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I. Introduction

The concepts of a I'-ring was first introduced by Nobusause[9] in 1964 this I'-ring is generalized by
W.E.Barnesin [2] a broad sense that served now a day to call a I'-ring.

Let M and I" be two additive abelian groups. Suppose that there is a mapping from M xI'’xM—M (the image
of{(a,a,b) being denoted by aab, a,be M and a.el) satisfying for all a,b,ce M and o,

i) (a tb) a ¢ =aac + boc

a(a + B) c =aac +afic

ao(b + ¢)=aab + aac

ii) (aab)Bc = ao(bfc)

Then M is called a I'-ring.[2]

Throughout this paper M denotes a I"-ring with center Z(M) [1] ,recall that a -I'ring M is called prime if
al’'MI'b=(0) implies a=o0 or b=0[8],and it is called semiprime if al'MI"a=(0) implies a=0[6], a prim ["-ring is
obviously semiprime and a ['-ring M is called 2-torision free if 2a=0 implies a=0 for every a € M [5],an additive
mapping d from M into itself is called a derivations if d(aab)=d(a)ab + aad(b),for all a,b € M ,a€l’ [7] and d is
said to be Jordan derivation of a I'-ring M if d(acia)= d(a)aa + aad(a),for all a € M ,a € I [7].A mapping f from
M into itself is called generalized derivation of M if there exists derivation d of M such that
flaob)=f(a)ab +aad(b), for all a,be M, a.el'[4]. And fis said to be Jordan generalized derivation of I'-ring M if
there exists Jordan derivation of M such that f(acia)= f(a)aa + aad(a)
for alla € M and o€ T" [4].

Bresar and Vukman[3] have introduced the notion of a reverse derivation as an additive mapping d
from a ring R into itself satisfying d(xy) = d(y)x +yd(x) for all x,ye R.

M. Sammn[10] presented the study between the derivation and reverse derivation in semiprime ring R.
Also it is shown that non-commutative prime rings don't admit a non-trivial skew commuting derivation.

We defined in [11] the concepts of higher reverse derivation of I'-ring M as follow:
Let D=(d;)ien be additive mappings on aring R then D is called higher reverse derivation of I'-ring M if

du(xay) = ) di(y)od;(9)
i+j=n
For all x,y€ M ,ael’ and neN
and Jordan higher reverse derivation of I'-ring M if

d_ (xox) = z d,(x)ad, (%)
i+j=n
and Jordan triple higher reverse derivation of I'-ring M if
i<n
d,(rayp) = d,GOPxoy + ) d,60pd; ), (9
i+j+r=n
For all x,y€ M ,a, Bel’ and neN

also we proved that every Jordan higher reverse derivation of a I'-ring M is higher reverse derivation of
M [11], the main object of this paper is present the concepts of generalized higher reverse derivation , Jordan
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generalized higher reverse derivation of I'-ring M and we prove that every Jordan generalized higher reverse
derivation of I'-ring M is generalized higher reverse derivation of M.

II.  Generalized Higher Reverse Derivation of ['-Rings
In this section we introduce and study of concepts of generalized higher reverse derivation, Jordan
generalized higher reverse derivation and Jordan generalized triple higher reverse derivation of I'-ring.

Definition2.1:

Let M be a I'-ring and F = (fi);cy be a family of additive mappings of M such that f, =idy; then F is
called generalized higher reverse derivation of M if there exists a higher reverse derivation D =(di);cy of M
such that for all nEN we have :

fGoy) = ) f@)od () .. ()
i+j=n
F is called a Jordan generalized higher reverse derivation of M if there exists a Jordan
higher reverse derivation D = (di);cy of M such that for all nEN we have :

f,(xox) = Z f; () ad;(x) ..... (ii)
i+j=n

For every x,y€ M and a.el’

F is said to be a Jordan generalized triple higher reverse derivation of M if there exists Jordan
triple higher reverse derivation D = (di);ey of M for all nEN we have:

i<n
f, GoyPx) = F,GOPxay + ) fGOBd(3)od, () ... (i)
i+j+r=n

For every x,y€ M and a,fel’

Example2.2:
Let F =(f;)icn be a generalized higher reverse derivation on aring R then there exists a higher reverse

derivation d =( f));cy of R such that

L0 = ) O
i+j=n

We take M = M, x,(R) and F={(g): n € Z}, then M is I'ring .
We define D = (Di);cy be a family of additive mappings of M such that D, (a b) =(d,(a) d,(b)) then Dis
higher reverse derivation of M.
Let F = (f;);ey be a family of additive mappings of M defined by F,(a b) =(f,(a) f,(b))
Then F is a generalized higher reverse derivation of M .
It is clear that every generalized higher reverse derivation of a I'-ring M is Jordan generalized
Higher reverse derivation of M, But the converse is not true in general.

Lemma 2.3
Let M be a I'-ring and let F =(f;);cy be a Jordan generalized higher reverse derivation of M then for all x,y,z€ M
, a,BEl and n € N ,the following statements hold :
i<n
i) fuGay +yo) = ) £)ad (9 + £ad,)
i+j=n
In particular if y €Z(M)

i<n

i) f, (xayBx + xByax) = f, (x)pxay + Z fiGOBd; (ad, () + £, Gaxfy
i<n "
+ Z f, () ad; (y)Bd, (x)
i+j+r=n <n
iii) f, (xayox) = f, (x)axay + Z fi(x)ad;(y)ad, (x)

i+j+r=n

www.iosrjournals.org 26 | Page



On Jordan Generalized Higher Reverse Derivations on [-rings

iv) f,(xayoz + zayox) = f,(z)oxay + Z fi(z2)ad;(y)ad, (x) + f, X)azay + Z fi(x)ad;(y)ad, (z)
5 i+j+r=n i+j+r=
V) f,Goypa) = f@pxoy + ) f@pd(ad, ()
i+j+r=n
i) £, GrayPz + zaypx) = f,@Pxay + Y H@PAHod, () + f,(Pzay + Y (IPd (ad, ()
i+j+r=n i+j+r=n

Proof:
i)Replace (x +y) for x and y in definition 2.1 (i) we get :
G+ +y) = Y fG&+y)od x+y)

i+j=n

= ) 60000 + EMadE + (@G + EWad) (D

i+j=n
On the other hand:
fn((x+y)(x(x +y)) = f,xax+xay+yax+yay)

=f,(xax +yay) + f,(xay + yox)

= Z fi(xad;x) + fad(y) + f,(xay+yax) - (2)

i+j=n
Compare (1) and (2) we get:
fLGoy+yen) = D f@od( + fEad )
i+j=n
ii) Replacing xBy +ypx for yin 2.3 (i) we get:
fo (xa(xBy + yBx) + (xBy + ypx)ax)
= fu(xa(xBy) + xa(ypx) + (xBy)a x + (yBx)a x)

= f, (ko x)By + (xay)Bx + (xBy)ax + (yBx)ax

> B o0 + £GP (xay) + £GIad, () + (Iady (7B )

i+j=n

z fi@Bd;®)ad, (%) + fix)Bd;(y)af;(x) + fix)ad(y)Bd, (x)
i+j+r=n

Hi(x)ad; x)Bd.(v)

=, @Prox+ Y £GP EI0d, )+, (IPxay + ) 9B (ad, ()
i+j+r=n i+j+r=n
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+fn (X)OL XB y + Zgijn+r=n fi (X)OL dj (Y)B dr (X) + fn (X)OL YB X+ Z;ijn+r:n fi (X)Otd]- (X)Bdr (y) . (1)
On the other hand:

f,xa(xBy + yBx) + XPy + ypx)a x) = f, (xa xB y + xa yB x + xP yo x + yp xa X)

i<n i<n

=L@Prox + D P, +LEaypx+ Y Iad ()
i+j+r=n i+j+r=n
+f, (xo yB x + xB yo x) - (2)

Compare (1) and (2) we get the require result.

iii) Replacing a for B in 2.3 (ii) we have:
f,(xa yo x + xa ya x) = 2(f, (xa yox))
i<n

=2(,axay+ ) f(dad)ud,(9)

i+j+r=n
Since M is 2- torsion free then we get:

f,(xayax) = f,(x)oxay + Z fi(x)ad;(y)ad, (x)

i+j+r=n

iv) Replacing x+z for x in 2.3 (iii) we have:

i<n
fn((x +y)aya(x + y)) = f,x+2z)a(x +z)ay + Z fi(x + Z)(Xd]- od, (x+z)
< i+j+r=n
= f,(X)oxay + Z fi(x)ad;(y)ad, (x)
i+‘j+r:n
i<n
+ f, (z)oxay + Z fi(z)ad;(y)ad, (x)
i+_j+r:n
i<n
+f, ®X)azay + Z fi(x)ad;(y)ad, (z)
) i+j+r=n
i<n
+f, (2)azay + Z fi(z)ad;(y)ad, (z) (D
i+j+r=n
On the other hand:
f,((x+y)ayo (x+z))="f (xayox + xayoz + zayox + zayoz )
i<n
= f,(X)a xya + Z fi(x)ad;(y)ad, (x)
i+j+r=n
i<n
+f, (z)azay + z fi(z)ad;(y)ad, (z) + f, (xayoz + zayox) - (2)
i+j+r=n

Compare (1) and (2) we get the require result.
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(v) Replace (x +z) for x in definition 2.1(iii) we have:
i<n

f(x+2z2)aypx+z) = f,x+2)Bx+2z)ay + Z fi(x + z)Bd;(y)ad, (x + z)
. i+j+r=n .

= ,Pxay+ ) [P Mad () + L,@Pray+ > B ¢od,®)
.i-<l—i'1+r=n i<ni+j+r:n

LGPy + ) E@PGGod. )+ @By Y. @B (Had, @) .. (1)

i+j+r=n i+j+r=n

On the other hand:

f,((x +2)ay B(x +2) ) = f, (xayBx +xoyPz + zaypx + zoypz)

f, (xayPx + zoypx + zoypz ) + f,(xaypz)

i<n

= f, (x)Bxay + Z f; ) Bd;(y)ad, (x)
i-l-—j<-l;1r=n i<n
HLPoy+ ) B0, @) + L@Pray+ ) @R ()ed, @
i+j+r=n i+j+r=n
+ £, (xoyBz) ....(2)

Compare (1) and (2) we get:

i<n

f, (o) = F,@Pxay + ) )P o ()

i+j+r=n
vi)Replace (x + z) for x in definition 2.1(iii) we have:

fn((x +z)aypEx+ Z)) =f,x+2)px+2)ay+ Z fi(x+ Z)ij od, (x+ z)
. i+j+r=n
= (00 +L@PG+Day+ Y (60 + (@)Pa (4,60 + @)
= f,(0)Bxay + f,(2)Pxay + f, (>+<])+Bz_ay + f,(@)Bzoy
+ ) RGP (ad, () + @B (ad, () + £GP, (ad, ()
i+j+r=n

+ fi(2)Bd;(y)ad, (2) ... ..... (1)

On the other hand:

fo((x tz)ay B(x + 2)) = £, ( xayPx + xaypz + zoyPx + zaypz )
= f, (xayBx + zayPz) + f, (xayPz + zaypx)
fLOProy + ) F(OBA(ad, ()
i+j1—;=n
+ f,(z)Bzay + Z fi(z)Bd;(y)ad, (2) + f, (xayBz + zaypx) ...... @)
Compare (1) an(;?;)r:;e get the require result
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Definition 2.4:
Let F = (f;);enbe a Jordan generalized higher reverse derivation of a I'-ring M,then for all x,y€ M
and a€ I' we define:

é\)n (X' Y)a = fn (XOLY) - Z fi (Y)Otd]- (X)
i+j=n
In the following lemma introduce some properties of 8, (X, ¥),,

Lemma 2.5

If F = (f));en 1s a Jordan generalized higher reverse derivation of I'-ring M then for all X,y ,z € M, o, € I" and
n € N:

i 6n (X, Y)(x = _Sn (y' X)a
i §,(x+y,2)y =8 (%2)y + 8,(¥,2),
i, 0, (Xy+2), = 6, (X¥)y + ,.(X2),
iv. 6n (X, Y)a+[3 = 6n (X' Y)a + 6n (X' Y)B
Proof:

i. bylemma 2.3 (i) and since f, is additive mapping of M we get:

f, oy +ya) = D H()ad,) + £,0ad ()

i+j=n
fL oy + G0 = D E@od )+ ) £ud )
i+j=n i+j=n
fLGoy) = Y E(ad () = ~f,Ga0) + Y &@ad )
i+j=n i+j=n

foy) = ) E@od 6 = ~(6 o) = ). £6od )

i+j=n i+j=n
8, (% ¥)a = =8, 9)s.

il.

8, G+ 5,2 = fu( (4 y)om) = ) fGEad G+ )

i+j=n

= f,(xaz + yoz) — (Z fi(z2)ad;(x) + fi(z)ad;(y))

i+j=n

= £,602) = ) £@od () + £,Foz) = > f@ad)
i+j=n i+j=n

=0,(X,2) + 0,(V,2), -Aii.
By +2)y = LGy +2) = ) £y +2)ad (9
i+j=n
= f,(xay + xoz ) — Z fi(y)ad;(x) — fi(z)ad;(x)
i+j=n

Since f,, is additive mapping of M then we have:
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fLGoy) = D HG)od (9 + f,(x0z) = ) f@ad;(9)

i+j=n I+j=n

3 (X Y)o +3,(X2)y -
iv.

80 (5 Vaap = B0+ BY) = D £+ )9

i+j=n

= f,Goy +xBy) — Y. f()ad() — f,$)Pd )

i+j=n
Since f,, is additive mapping

= f,0y) = ) fad) + LGB = Y (PG
i+j=n i+j=n

= Sn(X'Y)(x + Sn(XJY)B .

Remark 2.6:

Note that F = (f;);cy 1s generalized higher reverse derivation of a I'-ring M if and

only if 8, (x,y), =0 forallx,y €M ,a €ET"andn €EN.

III.  The Main Results
In this section we present the main results of this paper.

Theorem 3.1:

Let F = (f))ien be a Jordan generalized higher reverse derivation of M then 3, (x,y), =0 for all

X, yEM,0 €l andn€N .

Proof:
By lemma 2.3 (i) we get:

f,(xay + yox) = Z fi(yad;(x) + fiad(y) ......(1)

i+j=n
On the other hand:
Since f,, is additive mapping of the I'-ring M we have:
f (xay +yox) = f, (xay) + £, (yox)

= f,(xay) + Z fi(ad;(y) e vev e (2)
i+j=n

Compare (1) and (2) we get:

fLoy) = ) E@)ad (9

i+j=n

fLoy) = ) (ad() =0

i+j=n
By definition 2.5 we get:

O (%y)y =0
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Corollary 3.2:
Every Jordan generalized higher reverse derivation of I'-ring M is generalized higher reverse derivation of M .

Proof:

By theorem 3.1 we get J,(x,y), = 0 and by Remark 2.6 we get the require result .

Proposition 3.3
Every Jordan generalized higher reverse derivation of a 2-torision free ['-ring M such that xayfz =
xPByaz and y € Z(M) is Jordan generalized triple higher reverse derivation of M .
Proof:
Let F = (f);enbe a Jordan generalized higher reverse derivation of M

Replace y by (xBy + ypx) in lemma 2.3 (i) we get

fo (xa(xBy + yBx) + (xBy + yBx)a x) = f, (xa(xBy) +xa(ypx) + (xBya)x + (yBx)ox)
=y (xax)By + (xay)Bx + (xBy)ax +(ypx)ox )

Z fi(y)Bd; (xox) + fi(X)ij(XOCY) + fi(X)(de (xBy) + fi(x)adj (yBx)

i+j=n

Z f)Bd;Xad, (x) + £)Bd;(Y)ad, x) + f;(x)ad;(y)Bd, () + f;(x)ad; x)Bd, ()

i+j+r=n - o
= f@Pxax+ Y HEIPGGIad () + [,GOPxay+ Y {IPA,(ud, ()
i+j+r=n i=j+r=n
H,Waxpy+ > Hud PG + LEax+ Y od (P F) ... (1)
i+j+r=n i+j+r=n
On the other hand:

fo (xa(xBy + yBx) + (xBy TyBx)ax) = f, (xaxPy + xaypx +xPyox +ypxax)
= f,(xoxPy +ypxax) +f, (xayBx + xByox)

i<n

= L, MProx+ ) P (Mad,(9)
i-I?j<-};:"=n

+f, X)aypx + Z fi(Xad;x)Bd.(y) + f, xaypx + xByox) ...... 2)
i+j+r=n
Compare (1) and (2) and since xayPz = xByoz we get

o (xayPx + xoryPx) = 2(f, (xaryPx) )

i<n
= 2(E, Py + ) £,09Bd (ad, )
i+j+r=n
Since M is a 2-torision free then we have:
i<n
f,GayB) = £,00Bxay + Y £GOBd; (e d, )
i+j+r=n
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