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Abstract : For two given graphs G and H, the Ramsey number R(G,H) is the positive integer N such that for
every graph F of order N, either F contains G as a subgraph. The Ramsey number R(F,, K; ) where F, is the
graph of every triangle. The aim of this paper is to prove that R(F,, K;) = 2/(n-1) + 1 for n=4 & = 3 and R(F,,
Ky=2I(n-1)+1for/>n> 5.
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l. Introduction

A complete graph is a graph with an edge between every pair of vertices. A tree is a connected graph T
that does not contain any cycles. The complete graph on n vertices is denoted by K, . The graph [ is the
compliment of G which is obtained from the complete graph on [V(G)| vertices by deleting the edges of G. A
graph G is complete p- particle if its vertices can be partitioned into p non empty independent sets V1, V, V3V,
....., V such that its edge set E is formed by all edges that have one end vertex in V;and the other one in
V; for 1<i<j < p. A complete 2-partite graph is called a complete m by n bipartite graph and denoted by K, , if
Vi = mand [V, = n. A star S, is a complete 2-partite graph with independent sets V; = {r} and V, = n. the
vertex r is called the root and the vertices in V, are called the leaves of S, A wheel W,, is a graph on m+ 1
vertices obtained from a cycle on m vertices by adding a new vertex and edges joining it to all the vertices of the
cycle (W, is the join of K; and C,,)). A kipas [, is a graph on m + 1 vertices obtained from the join of K; and
P A fan F,, is a graph on 2m+1 vertices obtained from m disjoint triangles (Kss) by identifying precisely one
vertex of every triangle (F, is the join of K; and mK,).

Let V(G) is the vertex set and E(G) is the edge set for the graph G=(V(G),E(G)) and 1 is the
compliment of G. G(S) denotes the subgraph for S< V(G) , induced by S in G and G-S = G[ V(G) — S ]. Ns(V) is
the set of neighbours of vertex V in S and dy(V) = | Ny(V) | . when S = V(G) , then N, = Ng(V) , Npvp = Ny U
{V} and d(V) = dg(V). let the graph of order n is k, and mk, is the union of m vertex. F is the fan of order (201
+ 1) and the join of k; and Ik, , which is [J triangles sharing exactly one vertex. Where k; is the center of F;.
The Ramsey number R(F,H) is the simplest integer for two given graphs F and H such that for any graph G of
order N , either the compliment of G contains H or G contains F. Burr[1] formulated a lower bound for a
connected graph F of the order P, that is R(F,H) > (P-1) (X(H) -1) + S(H) , if P > S(H) , where X(H) is the
chromatic number of H and the minimum count of vertices in class under vertex coloring is S(H) by X(H)
colors. Noting that X(K,) = n and S(K,) = 1 for the pair F; and K.

By Burr’s lower bound, R(F- , K,) > 207(n-1) + 1.For n=3, Gupta [2] showed that ,R(F- , K3) =40+1 for (] >2
For n=4 , Surahmat [3] showed that , R(F , K;) =6[1+1 for (1 >3

The conjecture for n=5 is to be confined in this paper.

G is a graph of order 8(7+1 , [] > 5, let us show that G contains an F or [ contains Ks . let us assume
that G does not contain an F- or [J does not contains Ks. Let [ € V(G) , d(v) <20 — 1 then G — N[v] is a graph
of order at least 6(J+1 for [1 >3, [J - N[v] contains a k, , it means that [J contains a ks which is a contradiction.
If d[v] =20 + 3, then the maximum matching M of G[N(v)] contains at least [J edges for otherwise [1[N(v) —
V(M)] will be a complete graph of order S, which means that G has an F;, which is-a contradiction. So , 207 <
d(v)<200+2.

Let us assume G contains a sub graph H=K,-;. Let V, € V(G) — V(H) such that dy (Vo) = max {
du(v)/VE V(G) — V(H) }. Then G- (V(H) U {V.}) is a graph of order 61+1.

As [] has no Ks,
V(H) U {Vo} < U%1 N(U)
It means that max {dy (V;)/ 1<i<4 } >[ (20 -1) /4] > 3.

If dy (Vo) >4, the V; has two adjacent values in Ny(Vo) U { Vo},
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If dy (Vo) = 3, then dy (Vi) < dy (Vo) = 3 for 1 <i< 4, which means that dy (V;) =2 and Ny (Vi) N Ny (Vo) # .
In either cases, G[V(H) U {V,, V; } ] contains an F,, a contradiction. So G does not contain Ky _; .

For 1<i<4, set X; = { VIdy(v) =1, V €V(G)}
YhalXi|=80-3

Yhai | Xi = Thad(U)

|X; |2 80— 14+ | Xy | +2 | Xq | = 811 — 14,
X1 = Nxa (Vi) , 1<i<4

As (1 has no Ks , G[X3; U { U; }] is a complete graph.
And as G has no Ky .1, | X U { U;} | <20 -2 which means |[Xy| <20 — 3 for 1 <i<4.

Hence [Xy| = Y%= | Xi| =80 —12and | X5 |+ 2| X4 | <2
So | X, |>7.

As G contains no K, 1, Uj— Ny # d. Then G[ U; U U; — N, ] is a complete graph.

G has no F, , V; and U; are complete graphs. And d,; (U) < 3 for any U € V;, Such that [V | > 20 -4
and [0 >5. de (}’)E‘Ujl, |Uj—N(y)|2(2D —4)—323

Where Ujis pair wise vertex-disjoint.

If|Us| =20 -2, then, X; = U; <i<j<4 and Yj; = ¢ which contradicts | X;| > 7.
S0, 201 —4 < U, <201 - 3.

|Us|+|Us[>40-6and| U, [<200-3

Y d(U) =801 48, dxo (Us) = 6

Assume N,,(Ug) = { i/ 1<i<6 } and [1 contains no Ks, G { Nx, (U,) } contains at least one edge.
Y., Y,€E(G)

AndasGhasnoF,G[{Vs, Vs, ¥s, Ys } ] contains no edge. As [] has no Ks’

[{Ys,¥a,¥5,¥ } N(N(U) UN(Up)[=2

Let us assume { y3, ys } <N (Uy) U N(U,)

dU, (y3) > 3 and dU, (y4) > 3,

which means that dyi4 (Y3) > 2 and dxa4 (Ys) > 2

This shows that there exists U'and U € Xy, such that U'y; , U” y,€ E(G) and shows that G[ U, U {y: y»
Y Y4 } ] has an F-, having U, as center , which is a contradiction.

This proves that R(F, , Ks) = 8(1+1 for [1 > 5.
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