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On The Fastness of the Convergence between Mann and Noor
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Abstract: Operator theory owes its origin in the book titled “Theorie des Operators Lineaires” by Stefan
Banach before the middle of 20" century. The convergence of a class of operators is important since a number
of iterations have been developed. The aim of this paper is to established that the Mann iteration converges
faster than the Noor Iteration for the class of Zamfirescu operators of an arbitrary closed convex subset of a
Banach Space.

I.  Introduction
Let E be a normed linear space, K be an arbitrary closed convex subset of E and T is a self map on K.

o0
Let xo € K be arbitrary and {o,} < [0, 1] a sequence of real numbers. The sequence {Xn }nzo cK

defined by
Xn+1 = (1 — o)Xy + 0, Txp, n=0, 1,2, ... (L.1)
is called Mann iteration.
Let yo € K be arbitrary and {a,}, {B.} and {y,} be sequences of real numbers in [0, 1]. The sequence

{Yn }:1020 c K defined by

Vor1 = (I —0)yn + 0, Tz, n=0,1,2

=1 -Bu)yat BuTwy, n=0,1,2, ..... (1.2)

= -v)yn +*1aTyn, n=0,1,2
is called Noor iteration.
For y,=0, B, =0, the Noor iteration (1.2) reduces to the Mann iteration (1.1).
Definition 1.1] 4]: Let T : K — K be a map for which there exist real numbers p, g, r satisfying 0 <p<1,0<q
<1/2,0<r<1/2, then T is called a Zamfirescu operator [4 ] if, for each pair x, y in K, T satisfies at least one of
the following conditions given in (z;) — (z3);

(z1) Tx-Ty|l <p|x— y"

(z2) Tx-Tyl|[ <qffx—-Tx " + " X — Ty"

(23) Tx —Ty|f <r( |x y" + " y— Tx")

Then T has a unique fixed point s and the Picard iteration {Xn }:10:0 defined by
Xnt1 = TXp n=0,1,2, ... (1.3)

converges to s, for any x € K.

Definition 1.2 : Let {an}:zo, {bn }::0 be two sequences of real numbers that converge to a and b
respectively, and assume that there exists
‘an_a‘
0D

e = limy s (1.4)

o0 0
If e = 0, then we say that {an }nzo converges faster to a than {bn }n:O to b.

Definition 1.3:  Suppose that for two fixed point iteration procedures {un }:IO:O and {Vn }::0 both
converging to the same fixed point p with the error estimates

-pll £ay n=0,1,2, ... (1.5)

—pll £by n=0,1,2, ...

where {an }n=0 and {bn }n:O are two sequences of positive numbers (converging to zero). If {an }n:O

o0 0 0
converges faster than {bn }n:O , then we say that {un }n:O converges faster than {Vn }n:O to p.
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We use Definitions 1.2 and 1.3 to prove our main results.

Based on Definition 1.3 G.V.R. Babu and K.N.V.V. Vara Prasad [8] compared the Mann and Ishikawa
iteration of the class of Zamfirescu operators defined on a closed convex subset of a uniformly convex Banach
space and concluded the Mann iteration always converges faster than the Ishikawa iteration.

Theorem 1.4: Le E be an arbitrary Banach space, K a closed convex subset of E, and T : K — K be a

Zamfirescu operator. Let {Xn }:10:0 be defined by (1.1) and xy € K, with {a,} < [0, 1] satisfying

(1) =1
(i1) 0<o,<1, forn>1

(1i1) i a,=
n=0

0
Then {Xn }n:O converges strongly to the fixed point of T and, moreover, the Picard iteration {Xn}

0]
n=0
defined by (1.3) for x¢ € K converges faster than the Mann iteration.

The aim of this paper is to show that the Mann iteration converges faster than the Noor iteration.

For this we use the following theorem

II. Main Theorem
Theorem 2.1: Let E be an arbitrary Banach space, K a closed convex subset of E, and T:K—K an operator

satisfying condition Z. Let {yn} be the Noor iteration defined by (1.2) and y, € K, where {a,}, {B.} and

{ya} are sequences of positive numbers in [0, 1] with ZOOLH =o0= ZOB I
n= n=|

Then {yn }(::0 converges strongly to the fixed point of T.

Proof: By theorem z, we know that T has a unique fixed point in k, say p consider x, y € K. Since T is a
Zamfirescu operator, at least one of the conditions (z,), (z;) and (z3) is satisfied. If (z;) holds, then
ITx Tyl < bflx—Tx|| + |
< ol My x T Tyl
So (1-b)[[Tx-Ty[ < b[|x- yII +2b|[x - Tx||
which yields (using the fact that 0 <b<1)

Iyl < 226 Iyl + 22 -] @
If (z3) holds, then 51m11arly we obtain

Imc-myll < 355 Ix=vll+ 25 k-] (2.2)

_ b c }

Denote 8 =max {a, b’ T-c (2.3)
Then 0<56<1,inview of (z)), (2.2) and 2.4)
it results that the inequality

Iyl < allx -l +25]x - T @5)

holds for all x, y € K.
Now let {yn } be the Noor iteration defined by (1.2) and y, €K arbitrary

Then

" Yor1 =P " = " (1= otn)yn + an Tz, — p " (2.6)
with x =p and y = z, from (1.9) we obtain

|72~ pl < 8]z~ pll 27
where § is given by (2.4)
Further we have

lze—pll = | 0= Buya + BaTwa —p|

IA

(=B [[ya = +Baf| TWa —p|| 2.8)
withx=pandy=w,
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ITwapll < 8[| —p| 2.9)
Further

wi—p|| = (1= 7)yn + 1Ty — ||

Wi p|| < (l—vn)llyn pll + % Tya —pll (2.10)
with x = pandy yy from (2.5) we obtain

[Ty pll < 8l|v: —p| .11

and Hence by (2.6) — (2.11) we obtain
" Yot1—P " < [1_ OLn(l - 6) (1+ BHS + BHYHSZ)] " Yn—P "

which by the inequality
1— 0t(1 = 8) (1F Byd + Baynd’) < 1— aty(1 — 8)°
implies
[ vosi—p|l < [1-(1 =80 I ya —p||, n=0,1,2, ... (2.12)

By (1.16) we mductlvely obtain

| yari—p|| < T[l (1-8oux1|lyi—p|l. n=0,1,2,..... (2.13)
k=1

o0
using the fact that 0 <3 <1, o, B, Yu € [0, 1] and ZOLn =
n=0

n
limy, [] [1—=(01-8u]1=0
k=1
which by (2.13) implies
1imn—>oo " Yor1 — P " =0

{yn } o converges strongly to p.

III.  Supplimentary Theorem
On the comparison of fastness of the convergence.
Theorem 3.1: Let E be an arbitrary Banach space, K be an arbitrary closed convex subset of E, and T:K—K be

Zamfirescue operator. Let {X } be defined by (1.1) for x, € K and {yn } be defined by (1.2) for y, €

K with {O(.n }?:0, {B } _o and { n} _p are sequences satisfying
(a) 0< o, B, 1a=1

o0

(b) o, = 2B, =
n=0

Then {Xn }fzo and {yn }fzo converges strongly to the unique fixed point of T and moreover, the
Mann iteration converges faster than the Noor iteration to the fixed point of T.

Proof: By [2, Theorem 1] established in [ 1], for xo € K, the Mann iteration defined by (1.1) converges
strongly to the unique fixed point of T.

By Theorem 2.1, for y, € K, the Noor iteration defined by (1.2) converges strongly to the unique fixed
point of T. By the uniqueness of fixed point for Zamfirescu operators, the Mann and Noor iteration must
converges to the same unique fixed point p(say) of T.

Since T is a Zamfirescu operator, it satisfies the inequalities
Tx-Tyl|| < 8ffx—y| +28]|x—Tx
Tx-Ty|| < 8ffx—y| +28]y—Tx

3.1
(3.2)

for all x, y € K, where 6 = max a,%,ﬁ and 0<6<lsee|]

Suppose that xy € K. Let {X n }::0 be the Mann iteration associated with T, and {Otn }::0 . Now by

using Mann iteration (1.1), we have

Ixee1=pll = (= awlya—p || + o] Txa - p] (33)
on using (3.1) with x =p and y = x,,, we get
I Txu—pll < 8 xa—pl (34)
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Therefore from (3.3)
bl = (- 0l pl = ol ol

= [1-ou(1- )%~ p (3.5
and thus
n
I%i-p|l < T1 [1—o(-8)1x-p|n=0,1,2,... (3.6)
k=1
Here we observe that
l-o(1-8) >0 Vk=0,1,2,.... 3.7
Now let {yn }fzo be the sequence defined by V or iteration (1.2) for y, € K. Then we have
Iyai=pll < A= anllya—p|l + o[ Tzo—p] (3-8)
on using (3.2) with x=p and y = z,
[Tz pll < 38]|z.—p] (3.9)
Again using (3.2) with x =p and y = w,
[ Tw.—pll < 38[w. —p]| (3.10)
Again using (3.2) withx=pand y =1y,
Ty pll < 38|y, —pll G.11)
Now zp|| < 0-Bo) ||ya —p| +Bn Twnp‘l (3.12)
and wi—p|l < (1fyn)|ynfp| + Y0 || Tyn — | (3.13)

and hence by (3.8) — (3.13) we get

||Yn+17p" S (1*0€n)")’n*p" +36O{vn"}Infpuz

< [(1= oty) + 38t (1= Bu)] || va — P | +98%ctafBe [| W — p ||
<[1= oty + 380t(1— Br) + 9870t B 1= 7n)
2+27820ann Yo | ||ynfp||

s = Il < [1= o (1= 38) (1438B,+ 98"Buym)] [l ya D[~ (3.14)

"V 0<0,<1,0<B,<1,0<y,<1and0<5<1

= 1— 0, (1 -38) (1438 By + 987 Buyn) > 0, Vk=0, 1,2, ..... (3.15)
we have the following two cases

CaseI: Letd e (0, %]

1— oty (1-38) (1438 By + 98 Buy) <1, n=0,1,2, ..... (3.16)
and Hence the inequality (3.14) becomes

Iyea—pll < llva-pll v (3.17)
and Thus

lyer—pll < Iy - pll (3.18)

We now compare the coefficient of the in equalities (3.6) and (3.18) using definition (1.3)

n
ay = [1—a(1-8)]b,=1 (3.19)
k=1
o0
since E Op =
n=0
So we have limn_,oo—n =0
b,

CaseIl: Letd e (%, 1). In this case

1 <10 (1-38) (1438 B+ 98” Baya) < 1= (1 —278)  (3.20)
so the inequality (3.14) becomes

o —pi ]l <0101 =278 [ ya—p|| ¥n (321)
Therefore
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n
Iyaer=pill =TT [1= ot =278)1 ]y -p| (3:22)
k=1

We compare (3.6) and (3.20) using definition (1.3)

n
[T [1-o-98)]

a, =
k=1
n
bo= [l [1—ou(1-278")
k=1
We observe that
l—o, (1-90
K )3 <1-oy(1 )
1—a, (1-278%)
so that
n
E—“ = [1-a(1-8)], n=0,1,2, ...
n k=1
an
Thus lim,_,. =0

b,

n

Note that a,, b, > 0asn — o

Hence

0
from case I and II it follows that {an }nzo converges faster than {bn }::0 so that the Mann iteration

{X,} converges faster than the Ishikawa iteration to the fixed point p of T.
Corollary 3.2: Under the hypothesis of theorem (3.1), Picard iteration defined by (1.3) converges faster than
the Noor iteration defined by (1.4) to the fixed point of Zamfirescu operator.
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