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Abstract: In this paper we introduce and study fuzzy generalized b-connected spacein fuzzy Topological space
on fuzzy sets and introduce some types of fuzzy (gp-connected,gs-connected,ga-connected and gsp—connected)
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I. Introduction
The concept of fuzzy sets and fuzzy sets operation were first introduced by Zadeh [7] in 1965 The
concepts of fuzzy topological space is study by Chang [1] in 1968.AndFuzzy generalized semi-Connected space
is study by Fath Alla [3] in 2004 and fuzzyGeneralized semi pre-Connected space is study by Santhi, R.and
D.Jayanthi[4] in 2012,in this paper we Introduce and study fuzzy generalized b—Connected space with some
relations between them fuzzy (gp-connected,gs- connected,ga- connected and gsp — connected ) space.

II.  Basic Definitions
Definition (2.1):Let (A,T) be a fuzzy topological space (f.t.s)and B,C are fuzzy sets in A , then B, and C are
said to be :
(1) Fuzzy gb — separated iff Min {pgpq)(X) ,ne(x)} =0 and Min {pgpee)(X) ,ua(x)} =0
(2) Fuzzy go — separated iff Min {iiguciis)(%) ;1e(0)} = 0 and Min {igaeie(x) J15(x)} = 0,[6]
(3) Fuzzy gp — separated iff Min {pga(x) pe(x)} =0 and Min {jgac(x) .us(0)} =0, [8]
(4) Fuzzy gs - separated iff Min {jig@(X) pe(x)} = 0 and Min {pgae(x) 1p(x)} = 0, [3]
(5) Fuzzy gsp — separated iff Min {pgpas)(x) ;1c(x)} = 0 and Min {pgpae(x) 1a(x)} =0

Definition (2.2) .

1. A fuzzy topological space(A,T)is said to be fuzzy ga-connected if there is no proper non-empty maximal
fuzzy ga-separated sets BandCin A such that pa(x)=Max {(pe(x),(ua(x)}. If (A,T) is not fuzzy ga-connected
then it is said to be fuzzy go- disconnected space.[6]

2. A fuzzy topological space (A T) is said to be fuzzy gs-connected if there is no proper non-empty maximal
fuzzy gs-separated sets Band CinA such that na(x)=Max {(ue(x),(ua(x)}. If (A,T) is not fuzzy gs-connected
then it is said to be fuzzy

gs-disconnected space.[3] o

3. A fuzzy topological space (A,T) is said to be fuzzy gp-connected if there is no proper non-empty maximal
fuzzy gp-separated sets Band CinA such that pa(x)=Max {(ue(x),(ns(x)}. If (A,T) is not fuzzy gp-connected
then it is said to be fuzzy gp- disconnected space.

4. A fuzzy topological space (A T)1s said to be fuzzy gsp-connected if there is no proper non-empty maximal
fuzzy gsp-separated sets Band Cin A such that na(x)= Max {(ne(x),(ua(x)}. If (A, T) is not fuzzy gsp-connected
then it is said to be fuzzy gsp- disconnected space.[4]

Definition (2.3)[2]:A fuzzy set Bin (A,T) is said to be fuzzy gb-clopen if and only if both fuzzy gb-open and
fuzzy gb-closed set .

Definition (2.4)[3]:Let B be a fuzzy set inA, then B is said to be maximal fuzzy set inA
if for each xeXpp (x) #0 , then pg(x) = pi (x)

Proposition (2.5) [4]:Let B,C be any fuzzy sets in (A,T) , then
1. BGC=pg(0) < pee® or pe(®) < ppe(®) -
2. B e p (%) < pge(x) .
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3. BB, for any fuzzy set B in A.
4. IEMin {Rie » Be) = How » then Pag + e <A -
5. Min {(pe(x),(na(x)}= na(x)=ne(X)< pa (x) or pa(x)<pe’(x).

Theorem (2.6)[6]: If (A,T) is a fit.s, B and C are fuzzy sets in A, then:

1. IfBNnC= $ and C are fuzzy gb-closed sets in A, then B and C are fuzzy gb-separated in A.
2. IfBAC :5 and C are fuzzy gb-open sets in A, then B and C are fuzzy weak gb-separated in A.
Theorem (2.7)

1- If (A, T) is a f't.s and B,C are Fgo- separated in A then B and C are Fgp- separated .

2-If (A,T) is a fit.s and B,C are Fgo- separated in A then B and C are Fgs- separated .

3-1f (A T) is a ft.s and B,C are Fga- separated in A then B and C are Fgb- separated .

4-If (A T) is a ft.s and B,C are Fgp- separated in A then B and C are Fgb- separated .

5-1f (A T) is a ft.s and B,C are Fgs- separated in A then B and C are Fgb- separated .

6- If (A T) is a ft.s and B,C are Fgp- separated in A then B and C are Fgsp- separated .

7-1If (A T) is a f't.s and B,C are Fgs- separated in A then Band C are Fgsp— separated .

8- If (A,T) is a ft.s and B,C are Fgb- separated in A then B and C are Fgsp- separated .

Proof (1)

Since B and C are Fg o- separatedin A, that implies, Min { Reaci®)(X)  ue(x)}=0 and
Mln{”gacl(C)(X) 9HB(X)} =0.

Since gocl(B) and gacl(C) are Fga- closed sets in A. Then

Min {pge@)(X) ,pe(x)} = 0 and Min {pgee)(X) ,pa(x)} =

Hence, B and C are Fgp- separated in A o

The proof(2,3,4,5,6,7,8) is similar to that of (1) theorem (2.7)

III.  Some Properties of Fuzzy Generalized b-ConnectedSpace
Definition (3.1):
1.A fuzzy topological space (A T) is said to be fuzzy gb-connected if there is no proper non-empty maximal
fuzzy gb-separated sets BandCinAsuchthat pi(x)=Max {(pe(x),(pa(x)}. If (A, T) is not fuzzy gb-connected then
it is said to be fuzzy gb-disconnected space.
2.A fuzzy topological space (A,T) is said to be > fuzzy weak gb-connected fuzzy if there is no proper non-empty
maximal fuzzy weak gb-separated sets B and Cin A such that pa(x)=Max {(ne(x),(us(x)}. If (A,T) is not fuzzy
weak gb-connected is said to be fuzzy weak gb-disconnected space.[3]

Definition (3.2) [4],[5] .
A fuzzy topological space (A,T)is said to be fuzzy generalized b-connected(denoted by Fgb- connected) if and
only if the fuzzy sets which are both Fgb-open and Fgb-closed.

Proposition (3.3):Every fuzzy gb-connected space (A, T)is fuzzy weak gb-connected space.

Proof:

Suppose that B and ~C be proper non-empty maximal fuzzy gb-separated sets in A y

Implies that, B and Care proper non-empty maximal fuzzy weak gb-separated sets inA

Since (A, T)is fuzzy gb-connected space

Then, pa(x)=Max {(ue(x),(Hs(x)}-

Therefore, (A,T)is a fuzzy weak gb-connected space. ]
Remark 3.4:The converse of proposition (3.3) is not true in general.

Example 3.5 :Let X = {a,b} and A, B,C,D ,E,F are fuzzy sets defined as follows:

A= {(2,0.3), (b,0.5)}.B= {(a,0), (b,0.3)}.C= {(2,0.3),(b,0)}, D ={(2,0.3),(b,0.3)}, E ={(2,0.2),(b,0.2)}. F = {(a,0),
(6,0.1)}.

LetT= {6,A,B,C,D} be a fuzzy topology on A, then E and Fare fuzzy weak gb-connected space but not fuzzy
gb-connected space.

The0r~en~1 3.6) N N _ y :

1-1f (A,T) a f.t.s, BandC are fuzzy gb-connected in A, then BandC are fuzzy ga-connected space.

2-If (A,T) a f.t.s, BandC are fuzzy gb-connected in A, then BandC are fuzzy gs-connected space.
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3-1f (A,T) a f.t.s, BandC are fuzzy gb-connected in A, then BandC are fuzzy gp-connected space.
4-If (A,T) a f't.s, BandC are fuzzy gs-connected in A, then BandC are fuzzy go-connected space.
5-1f (A,T) a f.t.s, BandC are fuzzy gp-connected in A, then BandC are fuzzy ga-connected space.
6- If (A,T) a f.t.s, BandC are fuzzy gsp-connected in A, then BandC are fuzzy gb-connected space.
7-1f (A,T) a f.t.s, BandC are fuzzy gsp-connected in A, then BandC are fuzzy gs-connected space.
8- If (A,T) a fit.s, BandC are fuzzy gsp-connected in A, then BandC are fuzzy gp-connected space.

Proof (1) :Let (A,T) is fuzzy gb-connected space

Suppose that (A, T) is fuzzy go-disconnected space

Then this implies that there exist non-empty maximal fuzzy go-separated sets BandC in A such that
A=BUC.Then by theorem (2.7) there exist non-empty maximal fuzzy gb-separated sets BandC in A such that
A=BUC. Implies that (A, T) is fuzzy gb-disconnected which is a contradiction

Hence (A,T) is fuzzy go-connected space. ]

The Proof(2,3,4,5,6,7,8,9) is similar to that of (1) theorem (3.6).

Remark(3.7): The converse of (1) of theorem (3.6) is not true in general as shown by the following example.

Example (3.8):Let X = {a,b} and A,B,C,D,E are fuzzy sets defined as follows:
A={(a,0.8),(b,0.8)}, B—{(a 0.6),(b,0.6)}, C={(a,0.6),(b,0.8)}, D={(a,0.8),(b,0. 6)}E={( .0),(b,0.8)},

F={(2,0.8) ,(b,0.0)}, letT={ ¢, A, B,C,D} be fuzzy topology on A and the FGaO(A) ={ ¢ ,A,B,C, D,E,F}, then

(A,7) is a fuzzy ga-connected space but not fuzzy gb-connected space.

Remark (3.9):The converse of (2) of theorem (3.6) is not true in general as shown by the following example.
Example (3.10): Let X={a,b}, and A,B,C,D Ez F are fuzzy sets defined as follows: N
A={(@0.7),0,0.7)}, B={@0.7),(0,03)}, C={(a,03),(b,0.7)}.D={(2,0.3),(b,03)}, E ={(0.7),(6,0.0)},

F= {(a 0. 0) (b 0. 7)} be a fuzzy sets in A,

connected space but not fuzzy gb-connected space.

Remark (3.11):The converse of (3) of theorem (3.6) is not true in general as shown by the following example.

Example (3.12):Let X—{a b}land AB,, Bz, ,B,; are fuzzy sets defined as follows:

A—{(a 0.7),(b,0.9)} B1 {(a,0.1),(b,0.9)} Bz {(a,0.7),(b,0.1)}, B3 {(a,0.1),(b,0.1)}, B,={(a,0.0),(b,0.8)},

Bs {(2,0.5),(b,0.0)},B¢={(2,0.5).(b,0.9)}.B;={(2,0.1).(b,0.7)},Bs={(,0.0),(b,0.1)},
o={(a,0.1),(b,0.0)},B,5={(2,0.7),(b,0.8)}, B ;={(a,0.1),(b,0.8)}, B,={(2,0.0),(b,0.7)},

B13 {(2,0.5),(b,0.1)}, B1i={(a.,0.7),(b,0.7)}, Bis= 1(2,0.5),(6,0.8)}, B1={(2,0.0).(b,0.9)},

B17_{(a>0~7)>(b>0~0)}3Be a fuZZY sets ln A s T _{d) sAsBl9B29B39B49B59B69B79B89B99B103B113B123B133 I~314sl~315}> be a
fllZZy t0p010gy on Aa the FGPO(A):{’(I) ,A,BI,BZ 9B39B49B59B69B79B89B99BIOQBI19B123B133 B153 B163 B17}5 then (As

7) is a fuzzy gp - connected space but not fuzzy gb-connected space.

Remark (3.13):The converse of (4) of theorem (3.6) is not true in general as shown by the following example.

,T)isa fuzzy ga—connected space but not fuzzy gs-connected space.

Remark (3.15):The converse of (5) of theorem (3.6) is not true in general as shown by the following example.

Example (3.16): Let X={a,b}, and A,B,C,D,E,F,are fuzzy sets defined as follows: ;
A{(a,0.6),(b,0.6)}, B={(a,0.3),(b,0.6)}, C={(a,0.6),(b,0.3)}, D={(a,0.3),(b,0.3)}, E={(a,0.6),(b,0.0)},

F={(a,0.0) ,(b,0.6)}be a fuzzy sets in A, T={¢,A,B,C,D} be a fuzzy topology on A and the FGaO(A)={ ¢

,AB,C,D,E,F}, then (A, 7 ) is a fuzzy go-connected space but not fuzzy gp-connected space.

Remark (3.17):The converse of (6) of theorem (3.6) is not true in general as shown by the following example.
Example (3.18):Let X={a,b} and A,B,C,D ,E,F are fuzzy sets defined as follows:
A—{(a 0.7),(b,0.9)}, B1 {(@,0.1),(b,0.9)}, Bz {(a,0.7),(b,0.1)},

B3={(2,0.1),(0,0.1)},B:={(2,0.0),(6,0.8)},B5= {(a,0.7),(6,0.0)},Bs={(a,0.7),(b,0.7)},.B={(a,0.1),(6,0.7)}.Bs={(a,0
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.0),(b,0.1)},Bo={(a,0.1),(b,0.0)},B10={(a,0.0),(b,0.1)},B1,1={(a,0.7),(b,0.8)} ,B1={(a,0.1),(b,0.8)},B13={(a,0.0),(b
0.7)}, Bi= {(a 0.0),(b,0.9)}, B15={(a,0.7),(b,0.0)},

letbe T :{ ¢ ,A,Bl,BQ,B3,B4,B5,B6,B7,B8,B9,B10,B11,]~312,]~313} be a fuzzy tOpOlOgy on Aand the
FGBO(A):{ ,(I) ,A,E],]~32,1~33,]~34,]~35,]~36,]~37,]~38,1~39,1~310,]~31 19]~3]29]~3]39]~315} Then (A,”E ) is a fuZZy gb—connected Space
but not fuzzy gsp-connected space.

Remark (3.19):The converse of (7) of theorem (3.6) is not true in general as shown by the following example.
Example (3.20):A ={(a,0.7),(b,0.7)},B ={(a,0.4),(b,0.7)}, C={(a,0.7),(b,0.4)}, D={(a,0.4),(b,0.4)},
F:={(a 0. 0) (b 0. 2)} F:{(a 0.2) ,(b,0.0)}, G={(a 0.2),(b,0.2)},H ={(a 0. 0) (b,0.7)},1={(a,0.7),(b,0. 0)} Let T :{$

fuzzy gs-connected space but not fuzzy gsp-connected space.

Remark (3.21):The converse of (8) of theorem (3.6) is not true in general as shown by the following example.
Example (3.22):The space (A ,7) in the example 3.12 is a fuzzy gp-connected space but not fuzzy gsp-
connected space.

We will explain the relationship between of some types of fuzzy generalized connected in fuzzy topological
space on fuzzy set by fig. (1)

Fga-connected

[ Fgp-connected T—?{ Fgb-connected Fgs-connected

|
[

A 4

Fgsp-connected ]

Fig.(1)

Theorem (3.23):A f.t.s(A,T)is fuzzy gb-connected if and only if there exist nonon-empty fuzzy gb-closedsets
EandFinA, such that pz (x)=Max {(ug(x), pi(x) yand Min {(pz(x), pi(x) }=0.

Proof:

(=) Suppose that (A, T)is fuzzy gb-connected space. 3 L

Suppose that there exists non-empty fuzzy gb-closed sets E andFinA, such that

A (x)=Max { (). (x) } and Min {(z(0).pi(x)} =0.

Since EandFare fuzzy gb-closed sets in A and Min {(uz(X),ui(x)} =0 .

Implies that by theorem (2.6) EandF are fuzzy gb-separated sets in A

Since, pa (x) =Max {(pz(x), i (x) }

Then (A,T) is fuzzy gb-disconnected, which is a contradiction.

(<) Suppose that there exists no non-empty fuzzy s-closed sets E andFinA, such that
pa (x)=Max {(pg(x), pp(x) and Min {(pe(x),pe(x)} =0 .

Suppose that (A,T) is fuzzy gb -disconnected space

Then this implies that there exist non-empty maximal fuzzy gb -separated sets B and C in A, such thatpz (x)
=Max {us(x),ue(x)}

Since B and C are fuzzy gb-separated sets in A

Implies that, Min {pge@)(X) ,uc(x)} =0 and Min {pgeicy(X) ,ua(x)} =0

Then, pe(X)< [Habed)(x) 1and pa(x) < [pgheie)(x)]°

Since i (x) =Max {pa(x) ,ue(x)} <Max{ [Hges)(x)] [ Haper ) (X)]°

Implies that, pa (x) =Max{ [epeid)(X)] 5 [Mepei)(X)]
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Then:

HA (X) =Mil’1{ [ugbcl(ﬁ)(x)]c > [ugbcl(é)(x)]c

HAS(X) =Min {pgneii)(X) 5 Habei@)(X) }

Ho(x)=Min {”f,bcl(B)(X) ”z,bcl(C)(X)

Let gb-cl(C) =F and gb-cl(B) =F

Then, Min{(ug(x),ne(X)} =pa(x)

Max {(ue(x), ui(X) }= Max{ Pebei(@)(X), Hgbel@)(X) }

Sl»lrgbcl(melx{p']? (e He (X)

= UgbelB)(X)=A

Implies that, Max {(us(x),1:(X) }= pa (X), which is a contradiction.
Hence, (A,T) is fuzzy gb-connected space. ]

Corollary (3.24) :A ft.s (A,T) is fuzzy gb-connected if and only if there exist no non-empty fuzzy gb-open sets
G and H in A, such thatpz (x)=Max {(u(x),pa(x)} andMin {(ng(x), wi(X)}= po(x)
Proof:
(=) Suppose that (A, T)is fuzzy gb-connected space.
Suppose that there exists non-empty fuzzy gb-open sets G and H in A, such that
i (x)=Max{(pe(x),ui(x)} and Min{(ug(x),ni(X)}= pa(x)
Then, pi"(x)=Min {(n"(x),pr(x)} and Max {(ug"(x), ui () }= po‘(x)
Implies that, pe(x)=Min {(ng"(x),ui"(x)} and Max {(ug(x), i (x)}= pa (x)
LetG*=E andH"=F then there exist a non-empty fuzzy gb-closed sets E andFinA, such that
pa (x) =Max {(ue(x),pr(x) and Min {(pa(x), ue(x)} =pa(x)
Then by theorem (3.23) (A, T)is fuzzy gb-disconnected space, which is a contradiction
(<) Suppose that there exist no non-empty fuzzy s-open sets G and H in A, such that
pra (x)=Max {(ug(x), pi(x)} and Min {(pa(x),1i(X)} = po(x).
Suppose that (A,T)is fuzzy gb-disconnected space then there exists non-empty maximal fuzzy gb-separated
setsB and C in A, such that p (x) =Max { uB(x) ,ue(x)}
Since B and C are fuzzy gb-separated sets in A
Implies that Min {pgna@)(X) ,1e(x)} = 0 and Min {pgheie)(x) ,ua(x)} =0
Then, pe(X)< [Habei)(X) 1°and pa(x) < [Hobeie(x)]°
Since p (x) =Max {pp(x) ,pe(x)} < Max{ [Hgbcl(B)(X)]C s [Hgper@(®)]°
Then p (x)= Max{ [paeie)(X)]° » [Meber @) (X)]°
Let [gbel(B)]°=G and [gbelcl(C)]'=H
Implies that uz (x)=Max { (6(x). k(x)}
Min {(pe(x), pia(x) }=Min { [Rgbeii(X)] 5 [Havere)(x)]°
= [Max{ [Hgba@(X)] > [Hevercy ()]}
< [Mgbetimax 13 0. K con () 1°
=[ Habat A (X)]= PA"(X) = po(x)
Which is a contradiction.
Hence, (A, T)is fuzzy gb-connected space.
Corollary (3.25):A fit.s (A, T)is fuzzy weak gb-connected if and only if there exist no non-empty fuzzy gb-
closed sets E andFinA, such that pz (x) =Max {(ug(x), ui(x) Yand Min {(pa(x), mi(x)} =pa(x)
Proof :Obvious. ®
Corollary (3.26):A f.t.s (A, T)is fuzzy weak gb-connected if and only if there exist no non-empty fuzzy s-open
sets G and H in A, such that pz (x)=Max {(ng(x),ni(x)} and Min {(ug(X),pa(x)}= pa(x)
Proof:Obvious . &
Theorem (3.27):A fit.s (A,T) is fuzzy gb-connected if and only if has no proper non-empty maximal fuzzy gb-
clopen set in A.
Proof:
(=) Suppose that (A, T)is fuzzy gb-connected space. Suppose that (A,T) has a proper non-empty maximal fuzzy
gb-clopen set B in A
Since Bis fuzzy gb-clopen set in A
Implies that B,B® are fuzzy gb-closed sets in A
Since B is maximal fuzzy set
Then pa(x)=Max {ps(x) ,ua°(x)} , Min {pa(x) ,ua°(x)} = po(x)
(=) by theorem (3.23) (A, T) is fuzzy gb-disconnected space, which is a contradiction.
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(<) Suppose that (A, T) has no proper non-empty maximal fuzzy gb-clopen set in A. Suppose that (NA,T) is
fuzzy gb-disconnected space. Implies that, by corollary (3.24) there exist non-empty fuzzy gb-open sets G and H
in A, such that Min {(pg(x), ug(x)}:: E@(X). Since Min {(pg(x), win(x) }= te(X).

Implies that by proposition (2.5) GqH

Since G and H are maximal fuzzy sets in A

Implies that:

g (%) + 15 (%) =15 (%)

He (x)= HA(X) — Mg (x)
Hence, G:f{i N
Implies that G is fuzzy gb-clopen set in A, which is a contradiction. W

Corollary (3.28):A fit.s (A,T) is fuzzy weak gb-connected if and only if there is no proper non-empty maximal
fuzzy gb-clopen set in A.
Proof: Obvious.

Theorem (3.29):A fit.s (A,T) is fuzzy gb-connected if and only if it has no non-empty maximal fuzzy gb-open
sets B, andB,such that pz (x)=Max {(ug(x), pa(x) yand Min {(ng(x), ui(X)}= po(x)

Mg, (x)+ Mg (X) =p;(x), forall x € X

Proof: L

A B,C, D, E FGH

(=) Suppose that (A, T)is fuzzy gb-connected space. Suppose that B, and B, exist
Since Mg (x)+ Mg (x)=p;(x)

Then, P (X) = pz (%) —Hp, (%) =Ky (X)

Hence, B,is fuzzy gb-clopen set ~inNA.
Implies that by theorem (3.27) (A, T)is fuzzy gb-disconnected, which is a contradiction.
(<) Suppose that (A,T)has no non-empty fuzzy gb-open sets B, and B, such that

Mg (x)+ Mg, (x)=p;(x)

Suppose that (A, T)is fuzzy gb-disconnected space
Then by theorem (3.27)(A,T) has a proper fuzzy set B;which is both fuzzy gb-open set and fuzzy gb-closed set.
LetB2=B1°

Implies  thatB,isfuzzy  gb-openset, such that B0 ,and Méz (X) =Hj (X) — ]JEI (X) Then

MEI (x)+ ].J.f32 x)=p i (X), which is a contradiction. m
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