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Abstract: In Finsler space we see special  𝛼, 𝛽 −metrics such as Randers metric, Kropina metric and 

Matsumoto metric.,etc. Locally dually flat Finsler metrics arise from Information Geometry. Such metrics have 

special geometric properties and will play an important role in Finsler geometry. In this paper, we are going to 

study class of locally dually flat Finsler metrics which are defined as the sum of a Riemannian metric and 

1 − 𝑓𝑜𝑟𝑚. In this paper, we study the special  𝛼, 𝛽 − 𝑚𝑒𝑡𝑟𝑖𝑐 𝐿 satisfying  

𝐿2 𝛼, 𝛽 = 2𝛼2 + 𝛼𝛽 + 2𝛽2, where 𝑐𝑖  are constants, 𝛼 =  𝑎𝑖𝑗 (𝑥)𝑦𝑖𝑦𝑗  is a Riemannian metric and 𝛽 =  𝑏𝑖𝑦
𝑖  

is a differential 1 −  𝑓𝑜𝑟𝑚. 
 AMS Subject Classification (0000):0000, 0000. 

 

I. Introduction 
          Finsler spaces are the most natural generalization of Riemannian space, Finsler space is considered as 

space in which the line element is a function of positive homogeneity. Which was initiated by P.Finsler. 

 

         The concept of The concept of (𝛼, 𝛽) −metric was introduced in 1972 by M. Matsumoto and studied by 

M. Hachiguchi(1975), Y. Ichijyo(1975), S. Kikuchi(1979), C.Shibata(1984). The examples of the 

(𝛼, 𝛽) −metric are Randers metric, Kropina metric and Matsumoto metric. Z. Shen extended the notion of 

dually flatness to Finsler metrics. 

 

          For a Finsler metric 𝐹 =  𝐹 (𝑥, 𝑦) on a manifold M , the geodesics 𝑐 =  𝑐(𝑡) of 𝐹 in local co-ordinates 

(𝑥𝑖) are characterized by 
𝑑2𝑥 𝑖

𝑑𝑡 2 + 2𝐺𝑖  𝑥,
𝑑𝑥

𝑑𝑡
 = 0                            (1.1) 

where (𝑥𝑖(𝑡)) are the coordinates of 𝑐(𝑡) and 𝐺𝑖 = 𝐺𝑖(𝑥, 𝑦) are defined by 

 𝐺𝑖 =
𝑔𝑖𝑙

4
{ 𝐹2 

𝑥𝑘𝑥 𝑙𝑦
𝑘 −  𝐹2 

𝑥 𝑙}                                                                                      (1.2)  

 where       𝑔𝑖𝑗 =
1

2
[𝐿2]𝑦 𝑖𝑦 𝑗 (𝑥, 𝑦) and  𝑔𝑖𝑗  ≔ (𝑔𝑖𝑗 )−1  

         The local functions 𝐺𝑖 = 𝐺𝑖(𝑥, 𝑦) define a global vector field on  . 𝐺 is called the spray of 𝐹 and 𝐺𝑖  are 

called the spray coefficients. 

 

          A Finsler metric 𝐹 =  𝐹 (𝑥, 𝑦)is said to be locally dually flat if at every point there is a Co-ordinate 

system (𝑥𝑖) in which the spray coefficients are in the following form 

                                                            𝐺𝑖 = −
1

2
𝑔𝑖𝑗𝐻𝑦 𝑖                                                  (1.3) 

where 𝐻 =  𝐻(𝑥, 𝑦) is a local scalar function on the tangent bundle 𝑇𝑀 of 𝑀. 
 

II. Preliminaries 
A Finsler metric on a manifold 𝑀 is a 𝐶∞function 𝐹 ∶  𝑇𝑀 →  [0,∞) satisfies the following properties: 

 Regularity: 𝐿 is 𝐶∞ on 𝑇𝑀 \{0}; 
 Positively homogeneity: 𝐿(𝑥, 𝜆𝑦) = 𝜆𝐿(𝑥, 𝑦), for 𝜆 >  0; 
 Strong convexity: The fundamental tensor 𝑔 𝑖𝑗 (𝑥, 𝑦)is positive for all (𝑥, 𝑦)  ∈ 𝑇𝑀 \{0}; 

where, 𝑔𝑖𝑗 =
1

2
[𝐿2]𝑦 𝑖𝑦 𝑗 (𝑥, 𝑦). 

         The concept of  𝛼, 𝛽 − 𝑚𝑒𝑡𝑟𝑖𝑐𝑠 was introduced in 1972 by M. Matsumoto and studied by many authors 

like ([4],[5],[9],[6],[10],[2]).The Finsler space 𝐹𝑛 = (𝑀, 𝐿) 
is said to have an (𝛼, 𝛽) − 𝑚𝑒𝑡𝑟𝑖𝑐 if 𝐿 is a positively homogeneous function of degree one in two variables 

α2 = 𝑎𝑖𝑗 (𝑥)𝑦𝑖𝑦𝑗  and 𝛽 =  𝑏𝑖(𝑥)𝑦𝑖 . 

         Dually flat Finsler metrics on an open subset in 𝑅𝑛can be characterized by a simple PDE. 
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Lemma 2.1. ([8]) A Finsler metric 𝐿 =  𝐿(𝑥, 𝑦) on an open subset 𝑢 ⊂  𝑅𝑛 is dually flat if and only if it 

satisfies the following conditions: 
[𝐿2]𝑥𝑘𝑥 𝑙𝑦

𝑘 − [𝐿2]𝑥 𝑙 = 0                                                                                       (2.1) 

In this case, 𝐻 =  𝐻 (𝑥, 𝑦) in (1.1) is given by 𝐻 =  −
1

6
𝐿2

𝑥𝑚 𝑦
𝑚  

 
          There is another notion of locally projectively flat Finsler metrics. A Finsler metric 𝐿 = 𝐿(𝑥, 𝑦) is locally 

projectively flat if at every point there is a coordinate system (𝑥𝑖) in which all geodesics are straight lines, or 

equivalently. The spray coefficients are in the following form 
                                       𝐺𝑖 = 𝑃𝑦𝑖                                                                      (2.2) 
           where 𝑃 =  𝑃 (𝑥, 𝑦) is a local scalar function. 

Projectively flat metrics on an open subset in 𝑅𝑛  can be characterized by a simple PDE. 

 

Lemma 2.2. ([3]) A Finsler metric 𝐿 =  𝐿(𝑥, 𝑦) on an open subset 𝑢 ⊂  𝑅𝑛 is projectively flat if and only if it 

satisfies the following equations: 

                               𝐿𝑥 𝑙𝑥𝑘𝑦
𝑘 − 𝐿𝑥 𝑙 = 0                                                               (2.3) 

           In this case, Local function 𝑃 =  𝑃 (𝑥, 𝑦) in (2.2) is given by 𝑃 =
𝐿𝑥𝑚 𝑦𝑚

2𝐿
 

 

            A Finsler metric is said to be dually flat and projectively flat on an open subset 𝑢 ⊂  𝑅𝑛 if the spray 

coefficients 𝐺𝑖  satisfy (1.1) and (2.2) in 𝑢. Therefore there are Finsler metrics on an open subset in 𝑅𝑛which are 

dually flat and projectively flat. 

 

III. LOCALLY DUALLY FLAT SPECIAL (Α, Α)-METRIC 
In this section, we are going to study the locally dually flat special (𝛼, 𝛽) − 𝑚𝑒𝑡𝑟𝑖𝑐 𝐿 satis-fying 𝐿2 𝛼, 𝛽 =

2𝛼2 + 𝛼𝛽 + 𝛽2, where 𝐶𝑖are constants, 𝛼 =   𝑎𝑖𝑗 (𝑥)𝑦𝑖𝑦𝑗  

is a Riemannian metric and 𝛽 =  𝑏𝑖𝑦
𝑖 is a differential 1-form. We prove the following theorem. 

 

Theorem 3.1. Let 𝐿 be a special (𝛼, 𝛽)  − 𝑚𝑒𝑡𝑟𝑖𝑐 on a manifold 𝑀 satisfying 𝐿2 𝛼, 𝛽 = 2𝛼2 + 𝛼𝛽 + 2𝛽2, 

where𝐶𝑖  are constants, 𝛼 =   𝑎𝑖𝑗 (𝑥)𝑦𝑖𝑦𝑗 is a Riemannian metric and 𝛽 =  𝑏𝑖𝑦
𝑖 is a differential 1 − 𝑓𝑜𝑟𝑚. The 

special (𝛼, 𝛽) − 𝑚𝑒𝑡𝑟𝑖𝑐 𝐿 is locally dually flat if and only if an adapted coordinate system, the following 

conditions are satisfied by 𝛼 and 𝛽. 

𝑟00 = 2 1 −
2

3𝑐1
 𝜃𝛽 −  1 +

2

3𝑐1
 𝜏𝑐1𝑐2𝛽

2 + [(𝜏𝑐1𝑐2𝑏
2 − 𝑏𝑚𝑦𝑚 )]𝛼2                      (3.1) 

𝑠𝑘0 =
𝛽𝜃𝑘−𝜃𝑏𝑘

3
                                                                                                     (3.2) 

𝐺𝛼
𝑚 =

1

3𝑐1
 2𝜃 + 𝜏𝑐2𝑐3𝛽 𝑦

𝑚 −
1

3
(𝜏𝑐2𝑐3𝑏

𝑚 − 𝜃𝑚 )𝛼2                                              (3.3) 

where 𝜏 =  𝜏 (𝑥) is a scalar function and 𝜃 = 𝜃𝑘𝑦𝑘  is a1 − 𝑓𝑜𝑟𝑚 on 𝑀and 𝜃𝑚 = 𝑎𝑖𝑚𝜃𝑖  
 

Proof: It is straight forward to verify the sufficient condition. Now we prove the necessary condition. 

 

            Assume that the special (𝛼, 𝛽) − 𝑚𝑒𝑡𝑟𝑖𝑐 𝐿 satisfying 𝐿2 𝛼, 𝛽 = 2𝛼2 + 𝛼𝛽 + 2𝛽2, where 𝑐𝑖  are 

constants, is locally dually flat on an open subset 𝑢 ⊂  𝑅𝑛 . First we have the following identities: 

𝛼𝑥𝑘 =
𝑦𝑚

𝛼

𝜕𝐺𝛼
𝑚

𝜕𝑦𝑘  ,        𝛽𝑥𝑘 = 𝑏𝑚/𝑘𝑦
𝑚 + 𝑏𝑚

𝜕𝐺𝛼
𝑚

𝜕𝑦𝑘  ,      𝑠𝑦𝑘
𝛼𝑏𝑘−𝑠𝑦𝑘

𝛼2                               (3.4) 

where 𝑠 =  𝛽/𝛼 and 𝑦𝑘 = 𝑎𝑗𝑘 𝑦
𝑗 . By a direct computation, we obtain 

[𝐿2]𝑥𝑘 =  4𝑦𝑚 + 𝛼𝑏𝑚 + 𝑠𝑦𝑚 + 4𝛽𝑏𝑚  
𝜕𝐺𝛼

𝑚

𝜕𝑦𝑘 + (𝛼 + 4𝛽)𝑏𝑚/𝑘𝑦
𝑚                             (3.5) 

[𝐿2]𝑥 𝑙𝑥𝑘𝑦
𝑙 = 2[4𝑎𝑚𝑘 +

𝑏𝑚 𝑦𝑘

𝛼
+

𝛽𝑎𝑚𝑘

𝛼
+ 𝑦𝑚

𝛼𝑏𝑘−𝑠𝑦𝑘

𝛼2 + 4𝑏𝑚𝑏𝑘]𝐺𝛼
𝑚                            (3.6) 

           Plugging (3.5) and (3.6) into (2.1), we obtain 

            
2

𝛼3 𝐴1𝐺𝛼
𝑚 − 𝐵1

𝜕𝐺𝛼
𝑚

𝜕𝑦𝑘 + 𝐶1𝑟00 + 𝐷1  𝑏𝑘

0

− 2𝑏0

𝑘

 = 0                                                 (3.7) 

           Where, 

𝐴1 = 4𝑎𝑚𝑘𝛼
2 + 𝑏𝑚𝑦𝑘𝛼

2 + 𝑎𝑚𝑘 𝛼
2𝛽 + 𝑦𝑚 (𝛼2 𝑏𝑘 − 𝛽𝑦𝑘) + 4𝑏𝑚𝑏𝑘𝛼

2 

𝐵1 = 4𝑦𝑚 + 𝛼𝑏𝑚 +
𝛽

𝛼
𝑦𝑚 + 𝛽𝑏𝑚  
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𝐶1 =
𝑦𝑘
𝛼

+ 4𝑏𝑘  

𝐷1 = 𝛼 + 4𝛽 
Rewriting (3.7) as a polynomial in α, we have 

𝐴2𝛼
4 + 𝐵2𝛼

3 + 𝐶2𝛼
2 + 𝐷2 = 0                                                                          (3.8) 

where,  

𝐴2 =  
1

2
 3𝑠𝑘0 − 𝑟𝑘0 −

1

2
𝑏𝑚

𝜕𝐺𝛼
𝑚

𝜕𝑦𝑘
  

𝐵2 = 4 𝑎𝑚𝑘 + 𝑏𝑚𝑏𝑘 𝐺𝛼
𝑚 − 2(𝑦𝑚 + 𝑏𝑚𝛽)

𝜕𝐺𝛼
𝑚

𝜕𝑦𝑘
+ 2𝑏𝑘𝑟00 + 2𝛽(𝑠𝑘0 − 𝑟𝑘0) 

𝐶2 = [ 𝑎𝑚𝑘 𝛽 + 𝑏𝑚𝑦𝑘 + 𝑦𝑚𝑏𝑘 𝐺𝛼
𝑚 −  

1

2
𝑦𝑚𝛽 

𝜕𝐺𝛼
𝑚

𝜕𝑦𝑘
+
𝑦𝑘𝑟00

2
] 

𝐷2 = 𝑦𝑚𝑦𝑘𝛽𝐺𝛼
𝑚  

        From (3.8), we know that the coefficients of 𝛼 are zero. Hence the coefficients of𝛼3 
must be zero too. That is  

𝐵2 = 0                                                                                                                       (3.9) 

Thus, we have 

𝐴2𝛼
4 + 𝐵2𝛼

2 − 𝐷2 = 0                                                                                             (3.10) 

Note that 𝑦𝑚
𝜕𝐺𝛼

𝑚

𝜕𝑦𝑘 =
𝜕(𝑦𝑚 𝐺𝛼

𝑚 )

𝜕𝑦𝑘 − 𝑎𝑚𝑘𝐺𝛼
𝑚                                                                       (3.11) 

𝑏𝑚
𝜕𝐺𝛼

𝑚

𝜕𝑦𝑘 =
𝜕(𝑏𝑚 𝐺𝛼

𝑚 )

𝜕𝑦𝑘                                                                                                      (3.12) 

Contracting (3.9) with 𝑏𝑘and by use of (3.11), (3.12), we obtain 

2
𝜕𝐺𝛼

𝑚

𝜕𝑦𝑘 𝑏𝑘 + 2𝛽
𝜕(𝑏𝑚𝐺𝛼

𝑚 )

𝜕𝑦𝑘 𝑏𝑘 =  6 + 4𝑏2 𝑏𝑚𝐺𝛼
𝑚 + 2𝑏2𝑟00 + 2𝛽(3𝑠0 − 𝑟0)                       (3.13) 

Contracting (3.10) with 𝑏𝑘and by use of (3.11), (3.12), we obtain 
𝛽𝛼2

2

𝜕𝐺𝛼
𝑚

𝜕𝑦𝑘 𝑏𝑘 =
(3𝑠0−𝑟0)𝛼4

2
+  𝑏2𝑦𝑚𝐺𝛼

𝑚 +
5

2
𝛽𝑏𝑚𝐺𝛼

𝑚 +
𝛽

2
𝑟00 𝛼

2 − 𝛽2𝑦𝑚𝐺𝛼
𝑚                       (3.14) 

(3.13) ×
𝛼4

2
− (3.14) × 2𝛽 yields 

𝐴3𝛼
2 𝛼2 − 𝛽2 = 𝐵3(𝑏2𝛼2 − 𝛽2)                                                                              (3.15) 

Where,   

𝐴3 = [
𝜕𝐺𝛼

𝑚

𝜕𝑦𝑘
𝑏𝑘 − 3𝑏𝑚𝐺𝛼

𝑚 ] 

𝐵3 = ( 2𝑏𝑚𝐺𝛼
𝑚 + 𝑟00 𝛼

2 − 2𝛽𝑦𝑚𝐺𝛼
𝑚 ) 

Where,  

(𝑏2𝛼2 − 𝛽2)  and (2𝛼2 − 2𝛽2)  and 𝛼2  are all irreducible polynomials of (𝑦𝑖) , and (2𝛼2 − 2𝛽2)  and 𝛼2 are 

relatively prime polynomials of (𝑦𝑖),  we know that there is a function 𝜏 =  𝜏 (𝑥) on 𝑀 such that 

 2𝑏𝑚𝐺𝛼
𝑚 + 𝑟00 𝛼

2 − 2𝛽𝑦𝑚𝐺𝛼
𝑚 = 𝑟𝛼2(𝛼2 − 𝛽2)                                                           (3.16) 

𝜕𝐺𝛼
𝑚

𝜕𝑦𝑘 𝑏𝑘 − 3𝑏𝑚𝐺𝛼
𝑚 = 𝜏(𝑏2𝛼2 − 𝛽2)                                                                               (3.17) 

(3.16) can be reduced to  

2𝛽𝑦𝑚𝐺𝛼
𝑚 = (2𝑏𝑚𝐺𝛼

𝑚 + 𝑟00 − 𝜏(𝛼2 − 𝛽2))𝛼2                                                               

Since 𝛼2does not contain the factor  , we have 𝑦𝑚𝐺𝛼
𝑚 = 𝜃𝑘𝛼

2                               (3.18) 

𝑏𝑚𝐺𝛼
𝑚 = 𝛽𝜃 −

1

2
𝑟00 +

𝜏𝛼2

2
−

𝜏𝛽2

2
                                                                                   (3.19) 

where 𝜃 =  𝜃𝑘𝑦
𝑘  is a 1 − 𝑓𝑜𝑟𝑚 on 𝑀 . Then we obtain the following  

𝜕𝑦𝑚𝐺𝛼
𝑚

𝜕𝑦𝑘 = 𝜃𝑘𝛼
2 + 2𝜃𝑦𝑘                                                                                                 (3.20) 

𝜕𝑏𝑚𝐺𝛼
𝑚

𝜕𝑦𝑘 = 𝜃𝑘𝛽 + 𝑏𝑘𝜃 − 𝜏𝑘0 + 𝜏(𝑦𝑘 − 𝛽𝑏𝑘)                                                                    (3.21) 

By using (3.19)-(3.21), (3.9) and (3.10) become 

4𝛽𝛼2 2𝑠𝑘0 + 𝜃𝑏𝑘 − 𝛽𝜃𝑘  𝜏𝑏𝑘 − 𝜃𝑘 + 6𝑎𝑚𝑘𝐺𝛼
𝑚 − 2𝑦𝑘 2𝜃 + 𝜏𝛽 = 0                          (3.22) 

  3𝑠𝑘0 + 𝑏𝑘𝜃 − 𝛽𝜃𝑘 +  𝜏𝑏𝑘 − 𝜃𝑘 𝛽 𝛼
2 −  2𝜃 + 𝜏𝛽 𝛽𝑦𝑘 + 3𝛽𝑎𝑚𝑘𝐺𝛼

𝑚 = 0                   (3.23) 

 

subtracting (3.23) from the product of (3.22)and 𝛽 yields. 

 3𝑠𝑘0 + 𝜃𝑏𝑘 − 𝛽𝜃𝑘 = 0                                                                                               (3.24) 

This yields the required condition (3.4)contracting (3.23) with 𝑎𝑙𝑘  
we obtain 2𝛽 3𝑠0

𝑙 + 𝜃𝑏𝑙 − 𝛽𝜃𝑙 + 2 𝜏𝑏𝑙 − 𝜃𝑙 𝛼2 + 6𝐺𝛼
𝑖 − 2 2𝜃 + 𝜏𝛽 𝑦𝑙 = 0             (3.25) 

contracting (3.24) with 𝑎𝑙𝑘 , we obtain  

3𝑠0
𝑙 + 𝜃𝑏𝑙 − 𝛽𝜃𝑙 = 0                                                                                                  (3.26) 
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Then from (3.25), we obtain the required condition(3.3)substituting (3.22) into (3.20) we obtain the required 

condition(3.2)The converse part and the sufficient condition is obtained. 

 

IV. Conclusion 
To study the geometric properties of a Finsler metric, one also considers non–Riemannian quantities. 

Hence different types of (α, β)-metrics will satisfy the locally dually flat properties. 

 

References 
[1]  Akbar-Zadeh, Sur les expaces de Finsler A courbures sectionelles constantes, Acad. Roy. Belg. Bull.cl.Sci., 74(1988), 271-322. 

[2]  S. Bacso, On a Weakly Berwald Finsler Space of Kropina Type, Mathematica Pannonica., 13 (2002),91-95. 

[3]  S. Bacso, X. Cheng and Z. Shen, Curvature Properties of (α, β)-metrics, Adv. Stud. Pure Math. Soc.,Japan (2007). 
[4]  Chern S.S and Z.Shen, Riemann-Finsler Geometry, World Scientific Publishing Co. Pte. Ltd., Hacken-sack, NJ, 2005. 

[5]  X. Cheng and Z. Shen, A Class of Finsler metrics with isotropic S-curvature, Israel J. Math., 169(2009), 317-340. 

[6]  X. Cheng and Z.Shen, A class of Einstein (α, β)-metrics, Israel J.Math., (2012), 1-29. 
[7]  X.Mo, On the non-Riemannian quantity H of a Finsler metric, J. Differential Geom. Appl., 27 (2009),7-14. 

[8]  B.Nafaji, Z.Shen and A. Tayebi, Finsler metircs of scalar flag curvature with special non-Riemannian curvature properties , J.Geom. 

Dedicata., 131 (2008), 87-97. 
[9]  M.Rafie-rad, B.Rezaei, On Einstein-Matsumoto metric, J. Nonlinear Anal. Real World Appl., 13(2012),882-886. 

[10]  L.Zhou, A local classification of a class of (α, β)-metrics with constant flag curvature, J. Differential Geom. Appl., 28 (2010), 179-
193. 

[11]  Z.Shen, On some non-Riemannian quantities in Finsler geometry, J. Cand. Math. Bull., 56(2013),184-193. 


