem.
The Hamiltonian of this control problem is

H = e % (pqx, — c)E + 2, (t) {rx1 (1 - ’;—1) —oyx; + azxz} + A () {—sx; + 01x1 — 0y, — qEX, } +
O —1gx; — 3E®)] (15)
where A, (t), A,(t) and 15 (t) are adjoint variables.
Since H is a linear function of 7, the condition that the Hamiltonian A be maximum for 7 such that

. OH
Tin < T < Tpax 18 a—=0.
T

Now, Z—” = 0= A5(t) = 0 by (15) (16)
o : Wy _ O dip_ _OH o dly _oH
The adjoint equations are e e el and i
ddy _ _O0H _ dA _ _rx -
NOW, ? = 9%, = P ){1 {T‘ X 0'1} 120'1 (17)
o —a—H:dﬁz—e‘&pqE—/llaz +,(s + 0, + qE) (18)
dt dxy dt
and % = —Z—I; = % = —e % (pqx; — ) + A,qx; + 23M{(p — T)gx, — ¢} (19)
From (16) and (19) we have, 2,(t) = e~ (p — q—) (20)
2
i ion &2 = 2 _ _se-0t (p— <
Using the state equation e 0, from (20) we have e Se~°t (p qu) 21
e ) _ean
From (18) and (21), we have 4, (£) = {pGs+0)+5(p m) - } (22)
Again using the state equations % = % = 0 and the equation (22), we have
dAy _ Se 0t c co1x1
S= o +o(p-5) - (23)
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From (17) and (23), we have

£ cox _s_ _n%c _ S
{p(s+02)+5p—qx2 p }{m §—— }+0102p p =0, m=r—o0
or, Py(m — 8)x% — Zior xX.X5 — 56(':_5) x, + Z;ir X Xy — wl(’:_a) X + zr;kgl x2 + oyo,px: — 22 x, = 0, (24)
where Py = p(s + g,) + 6p > 0.
This gives the equation to the singular path.
From the state equation % =0, we have x, = L (% - m) Xy . (25)
02

From (24) and (25), we have, after a little algebraic calculation, the following equation:
onf + A1x13 +A2x12 +A3x +A4 = 0 (26)
where,

_2pyr®
AO - k3azz

2

A = #{—(m — 8§)Py — 4Pym — 0y0,p}

_ 2_1‘ Pomz mPy(m—4§) _ ﬁ o102pm
Az - ko‘z{ ) + 02 qk ) }
s Py(m —8)m? c¢5(m —8)r N 2c6rm  rcoy oy pm?

37 o2 kqo, kqo, kq o,
cs(m—-86)m cdoq
A4 =
q02 q
Let x5 be the positive root (if exists) of the equation (26).
Then from (25) and the state equation % = 0, we have
1 (r
X2 = 57 (B2 = m) xp, e
-1 15 _

and Eg5 = p {01 (xzs) (s+ 02)}, (28)

respectively.
Thus, the optimal equilibrium solution (x5, X5, E5) is obtained for a particular value of §.
In terms of these optimal equilibrium values, the optimal value of the tax 7 is given by

c

Ts =D —

(29)

ax2s

VII. Numerical Example

Let r=5, k=1000, 0, =05,0,=03,s=0.2, ¢g=001, 1=1, p=10, c =48 and § =4,
in appropriate units.

As the regulatory agencies are always interested for the non-trivial steady states of exploited system, so
using these parameter values the regulatory agencies have to choose the tax T < 5 which satisfy the inequality
(8), for existence of P,(x7,x5,E*).

The results for different values of tax T are given in table-1.

Table 1: Steady states for different tax levels.

T x1 x5 E*
0 931 480 47
1 934.25 533.33 37.59
2 938.36 600 28.20
3 943.60 685.71 18.80
4 950.50 800 9.41
5 960(=x7) 960(=x3) 0.0
6 973.93 1200 -9.42

From the above table, we see that when the tax increases, the equilibrium levels of subpopulations
increases while the corresponding effort level decreases. This outcome is consistent with the social scenario that
when any regulatory agency gradually increases the tax on fishing, the fishermen will be unwilling to go for
fishing and so the harvesting effort gradually decreases and thereafter the equilibrium level of subpopulations
gradually increases.
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Fig.1 is the graphical representation of the steady states of the system (1) in the domain [0, 5] of the tax 7, where
Tin = 0 and 7,4, = 5.

If the regulatory agency impose the maximum tax 7,,,, = 5, then the effort level will be zero and then
the steady state P,(x;,x3,E*)of the exploited system becomes the steady state P;(960.960,0) of the
unexploited system .

If the fishermen have to pay no tax i.e. T = 7,,;, = 0, then the maximum equilibrium level of effort is
Enmax =47 units and the minimum equilibrium level of subpopulations are xj,,;,, = 931 units and X3,,,,, =
480 units.

Since the regulatory agency has to choose the tax t € (0,5) for existence of the interior equilibrium
P, (x{,x3,E*), let the agency impose atax T = 2 units.

When 7 = 2, then the non-trivial steady state of the exploited system is P,(938.36,600,28.20).
The characteristic equation of V(938.36,600,28.20) is y3 + 5.666y% + 18.27y + 66.108 = 0, by (12).
Here my = 5.666 > 0,m, = 18.27 > 0, m3 = 66.108 > 0 and m;m, — m; = 37.41 > 0.

So by Routh-Hurwitz stability criterion the steady state P,(938.36,600,28.20) is locally
asymptotically stable.

Using the above mentioned parameter values, P;(960,960,0) be the steady state of the unexploited
system and for T = 2, the eigen values of 1/(960,960,0) are —0.467619, —5.132381 and 28.8, by (11) and
hence P, (960,960,0) is unstable.

1200

1000 (x1=960,

x2=960,
E=0,
800 T=5)
600 ’/%
400 —
—x2
200

0

1] 1 2 3 4 5 6

Figure 1: Variation of steady states with different tax levels.

Figure 1: Variation of steady states with different tax levels.

Therefore, for T = 2, the non-trivial steady state P,(938.36,600,28.20) of the exploited system exists
and the steady state P; (960,960,0) of unexploited system is unstable. This verifies the theorem-1.

If the regulatory agency imposes the tax 7 = 6 units, we see from the table that the steady state of
exploited system does not exist but for 7 = 6, the eigen values of the matrix V (x7,x,0) at P;(960,960,0) are
—0.467619,—5.1323 and —9.6. So P;(960,960,0) is asymptotically stable. This verifies the theorem-II.

Using these parameter values equation (26) becomes

0.000125xf — 0.231667x3 + 110.05x? — 2372x; — 153600 = 0.

The roots x; 5 of this equation are —27.528, 53.495, 893.745 and 933.625.

But the first root is discarded because x;5 cannot be negative. For the other three positive roots, the
corresponding values of x,5 are —754.73,—93.173 and 523.219 respectively.

Since x,5 cannot be negative, so the unique optimal value of x,5 is 523.219 corresponding to the optimal value
933.625 of x;5. For these optimal values of x; 5 and x,5, we have from (28), E5 = 39.219.

Therefore, (933.625,523.219,39.219) is a unique optimal solution of the system.

The optimal tax is 75 = 0.826, obtained from (29).

VIII.  Conclusion
This paper deals with a problem of harvesting of an inshore-offshore fishery, considering inshore area
as the breeding place where fishing is strictly prohibited. The most important feature of this model is that it
assumes a fully dynamic interaction between the fishing effort and the perceived rent.
In this paper we give attention on the use of taxation as an optimal governing instrument to control the
over exploitation of the offshore fish subpopulation. Ranges of taxation for existence of nontrivial steady state
and the optimal equilibrium solution are discussed.
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The changes of steady states corresponding to the changes of taxation in the permissible range, is

shown graphically by the numerical example .
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