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Abstract: In this paper, the unsteady viscous flow produced by a sudden coincidence of the axes of a disk and
the fluid at infinity rotating with the uniform angular velocity Q has been studied. The exact solution of the
governing equation has been obtained using Laplace transform technique. The velocity field and the shear
stress components that rare related to the force components in the x and y —directions exerted by the fluid on the
disk are discussed. The exact solutions are also verified by another solution obtained and that is valid at small
times instants. The fluid motions are depicted through graphs using MATLAB.
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I. Introduction

The rotating disk is a popular geometry has studying different flows, because of its simplicity and the
fact that it represents a classical fluid dynamics problem. It is a subject of wide spread practical interest in
connection with stream turbines, gas turbines, pumps and other rotating fluid machines. This flow parading is
also be used to investigate the momentum and heat and mass transfer characteristics of Newtonian and Non-
Newtonian fluids.

The flow due to an infinite rotating disk is one of the classical problems in fluid mechanics which was
first introduced by Von karman. He show that the Navier Strokes equation a steady flow on the Newtonian in-
compressed fluid due to disk rotating far from other solid surfaces can be reduced the set of ordinary differential
equations. These equations can be solved by an approximate integral method.

Erdogan (1997) was the first to study the unsteady floe generated by non-coaxial rotation suddenly
while a disk and a fluid at infinity are initially rotating about a common axis. He obtained an exact solution to
this type of flow for a Newtonian fluid. Pop (1979) was the first to consider the unsteady flow produced by a
disk and a fluid at infinity. He considered the problem for a Newtonian fluid a studied the unsteady flow
induced when the disk and the fluid at infinity start impulsively rotate with the same angular velocity about non
coincident axes. Kasiviswanathan and Rao (1987) presented an exact solution of the unsteady Navier-Stokes
equations for the floe produced by an eccentrically rotating porous disk oscillating in its own plane and the fluid
at infinity. Erdogan (1997) studied the unsteady viscous flow resulting from rotation about non-coaxial axes
while the disk and the fluid at infinity are initially rotating about a common axis. Hayat et al. (1999) obtained an
exact analytic solution for the unsteady disk in its own plane. They also discussed the unsteady viscous flow
induced by the oscillations of a porous disk in its own plane. They also discussed the unsteady viscous flow due
to the porous disk oscillating and the fluid at infinity rotating about an axis parallel to their first rotation axis.
Erdogan (2000) studied the flow due to non coaxial rotation of a disk oscillating in its own plane and a viscous
fluid at infinity. Hayat et al. (2001) examined Erdogan’s work (1997) for a porous disk in the presence of a
magnetic field. Siddique ct al. (2001) studied the same problem for second grade fluid. However, they
considered small values of the elastic parameter.

In this mainly we studied about the unsteady flow of a Newtonian fluid resulting from rotation about a
common axis while a disk and the same angular velocity about non-coincident axes. The disk and the fluid at
infinity rotate with the same angular velocity about non- coincident axes. The disk and the fluid at infinity rotate
with the same angular velocity throughout the flow.

II. Mathematical Formulation

Let us consider a Newtonian fluid filling the semi infinite space z>0 in a Cartesian coordinate system.
The axis of rotation of the disk located at z=0 and that of the fluid at infinity are in the plane x=0. The disk and
the fluid at infinity are initially rotating with the same angular velocity Q about the z- and z axes, respectively,
and the distance between the axes is denoted by 1 .The disk suddenly starts to rotate with its initial angular

velocity about the z -axis. Therefore, the initial and boundary conditions are
u=-Qy+f(z),v=0x+8), w=0att=0 forz=>0, (D
u=-QF—4¥),v=2.0x w=0 atz=0 fort>0, (2)
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u=-Q—9),v=1.0x w=0 atz=o fort=0, 3
Where u,v, w denote the velocity components along the x, y, z-directions, respectively. The functions f(z)
andg(z), obtained by courier(1972), are given by

f(z) +ig(z) = Qe(1—e™*) (4)

Wherei =+v—-1,k=(1+1) \/%, and v is the kinematic viscosity of the fluid. The solution shown by Eq. (2) is

summarized in the Appendix.
Thus it seems reasonable to try a solution of the form
u=-Qy+f(zt), v=0x+g(zt), w=0, (5)
This seems that the flow is a result of superposition, in each z= constant plane, of a rigid body rotation
with the angular velocity Q about the z-axis and of a time dependent rigid body translation that changes from
plane to plane with the velocity {f(z, t); g (z, t); 0} in a Cartesian coordinate system. Using Eqs(1-3) and (5) we
have

f(z,0) = f(z), g(z,0) = g(z) for z >0, (6)
f(0,t) = Qf, g(oo,t) =0 fort > 0, (7
f(oo,t) = QF,g(0,t) =0 for t >0, (8)
Substituting Eq. (5) into the Navier-stokes equations, one obtains
18p_Qz + 0°f af+Q 9
pox XT\Vozz "o T E) )
1dp d*g Og
100 _ e 78 % _gf 1
poy YT (V 2 o M) (10)
19p =0 11
pdz (11)
Where p is the density of the fluid and p is the modified pressure. Equations (9-11) give
0*f of
— 4 Qo= 12
Vazzz T e=00O, (12)
0°g 0g
Vﬁ—a—ﬂ—cz(t) (13)

Since the fluid at infinity has no shear stress, we find that C; (t) = 0 and C, (t) = —Q21 with the help of
Eq. (4c).Introducing F(z,t) = f(z,t) + ig(z t) and using Egs. (12-13), we get
o°F _oF iQF = —iQ?1 14
Yoz o T a5
If we introduce the following dimensionless variables

PRLIE SEPY i L P 15
“atia T 7T (15)
Then Eq. (14) and the conditions (6-8) become
o°F ZaF 2iF=0 16
a7 Cor TV (16)
And
F(0,7) =0 (T > 0), (17)
F(o0,7) = 0 (Tt = 0), (18)
F(3,0) = —e D4 > 0). (19)
Solution of the problem
Setting
F( ) =H(@GDe™, (20)
We have
0*H oH 0 21
& ot (21)
With the conditions as follows:
H(0,7) =0 (t > 0), (22)
H(oo,t) =0 (t = 0), (23)
H(G0) = —e" (D4 > 0). (24)

Let the Laplace transform of H({, T) beH({, s), so that
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H(s) = f H({ t)es'dr (25)
0
Taking the Laplace transforms of Egs. (21-24), we get
H' — 2sH = 2e~(1+%, (26)
H(0,s) = 0(t > 0), (27)
H(eo,s) = 0(t = 0), (28)
And we obtain the transformed solution as
H=—— e Vst — L e~ (1418 (29)
s—i s—i
In order to take the Laplace inversion of H , equation(29) becomes:
H= i( 1 + 1 )e—\/z_si — L.e—(m)( (30)
W\ Vi 5 5=

We obtain

> + e V2ierfc (—\/ﬁ + L)] — efTe=(1+1)¢ (31)

17 ~ ¢
H=-e" [e‘/zierfc (\/ﬁ +—
2 T V2t

V2t
Where erfc(.) denotes the complementary error function.
Using Eqs (20) and (31), one finds

f g N . 4 . ¢
—4iz==1—e U0 4= [evz‘zerfc (\/i‘t + —) + e7V2lerfc (—\/ir + —)] 32
ol 2 o )] G2

The dimensionless shear stress components in the fluid are obtained by

Ty, +iTy, a<f+_g) 33
T. o\l ol (33)
Where T, = /pupQ3 /21 ,and p is the dynamic viscosity of the fluid. Using equations (32-33), we obtain
T,, +iT _ 1 -~ [ 1 . 4
XZ yz . — : — -
——=(1+i [e ()¢ 4 — eV2ilerfc (\/E + —> +—eV2ilerfc <—\/E + —)]
T (D 2 vz 2 vz
(= T\ . A
_z2 1 e@“(“aﬁ) ¥ e‘@(‘(‘vmﬁ) (34)

V2t

Finally, we have the dimensionless shear stress components on the disk in the following form:

(T )go + (T, )em0 = (1 +1) {1 + % [erfc(vit) — erfc(—\/ﬁ)]} - j%e—” (35)

— T = T
WhereT,, ==% and T,, ==
Tr y Tr

III.  Solution at small times
Although the solution given above is exact, we shall search for another solution that is valid for small

values of time. Thus, our purpose is to compare the results obtained in two different forms. We shall write Eq
(29) as follows:

1

H=3 (1—i/s)
Where ¢ = v/2s.It is well known that the series Y%, x™ converges to (1-x)" for |x| < 1. using this binomial
series, it is possible to obtain the solution for small values of the time corresponding to large s. (i.e.)

[e—tP( _e +i)€] (36)

i1 1 _
H= _Z(_)n [e—<PC - e—(1+1)€] (37)
SLds
Or
_ i e_(PQ > e_(l‘H)C
H=) 0 S— ) 0" o (38)
n=0 __ n=0
Now the Laplace inversion of H becomes
. . G o
H= Z D" (41)"i2"erfc(—=) — e~ (1Fkelr 39
n=0( )" (41) ( \/ﬂ) (39
Where i"erfc(.) denotes the repeated integrals of the complementary error function and is given by
ilerfcx = —e* ,i%rfc x = erfcx,
Vr
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i"erfcx = f i"lerfcddp (n=0,1,2,..) (40)
X

From equations (20) and (39), we have

LA SRS e—if;(i)“ (@ itrerfc (\/iz_T) 1)
Or
% = [1 —e‘cos{] + (cost)[A )] + (sinT)[B(E 1)), (42)
% = [e=*sin{] + (cos1)[B( )] — (sin1)[A 1)], (43)
Where
_ g g g
[A(G 1)] = erfc <\/2_1:> EEélr)zl“erfc (\/2_) + é4r)4 iBerfc (\/2_r> - C, (44)
[B(1)] = (41)i%erfc <\/2_r> (41)3i%erfc (\/2_) + (41)5i%erfc (\/2_r> — (45)
Bearing in mind the identity
ii“erfc y=-— (d_y) i"~lerfcy, (46)
dz dz ’
One finds
TT = e %(cos{ + sin{) — T [C(Q, )] — \/_ [D((;, )], (47)
TTL — e~4(cost ~sinQ) - X D] + = (L) (49)
where
. g g g
[C( )] =iterfc <\/2_TZ (41)?i3erfc (\/2_2; + (41)*i" erfc <\/2_TZ - (49)
[D( D] = (40)i erfec <\/_2—r> _ (41)iSerfc (\/—2_) + (4)5%rfc (E) —, (50
Using the identity
iNerfc0 = [2“r(E + D] (n=-1012..) 51)
the shear stress components on the dlsk are
1 CoST 1 (41)? (41)* (41)°
(Te)imo = 1= VZt |271T(0.5)  23T(2.5) T @5 2T(65)
sint[ (41) (41)? (47)* (41)° 5
= [2r(1 5)  25[(35) | 2T(5.5) 2BI(7.5) ] (52)
1 cost| (41) (41)? (41)* (41)°
(T) =1~ 75 2r(15)  25T(35)  2T(55)  2Br(75) ]
sint 1 (41)? (41)* (41)° 53
= [2-1r(0.5) TBr(25) 27T@45)  2r6s) T ] 3
where I'(.) is the gamma function defined by
F'(n) = f x"le~*dx (n > 0) (54)
0

For small values of time, the solutions given by equations (42-43) and (52-53) can be used instead of
the exact solutions given by Egs. (32) and (35), respectively. It is clear that equations(42-43) and (52-53) are
very convenient for 1<0.25.

IV.  Results and Discussion
When a disk and a fluid at infinity rotate with the same angular velocity about non-coincident axes, the

fluid layer in each z= constant plane rotates as a rigid body with their angular velocity. The coordinates of the

rotation centers of these fluid layers in this paper are obtained by }liz —g/Ql and }li =—f/Ql for 0 <<

0. Thus the velocity components in the planes parallel to the xy-plane are calculated according to the
coordinates.

In our problem, the disk and the fluid at infinity are initially rotating with the same angular velocity
about two parallel axes normal to the disk. Hence, the initial condition becomes the solution given by
Corier(1972).Because of the rotation about the common axis for t>0, the fluid tends to a rigid body rotation and
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it rotates about the z -axis in the steady flow, as expected (Figures 1-2). In the limit as t—soo, this result is readily
acquired from Eq. (41) for every C.

At the region near the disk, the projections of the rotation enter of the fluid layers on the xy-plane are in
the second quadrant until the computed value 1=2.05158.After this instant, the projections are in the first
quadrant. The projections continue to be in both the first and second quadrants as time elapses, and they reach
the point 0 (0, 1,0) in the steady flow.

Since the shear stress components Ty, and Ty, do not depend on x and vy, (Ty,)=o and (T, )., are
related to the x and y-components of the force per unit area exerted by the fluid on the disk ,respectively .At
small times ,the components become negative and positive in the x- and y-directions, respectively; however, the
x-component is larger than the y-component. The components change their directions continuously and finally
go to zero. As shown in Figure 4, these components become equal at some values of time (for
example(Ty, )—o = (Ty;)=o = 0.11928) for t=1.37947 and (T, )= = (Ty,)=0 = —0.02951) for 1=4.22331).
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Figure 1: variation of f/ Ql versus § for various values of T Figure 2: Variation of g/Ql versus § for various values of T
12
data1
10F data? ||
st data3 ||
6 -
4 L
2 -
O L -
2F
At
BHF
8 L
0 1 2 3 4 5 6

V.  Conclusion
The unsteady viscous flow for produced by a sudden coincidence of the axes of a disk and the fluid at
infinity rotating with the uniform angular velocity € has been studied. Exact solution of the governing equation
has been obtained using Laplace transform technique are analysis to produced the result. It is found that the
fluid tense to uniform motion in the curse of time t© > 0.
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