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Abstract:This paper studies existence and unigueness of solutions for system of fractional differential equations
involving Caputo derivative with anti periodic boundary conditions of order « € (0,3) . We obtain the result by
using Banach fixed point theorem.
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I.  Introduction
In recent years the subject of fractional calculus gained much momentum and attracted many researchers
and mathematicians. Considerable interest in field of fractional calculus has been developed by the applications to
different areas of applied science and engineering like physics, biophysics, aerodynamics, control theory,
viscoelasticity, capacitor theory, electrical circuit, description of memory and hereditary properties etc. See

[1]-[5]-

Anti periodic boundary value problems constitute an important class of boundary value problems and
have recently received considerable attention. Anti periodic boundary conditions occur in mathematical modeling
of many physical processes, see [6]-[10] and references therein.

The Banach fixed point theorem is used [11] to investigate existence and uniqueness of for integro

differential equations of fractional order & € (1,2) with antiperiodic boundary conditions. In [7] the author
investigated existence problem of an anti periodic boundary value problem to fractional differential equation for
ae (2,3) by using Banach fixed point. Motivated by these works we study in this paper the existence of

solution to fractional differential equation when o € (0,3] with anti periodic boundary conditions.
Precisely we consider the following problem;

°Dnx (t)=f (t,x (1), te[0,T], T>0,
0<a,<3, n=123 1)
x(0)=-x(T), Xx(0)=-x(T), x"(0)=-x"(T)

a . . . - - -
where “D™™" denotes the Caputo’s fractional derivative of order ¢, and f isa continuous function.

Il.  Preliminaries
Definition 2.1 A real function f(t) is said to be in the space Cﬂ , M €R if there exists a real number

p >, such that f(t) =t f (t) where f, € C[0, 0], and it is said to be in the space C if and only if
™ €C,, neN.

Definition 2.2 A function f €C,, 1 >—1 issaid to be fractional integrable of order o >0 if
1 t
1 f)(t) =17 (t)=——| (t—s)*" f(s)ds,
()R =1 ) F(a)jo( ) (s)
andif o, =0 then 1°f(t) = f(t).

Next we introduce the Caputo fractional derivative.
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Definition 2.3 Caputo fractional derivative is defined as

a — a — | N—a dﬂf —_ 1 _ n-1
(PO =D FO=1"""3 a)_rn_aja s)" f (s)ds

for n=1<a<nneN,t>0,f C"

Lemma 2.4 [3]. For « >0 the solution of fractional differential equation “D“X(t) =0 is given by
X(t)=c, +ct+c,t’ +---+c, " )
where ¢, e R,i=0,1,2,.....,n—=1(n =[] +1) where [@] denotes the integer part of o >0.

To study the nonlinear problem (1) we need following lemma.

Lemma 2.5 Forany @ € C[0,T] the unique solution of bounded value problem.

°Dx (t)=f (t,x (1)), te[0,T], T>0,
0<a,<3, n=123 3)
x(0)=-x(T), Xx(0)=-x(T), x"(0)=-x"(T)

T

X,(t) = [ G, (¢, S)p(s)ds
where G, (t,S) is Green’s function corresponding to ¢, .
(t-5)* "= (T -9

e,
G,(t,s) = (4)

_ alfl
_(I-Z—FS) , 0<t<s<T
2%

O0<s<t<T

(-5 -2 (T -9)""

e,
T —2t)(T —5)“2"°
G,(t,s) = +( 412(;- _1) 0<s<t<T (5)
2

-9 T2 -9)*
2l'e, la,-1

O<t<s<T
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G,(t,s) =

a1 1 a1
A A Y. L
I'e, A'a, -1
LT )T -9
A'a, -2

, 0<s<t<T ()

_T-9" T - -9

, O<t<s<T
2l'a, A'a, -2

Proof. By using Lemma 2.4 for some constants C,,C;,C, we havefor 0 <o <1

x0=[ L gen-c,

at t=0 wehave X,(0) at t=T

U
b

¢, (8)ds = ¢

by using boundary condition X(0) = —X(T) we have

T -5 alfl
=[T2 g syis
1
hence
t—s)™ N 1+ (T =5 x-1
X (t) I ( ) EL %(ﬁl(S)dS
1
T
x() = joGl(t, $)¢,(5)ds.
The the Green’s function is:
(t— S)arl — 1 (T - S)“rl
FZ ; 0<s<t<T
a
Gy (t,s) = %
_c)at
_%, O<t<s<T.
o,

Similarly for 1<a <2

t(t—s azfl
5= [ s,
and
(t- s)“2
SO = [ g p OB
By using boundary condltlons
t-9)"" s) 27 17 (T-s)"2"
O R O ] e O
T (T —2t)(T —5)"”
+f) IO INC
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= [1G.(s.D0,(9)ds.

t-9) - LTt
2
e,
—2t)(T —s)“2°
G,(t,s) = +(T 412(;— _1) : O<s<t<T (9)
2
L9 -2 -9 ot
e, e, -1 '
Finally for 2< ¢, <3
T
X(t) = [ Gs(t, )y (s)ds
where
_ a3fl_1 _ az-1 .
A A Ul L il
I'e, A'a, -1
t(T —t)(T —s)"°
G,(t,s) = + u 412(;- 2) 0<s<t<T (10)
-
_ az-1 _ _ a373
_T-9 (T -9)%" D<tcs<T
2l'ay Ao, -2

1. Existence result

The existence problem to the given fractional nonlinear differential system with anti-periodic boundary

conditions is investigated in this section by using well known Banach fixed point theorem.

Let C=C([0,1],R) denote the Banach space of all continuous functions from [0,1] > R endowed with

the norm defined by|| X ||= sup| x(t,t €[0,1]) | .
Now we state some known results to prove the existence of solution of (1).

Theorem 3.1 Let X be a Banach space and €2 is an open and bounded subset of X andlet T :Q — X

and [|Tul|<||u||, forall ueQ.Then T hasa fixed pointin €.

Theorem 3.2 Define an operator
g,:C—>C as n=123 and te[Ol] for n=1,0<¢, <1.

@00 =2 A X j“ L s (e

for n=21<a,<2.

(@200 = [ L g5 xonds -2 [ =g, s (o

(11)
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_ _ ag—2
+J-T (T -2t)(T —5)
4T’ (e, —1)
for N=3,2< ¢, <3.

$,(s,X(s))ds (12)

(0200 = [ 12— s xsis 3 [ T-0 " s, onas

T ZtJ‘ (T- S)aS) 4,(s, X(s))ds

t(T t)j (T—s)“3‘
¢ I'(a; = 2)

#5(S, X(s)ds, te[0,1]. (13)

Observe that problem (1) has a solution if and only if the operator g, has a fixed point.
Lemma 3.3 The operator g, :C — C is completely continuous.

Proof. Let Q — C be bounded then Vt e [0,1], X € Q, there exists a positive contant Ln such that
g, (t,x)|I<L, n=123.

Thus for 0 < e, <1, we have

S)a -1

ook [ Al X s+ L R PICRTONLE

< [F—a1 jo(t —s)“f ds+ e jo (T —s)"ds]

T, T
L+
e, +1) 21(er)
3r4
=~ |,
2[' (o, +1)
=ML,
!

where M, = T which implies that
o, +

190 [l< M, L. (14)

Furthermore

@O F [ g s xS j”

<L ]

5)a1) |4,(5,X(5)) | ds

t-5)"" 3)12 T-9*"
Li[J- I 'y l)

3Ta171
<
Liyrg ]

=ML,
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alfl
where M/ = which implies that
o
Il (9,)'(®) ll< M, L. (15)

Hence for t,,t, €[0,T], we have
|(@0) - @) [ (@(9) ds
<ML (L -t,). (16)

This implies that g, is equicontinuous on [0,1]. By Arzela Ascoli theorem we can say that

g, :C — C is completely continuous.

In the similar manner we can prove that g,:C —C and g,:C —C are completely continuous for
1<, <2 and 2 <, <3 respectively.

Hence we can say g, :C — C is completely continuous for 0 < ¢z, <3 where N =1,2,3.

Now we prove existence and uniqueness result by means of Banach fixed point theorem.

Theorem 3.4 Assume ¢:[0,1]x X — X isa continuous function satisfying the condition
” ¢n (t! X) _¢n (t! y) ”S I-n ” X—Yy ”! Vte [O!T]! X,y e x! n= 1!213
with
2l (e, +1)
3T

2F(0{0f +1) (3+ﬁ)

T 2

2

21“(052 +1) (3+a_3)-

T 3

L, <

L, <
L, <

Proof. Setting supt €[0,1] |¢ (t,0)|= M, and selecting I‘IZ% where 1=1,2,3 and L,L,, L, as

defined above. We show that gB, < B, where
I I
B, ={x=CIIx|l<r}
for X, Br_ we have

S) (05 -1)

(@000 ll< max [ == — E29) (s x(s)) [ ds

(alfl)
g xenast
(al )

<max [ = S’ (115, X($) ~ 4(5.0)+ 4(5.0) D]

tef0,T]

(arl)
R S) (5 X(9)— 4 (5.0) + (50) s

<(Lh, +M1>r39x][F— [[e-9)*"ds
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l T a; -1
— —s)t ds
o by T s]

3r™
<(Lp+M))——
2[(e, +1)
<
which implies that
1 (9. X)) lI< .. (17)
By using the same argument we can prove that
(18)

Il (g:)® lI<r, r=123.
Now for X,y € C and for each t €[0,1] for 0 < <1 we obtain

(@00~ (@) l1< max [, 52— (=9 S)l | 4,(5.X(5) ~ 4,5, y(5)) I s

J U S)l I 4.(5, %(8)) = (s, y(8)) || ds]

SL1||x—y||max[—jo<t—s)“f ds
te0 7]
l T a1
— —s)* ds
o by T as]
3T
S L
2[' (o, +1)

= A7, XY

which implies that
(990 = (@O NI A7, I X= Y (19)

3LT™
where ALlTa :Ll— which depends upon only on parameters involved in the problem. As
T 2T (e +1)

<1 hence g, isa contraction.

x=yl

AleTval
Now for 1< ¢, <2
11 (92X)(1) = (@O < AL 7o, (20)
T2(3+%2)
where A| ;, =2 A 1, <1 hence g, iscontraction.
2772 21(a, +1) n2

Finally for 2< ¢, <3
1 (9:0(0) = (g:Y)O [I< AL 1o,

2

a
T@3+°2)
2 .Again A T <1 hence g, isalso contraction.

2l (o, +1)
Thus conclusion of the theorem follows by Contraction mapping principle or Banach fixed point theorem.

(21)

where A =
L3 ,T,as

1IV. Example
Example 4.1 Now consider a fractional system of equation with anti periodic boundary conditions
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2y (1) = x() __
D2x,(t) 2407 x(0) =-x(2)

g = X2 (t) - _ ’ = _ !
D?x,(t) )1 %)’ x(0) = —x(2),x'(0) = -x'(2)

2 — X3 (t) - ! - _y' " - _y"

where t €[0,2].

1 .
Solution 4.2 Here T =2 ineachcase L, = A for 1=1,2,3 in each case we have

14,€.5) -4,V IS 11 x-y =123

1
By using Theorem 3.4 for o, = E,O <o <1

1
2
A :ZL

1 = 0.1880631945 < 1.
1T 3r(1+)

For a, :g,1<a2£2

3
2
A= 3432 01003003704 <1
2} g8
2

For a3:g,2<a3S3

5
2
A = % = 0.02456335602 <1.
e 2r, 3+

In all cases ALLT'&n <1.

Hence by Banach fixed point theorem and Theorem 3.4 the system of differential equations of fractional order
0 <, <3 with anti periodic boundary conditions has a unique solution.

V.  Conclusion
An esxistence result is given for system of fractional differential equation involving Caputo derivative

with anti periodic boundary conditions of order o € (0,3) by using Banach fixed point theorem.
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