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Abstract: In this paper a unique common end point result is proved for pair of set valued mappings satisfying a
generalized (&,1) weak contractive condition in complete metric space. This theorem is the extension of some
results existing in the literature. An example has been provided to validate the main result of this paper.
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I.  Introduction

The Banach fixed point theorem is an important tool in the theory of metric spaces; it guarantees the
existence and uniqueness of fixed points of certain self maps of metric spaces and provides a constructive
method to find those fixed points.

Alber Y. et al [2] defined weakly contractive maps on a Hilbert space and established a fixed point
theorem for such a map. Latter Rhoades B.[11] obtained a fixed point theorem in a complete metric space using
the notion of weakly contractive maps,. Beg I. et al [3] obtained a common fixed point theorem extending weak
contractive condition for two maps . In this direction , Zhang Q.et al [12] introduced the concept of a

generalized ¢ - weak contraction condition and obtained a common fixed point for two maps. Doric D. [5]

proved a common fixed point theorem for generalized (l//, ¢) - weak contractions.

First time Nadler S.[9] extended the Banach fixed point theorem from the single valued maps to the set-
valued contractive maps in complete metric space. Further many fixed point theorems for multi-valued
mappings were established by Ciric L. [4], Dube L. [6] , Klim D. et al [8], Namdeo R. et al [10], Fisher B. [7]
etc.

In the present paper we obtain a unique common end point result for two set-valued mappings without
use of continuity of any map involved therein. Also it do not require any commutativity condition to prove the
existence on common end point of two mappings. This theorem improves the earlier result by Abbas M. &
Doric D. [1].

Now, we give preliminaries and basic definitions which are used through-out the paper.

Definition 1.1: Let (X ,d ) be a metric space. A sequence {xn } of points of X is said to be a Cauchy sequence
in (X ,d ) if it has the property that given €> 0 there is an integer N such that d (xn X, ) <€ when ever
nm=N .
Definition 1.2: A sequence {xn} of points of X is said to be convergent to a point x if for given €> 0 ,
there is an integer N such that d (xn ,x)<e ,forall n= N.
Definition 1.3: The metric space (X ,d ) is said to be complete if every Cauchy sequence in X converges in X.
Definition 1.4: Let (X ,d ) be a metric space and let B(X) be the class of all nonempty bounded subsets of X
. We define the functions & : B(X)xB(X) —> R" and D: B(X)x B(X) — R" as follows:

5(4, B)=sup{d(a,b): a e A,b B}

D(4,B)=inf {d(a,b): a € A,b € B}
where R denotes the set of all positive real numbers. For 5({0},3) and 5({61}, {b}), we write 5(a ,B)
and d (a,b) respectively. Clearly , & (A, B )25 (B , A). We appeal to the fact that O (A,B )20 if and only
if A=B= {x} ,for A,BeB(X) and

0<6(4,B)<5(4,C)+ 6 (C,B) . forall 4,B,C eB(X).
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A point x € X is called a fixed point of T if x € Tx. If there exists a point X € X such that 7x = {x },
then x is called the end point of the mapping T.

II. Main Result
The following is the theorem for two set valued mappings:

Theorem 2.1: Let (X,d) be a complete metric space and let f,g: X — B(X) be two set valued

mappings satisfying generalized (&,77) - weak contraction as

Eo(frg)) < E(ulx, y)-nlulx,y)) e @.1.1)

where

& [0, oo) — [0,00) is a continuous monotone non-decreasing function with £(¢) =0 if and only if £ =0
and 77: [0, oo) - [0,00) is a lower semi continuous function with 77(¢) =0 if and only if # = 0. Then there
exists a unique end point # € X such that {u }= fu=gu.

Proof: Construct the convergent sequence {xn} in X and to prove that limit of that sequence is a unique
common fixed pointof f and g.

Let x, € X and n be some non-negative integer and

Let X5, € fXy, =5y, 2 X5 €8 =By e (2.1.3)

Alsolet ¢, =6(P,P,) and f, =d(x,,x,.,) - (2.1.4)

Now, we show that the sequences ¢, and [3, are convergent.

Suppose that 'n' is an odd number, substituting x = x

77, we obtain , 5(5(})%1 , P, )) = 5(5(ﬁcn+l » 8%, ))

¥ =x, in (2.1.1) and using properties of & and

n+l >

<Eulx,,ox, ) -nlulx,,,x,)) e 2.1.5)
S g(ll’l(xnﬂ b xn ))
which implies that & (P,m , b, ) < ﬂ(x,m X, ) -------------- (2.1.6)

Now , from (2.1.2) and using the triangle inequality for O , we have

( ) d('an H xn )’ §(xn+1 > ﬁCnJrl )’ 5(xn > gxn )’ 5('xn+1 > ﬁcn )’ 5('xn ’ .ﬁcn )’
ILl xn+ ’xn = max 1
l _[D('xn+l"ﬁcn+l)+D(xn’gxn)]

2
(PP, ). 8P, P,y ) (P, 1. P,).6(P,. P,).6(P, .. P,).
< max-< |
S[6(R P )+ 8(P, P )]
= max {5(RL>PIH )a 5(Pn7 n+l )}
it 5(P,,P,,)>08(P, . P,). then px,.x,,)< 5P, B,) e @17
From (2.1.6) and (2.1.7) it follows that (x,,x, )= &(P, ., P,)>S(P_,P,)>0 - (2.1.8)
It further 1mphes that ’ 5(5(31 2 I)n+1 )) < g(ﬂ(xn > xn+1 )) - n(ﬂ('xn > xn+1 ))
<Glplnnx,)) e (2.1.9)
=£(8(P,. P,.1))
which is a contradiction , so we have , 5(31 ,P ) < ,u(xn X, ) < 5(1’”71 ,P ) —————————— (2.1.10)

Similarly, (2.1.9) can be obtained also in the case when 'n' is an even number.

Therefore the sequence {an } defined in (2.1.4) is monotone non-increasing and bounded.
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Let &, —> ¢ when n—> 0.
.. From (2.1.10) , we have , hIné‘( n+l) liIny(xn,xn+l):a>0 ————————————— (2.1.11)
n—x0

n—0

Taking 7 — o0 in the inequality

§6(P,,, By ) < E(elos, o0 )=ty %500 ) e (2.1.12)

We get , &(a) < E(a) —n(ar), which is a contradiction unless & = 0.

Hence lime, =lim 5(Pn P ) o e (2.1.13)

n+l
n—»w n—»o0

From (2.1.13) and (2.1.3), it follows that, lim 8, = limd(x,,x,,,)=0 = (2.1.14)
n—0

n—>0

Now , show that {xn } is a Cauchy sequence.
i.e. for each €> 0 there exists 7, € N, such that for all
mn>n,=06P,,P,)<e e @.1.15)

By the method of contradiction we assume that {xn } is not a Cauchy sequence.
.". There exists €> 0 for which we can find non-negative integer sequence {m(k)} and {n(k)}, such that
n(k) is the smallest element of the sequence {n(k)} for which

n(k)>mk) >k , 3Py Py )26 e (2.1.16)
This means that 5( 2m(k)9l)2n(k)—2)<e ---------------- (2.1.17)

From (2.1.16) and triangle inequality for & , we have ,
SIS 5(f)2m(k) > f)Zn(k) )

< 5(sz(k) > Pzn(k)—z )+ 5(Pzn(k)—2 > Pzn(k)—l )+ 5(1)2;1(/()—1 > Pzn(k) ) """"" (2.1.18)

<€+ 5(])2n(k)—25132n(k)—1)+5(P2n(k)—19P2n(k))
Taking limit as & — o0 and using (2.1.13) , we can conclude that ,
}'33) 5(sz(k>°PZn<k) ):e ---------------- (2.1.19)

Also from , ‘5(sz<k) s Prgioyn )_ & (sz<k>’ Bk )‘35 ( 2n(k) > 2n(k>+1)
‘5(1)2»1(/{)71 P )_ 5(P2m(k) B )‘ < 5(sz(k) N ) “““““““ (2.1.20)

Using (2.1.13) and (2.1.19) as k —> o0 , we get ,
hln 5(P2m(k) Y e ) hIn 5( P iy s By ) == e (2.1.21)
and from

‘5(P2m(k)4 3P )_ 5(P2m(k)71 B )‘ < 5(P2n(k) N ) “““““““ (2.1.22)
Using (2.1.13) and (2.1.21) , we get lim L0 S P = — (2.1.23)
Also, from the definition of (2.1.2) and from (2.1.13), (2.1.21), (2.1.23) , we have

nyg /u(x2m(k)7x2n(k)+l === (2.1.24)

By substituting X =X,y » V= X5,y 0 (2.1.1) , we get

§(5(P2m(k) s P2n(k)+1 )): é:(é‘(-]s(:Zm(k) s ngn(k)+l »
< g(ﬂ(xzm(k) > X2k)+1 ))_U(ﬂ(xzm(k) > Xon(k)+1 ))
Taking limit as & — 00 and using (2.1.21), (2.1.24) , we will have

Ee)<é(e)-ne) e (2.1.25)

which is a contradiction as €> 0.

Hence {xn } is a Cauchy sequence.
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Since X is a complete metric space , .". there exists # € X such that x, —>u as 1 —>00.
Now , we prove that '#' is end point of ' f'

As the limit point '#' is independent of the choice of X, € P, we also get
lim&(f,,,u) = limS(gx,,,,u)=0 e (2.1.26)
n—o n—»

d(u’ Xopi1 )’ 5(“5 Ju )’ §(x2n+l > X251 )> 5(”’ Sy )a 5(x2/1+1 s S )a
From , 2, x,,,, )= max.
o T AL ) D)

As n—> 00, /u(uax2n+l)_)5(u’fu)

Since 5(5(]% > 8Xoptt ))S f(/u(”a Xontl ))_ U(ﬂ(u’ Xl )) """"""" (2.1.27)
Taking limit as 77 —> 00 and using (2.1.26) , we get
EE - o S — 2129

which implies that f(5(u,fu))=0 ie. 5(u,fu )= 0 or fu:{u}
Thus u is end point of f.
Now we prove that 'u' is also end point of g.

It can be easily proved that ,u(u, u):5(u, gu)
Using that 'u' is fixed point of f, we have ,
&(S(u, gu)) =£(S(fir, gu))
< E(luu))-nluuwu)) (2.1.29)
= 5(5(% gu))_ 77(5(”’ gu))
and using an argument similar to the above , it can be concluded that o' (u, gu)=0
ie. {u} =gu.
Lastly to prove that 'u' is unique end point of f and g.
If there exists another fixed point v € X , then one can easily show that ,u(u, V) =d (u, V)

and from f(d(u, v))=cf(5(fua gv))
< é(ﬂ(u’ V))"?(ﬂ(”a V))
=&(d(u,v)-n(d(u,v))

which implies that d (u, V):O i.e. u =V .This completes the proof.
Corollary 2.2: Let (X,d) be a complete metric space and let f : X — B(X) be a set valued mapping

satisfying generalized (&,77) - weak contraction as

5(5(]&’ ﬁ’)) < f(/vl(x’ y))_ n(ﬂ(x,y ) —————————————— (2.2.1) where
p(x, y) = max .{d(x,y), S(x, )6y, ), 8(x, /), 5(y,ﬁ/),%[D(x,ﬁc)+ D( ﬁ)]} ------ (22.2)

& [0, oo) - [0,00) is a continuous monotone non-decreasing function with £(¢) = 0 if and only if £ =0
and 77 : [0, oo) - [0,00) is a lower semi continuous function with 77(¢) =0 if and only if # = 0. Then there
exists a unique end point # € X such that {u }= fu .

Proof: Substitute f = g in theorem 2.1 we get the required result.

Corollary 2.3: Let (X,d) be a complete metric space and let f,g: X — X be two self mappings

satisfying generalized (&,77) - weak contraction as

§(d(ﬁc, gy))g ég(lu(xa J’))_ﬂ(/l(xa J/)) —————————————— (2.3.1) where
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pls.y) = max (. p) (. ) d (vl ok )l )+ d 32

&n: [0, OO) —> [0, oo) both are continuous monotone non-decreasing function with

&E(t) =n(t) =0 ifand only if £ = 0. Then there exists a unique fixed point # € X such thatu = fit = gu .
Proof: The proof of this Corollary is same as theorem 2.1.
Example 2.4: Let X = {1,2,3,4,5,6,7 } be a subspace of the real line with usual metric 'd' defined as

d(x,y)= x—y|.Let f,g:X — B(X) be defined as
7y ,xe{l,2,3} {6} ,xef{1,2,3}
fx)= {5} ,xe{4,5,6} and g(x)= {5} ,xe{4,5,6}
{2,3} ,x=7 {4} x=7
t

Also /:,77:[0,00)—) [O, OO) be defined as &(t) =4¢ and 7n(t) = ? , then the mappings f, g satisfy the

property of generalized (£,77) - weak contraction (2.1.1). Also f and g have a common unique end point

£(5)=g(5) =1{5}.

III.  Conclusion
Unique common end point theorems have been proved for pair of set valued mappings and single

mapping satisfying a generalized (£,77) weak contractive condition in complete metric space with example.
Also a fixed point theorem for a pair of single valued mappings has been proved.
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